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Introduction Numerical analysis

Polymeric fluids

> Complex fluids: viscoelastic fluids containing many macromolecules.

g

> Anomalous viscoelastic properties: shear shinning, shear thicking, tubeless

siphon, Rod climbing, etc.

» Many industrial usage: liquid crystal displayer, synthesized products (CD,

-y o

...), plastics, ...
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Mathematical models (solution case)

» Newtonian fluid (Linear constitutive relation)

ur+(u-Viju+Vp = V.7,
V-u = 0,

where 7 = 75 = ns(Vu + VuT).

> Non-Newtonian fluid (Nonlinear constitutive relation)

us+(u-Viu+Vp = V.7,
V-u = 0,

where 7 = 75 + 7, T, is due to the polymer’s contribution.
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Simplest flexible polymers

» Dumbbell model




Introduction

Dumbbell model (dilute limit)

» Stochastic differential equations (homogeneous approximation, mean

position)

de = udt
iQ = (vQ - 2F(Q))dt+ \/*ELaw



Introduction

Dumbbell model (dilute limit)

» Stochastic differential equations (homogeneous approximation, mean

position)

de = udt
iQ = (vQ - 2F(Q))dt+ \/*ELaw

» Kramers Expression: 7, = —nkgTI +n(F(Q) ® Q)



Introduction

Dumbbell model (dilute limit)

» Stochastic differential equations (homogeneous approximation, mean

position)

de = udt
iQ = (vQ - 2F(Q))dt+ \/*ELaw

» Kramers Expression: 7, = —nkgTI +n(F(Q) ® Q)

» Spring force



Introduction

Dumbbell model (dilute limit)

» Stochastic differential equations (homogeneous approximation, mean

position)

de = wudt
iQ = (vQ - 2F(Q))dt+ \/*ELaw

» Kramers Expression: 7, = —nkgTI +n(F(Q) ® Q)

» Spring force

> Hookean Dumbbell: F(Q) = HQ



Introduction

Dumbbell model (dilute limit)

» Stochastic differential equations (homogeneous approximation, mean

position)

de = wudt
iQ = (vQ - 2F(Q))dt+ \/*ELaw

» Kramers Expression: 7, = —nkgTI +n(F(Q) ® Q)

» Spring force

> Hookean Dumbbell: F(Q) = HQ

> FENE Dumbbell: F(Q) = %
0



Introduction

Dumbbell model (dilute limit)

» Stochastic differential equations (homogeneous approximation, mean

position)
dr = udt
iQ = (vQ - 2F(Q))dt+ \/*ELaw

> Kramers Expression: 7, = —nkgTI +n(F(Q) ® Q)
» Spring force
> Hookean Dumbbell: F(Q) = HQ
> FENE Dumbbell: F(Q) = %
0

> General nonlinear: F(Q) = v(Q?)Q, v>0



Introduction

Dumbbell model (dilute limit)

v

Stochastic differential equations (homogeneous approximation, mean

position)

de = wudt
iQ = (vQ - 2F(Q))dt+ \/*ELaw

» Kramers Expression: 7, = —nkgTI +n(F(Q) ® Q)

» Spring force
> Hookean Dumbbell: F(Q) = HQ
. _ HQ
> FENE Dumbbell: F(Q) = ;=557
> General nonlinear: F(Q) = v(Q?)Q, v>0
» A coupled deterministic-stochastic system (u and Q).
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SDE for liquid crystal (high concentration case)

> Rod model for liquid crystals: an interacting particle system.

» The non-dimensionalized form for pdf ¢: (U is usually taken as mean field

potential, R =m X Vi)
Bup = in.(nwrww)—n-(m % 3 )

> The corresponding stochastic version: nonlinear SDEs in the sense of
McKean.

om 1