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Outline:
1. Navier-Stokes
2. Onsager and Smoluchowski

3. Coupled System



Fluid: Navier Stokes Equation

ou+u-Vu+Vp=vAu+V-o
V.-u=20

The tensor o;;(x,t) : added stress.

Sufficient for regularity, if © smooth

I 2
/O l| o0 gyt < 00

Necessary for applications

T
/O IV oo gyt < 00




2D, Bounded stress

Theorem 1 Let o € L®(dtdz). Let ug € L?(dx). There exists a unique
weak solution of the forced 2D NS eqgns, with

u € L®(>dt)(L?(dz)) N L2(dt) (W12(dz))

Moreover,

/ HVuHLq(d )dt <oo, Vg>2

T
/O [ull? o gyt < 00, ¥ p<2.




Open questions

T 5 T
/O ||’UJ||Loo(d$>dt < 00 :>/O ||V’U,||Loo(da:) < oo ?

T )
/O||u||Loo(dx)dt<oo .

T
| IVl ooqaaydt < oo 2

Partial regularity?




Navier-Stokes with nearly singular forces

ou—+u-Veu—vQAzu—+ Vep =divgo, Vz-u=20

Theorem 2 Let u be a solution of the 2D Navier-Stokes system with
divergence-free initial data ug € W12(R2) n Wl (R2). Let T > 0 and
let the forces V - o obey

o € L1(0,T; L°°(R2?)) N L2(0, T; L2(R2))
V-oe L0, T; L"(R?)) N L2(0,T; L%(R?))
with » > 2. Then

T
| I9u® |l pedt < K l0g.(B)



and also

1 Mo

TP | 18gVu(®lipedt < K
with K depending on 7', norms of o and the initial velocity, but not on
gradients of o nor M, and B depending on norms of the spatial gradients
of o.

U ~ Z Ag(u)
q

Littlewood-Paley decomposition.

F(Dg(w)(k) # 0 &k ~ 2




Particles in Equilibrium

e f (p)dp: probability density of director p. eMean field interaction potential

(KN@) = [ K®,a)f(a)dg
M

efree energy:

e= [(flogf ~ > fKfdp
M



o0&

=0
of

Onsager equation

0g f(m) = [ K(m,p)f(p)dp — 109 Z

Z a normalizing constant.

F= 7 1KS

eNonlinear, nonlocal.




General Onsager Equation
eConjecture: The prolate nematic state is the generic stable limit.

Partition function
Z(f,b) = / bk d
(f ) e’ dm

with b concentration parameter. Define, for ¢ : M — R,

[61(f,b) = (Z(f, b)) /M $(m) e dm.

K(m,p) = |

J

pidi(m)d;(p)

1

@)



¢; real, complete, orthonormal in L2(M),
Koj = pjo;
Expand f:
o () = [ F®)e;p)dp.
Onsager’s equation
f= =1 bKf
IS equivalent to the system

v;(f) = [&;1(f,0).

Onsager solution is a critical point of the free energy

Y.
F(v,b) =109 Z(v,b) —b > _ M]EJ
j=1



Differentiation: For any function ¢(p)

M = by {166 — (4161}

. 2r .
Therefore the Hessian —8, - 1S
Ov;0v;

Hij = b7 i [€:€5] — buidy;

with £; = ¢; — [¢;]. For b small the isotropic state v = O is stable.

Jim [g](v, b) = $(p(v))

Morse lemma.



Smoluchowski (Nonlinear Fokker-Planck) Equation

Ouf +u-Vaf + AV (G) =~ Byf

G = %VQICf + W,
The (0, 1) tensor field W is:
W(x,m,t) =
= (231l (m)Geia,0))
Example, rod-like particles:

Wi(x,m,t) = (Vzu(x,t))m — (Vzulz,t))m - m)m.

a=1,....d.

Macro-Micro Effect: from first principles, in principle...



Energetics

oij(xz) = —e/M (divgcij + Y. Vg/Cf(a:,m)) f(x,m)dm

Micro-Macro Effect: from Energetics !
of =71 = 5 =0

oK =0, W= (Veguym—m((Vzgu)ym -m) =>oc=€¢[(3n®n—1)dm



’}/Z-(jl) = —EdngCij -+ )‘52']'
752 (m,n) = —ec (m)g®P(m)dgK (m, n) + pé;;

o(z,t) =W (z,t) + o@D (2, ) + ...
where

o @) = [ 4P m)f(@,m, tydm

oD@,y = [ AP mn)f @m0 f (@, n, Odmdn.
Mx M



Theorem 3 Liapunov functional

E(t) = % [ |u?dz+
+e[{flog f — 3(Kf)f} dedm.
If (u, f) is a smooth solution then

‘é—? = —v/ |qu|2d:c—
_gf]\g FIVg (log f — Kf)|? dmdz.

If the smooth solution is time independent, then v = 0 and f solves the
Onsager equation

f= Z—1KF



Time dependent Stokes and Nonlinear Fokker-Planck in 3D

Ouf 4w+ Vaf +divg(W ) + Ldivg(fVg(Kf)) = eAgf
oiu — vQAzu + Vep =divego + F, Vgi-u=0.

Theorem 4 Assume wug is divergence-free and belongs to W27 (T3), r >
3, assume that fy is positive, normalized, and fo € L*°(dz;C(M)) N
Vafo € L™(da; H=5(M)), s < %+ 1. Then the solution exists for all time
and

||u||Lp[(o,T);W2ﬂ“(da:)] < 00,
IV fll Lo, 1); Lr (da; H=s(ar))] <

foranyp > 22, T > 01 < 00, € > 0.
r—3




Globhal existence, NSE and Nonlinear Fokker-Planck 2D

Theorem 5 (C-Masmoudi) Let ug € (Wo‘f'“ N LQ) (R2) be divergence-

free, and fo € WIT(H—$(M)), withr > 2,0 > 1,s < $+1and fo > 0,
Iag fodm € (L1 N L>®)(R?). Then the coupled NS and nonlinear Fokker-
Planck system in 2D has a global solution v € L (WL™) N L2 (W2T)

loc loc

and f € L (WLT(H—%)). Moreover, for T > Ty > 0, we have u €

loc

L®((To, T); W=~0T).

No a priori bound.

L VS cod
sup AoV SIS A (1) (1) 1




Basic Fokker-Planck Lemma

atf +u-Vgf ~ (qu)divg(Cf) + dng(ng(/Cf))

N +u-ViN < c|Vzu| N 4+ ¢c|VzVzul

pointwise at (x,t), with

N(z,t) = \//M (I— Dg) 2V f(x,m, t)f dm

s>%—|—1.



Growth

S0 < elgn+G
dtn_cgn )

n(t) = NGO pranynrzeay: 90 = IVaC, )1

G(t) = ||Vazv:cu(a t) ||L7“(daj)ﬂL2(d$)'

n(®) < {n(0) + [ Gls)ds} et oo




Bounds

t
"=
0

t
/OgéKlog*I

t
/OGgKIIog*I

¢
Vaeu = 2 Vu(0) + /O (=)D A {(u®@u) —o}ds




Linear piece

/O "= B AT D) (0 (5))ds

|H(D)o || 1o < Clloll o l0g, B

i
H/O e(t_S)AAqb(s)dS

| <Cléll=log, B

together: one log, not two




Nonlinear piece

U(t) = /O : =)D AH(D) ((u ® u)(s))ds.

ldea = Chemin and Masmoudi: take time integral first

> D) =C) + I(1)

q>3




t
o)=Y /O =B AH(D) A,
q>3

|

> Ap(u(s)) @ Ay (u(s))

p—p'|<2

)ds

0

T
| IC@)poedt < ey




1Ag((Apu(s)) ® (A (u(s))) e < 229 Ag((Apu(s)) @ (A, (ul(s)))|l
< 2(1=20) |V Apu(s)|| 2 VA yuls) || 2

p>q—2,lp—p| <2, =p+3j,j€c[-22]

2
ICW e < T3 5552 e 81 8pVuls) | 2l At Vuls)]l 2
x {502 22220020 | s

. X J5 IC @) poedt <
Y2 1 10 | 8p(Tul) |zl 8y (Vul)l 2 gZ5 2201 ds
< X2 5 I8 Sty 1Ap(Val)) Il 2l Apyy (Vals))l 2ds.



Ity = > /Ote(t—s)AA]H[(D)Aq ( Yo Ap(u)® Ay (u)

q>3

p—p'|>3

)ds

r

c(14+T)R,

11(E) | pedt < cFy 10g, (

€

B




I(t) = I1(t) + I2(1)
I(t) = Xg>3 I e(t_S)AAH(D)Aq >p>p43 Dp(u(s)) @ Ay(uls))) ds
Ir(t) = Y>3 J§ A AH(D) Ay (T pspiz Dp(ul(s)) ® Ay (u(s))) ds

2
AW = 3 Y [ IAAHDIAy(s))ds

J=—2¢=>3
with
Jo(5) = By (u(s)) ® Sy ja(u(s)).
q < M:

[Aq(Jg(s)) e < cf|Sgqj—z(uls)) Lol Agyj(uls)) Lo
< c|lu)ll 2 + VM F 2| Vuls)ll 2] |18 g4 ()l Lo



ISqs ) e < e ()l 2+ Va+317u() 2 ) -
Bernstein’s inequality: || A, u(s)|[poeo < | Agq;Vuls)|l 2

18q(Jg(sN e < e ([[u(s)ll 2 + VM + 2 Vuls)ll 12) 1844,V ()| 12
q > M:

12q(Jg(sN e < e (I[u(s)ll 2 + [ Aus)] 2) 279 A g A ()]l 12

T
| I @®llp=dt < A+ B

with
T

2 M T B
A=c Z Z/o 1A q(Jq(8))|| 1,00 (/S 22q6—(t—s)22(q Ddt) ds

J=—2q=3



and

2 oo T T _
B=c¢c¢ Z Z A 1A q(Jg(8))|| f,00 </5 22q€—(t—s)22(q Ddt) ds
J=—2q=M

A:
A< e fF (a2 + VI F2|Vu(s)| 2) 8234:3 |8 g4 Vul(s)ll 2) ds
< cJg (Il g2 + VAT F2|Vuls)l2) (VM Vuls) 2) ds.
We have therefore
A< cMFE;
B:

B<e[ (Il +18us)2) 3 (2780 Aws)]2) ds

0 q=>M



and therefore
T
B < CQ_M/O ||u(s)||?{2ds =2"ME,
where

I 2
By = [ a3t

B <214+ T){llol7200 1. g1y + I(ON[F1 } = 27 (1 + T)Ry

M = log. <c(1 + T)R1>



Coming attractions:

e A priori bound in 2D
e Stochastic system: existence and bounds
e Traveling waves, standing waves (with Berestycki, Ryzhik, Tsogka)
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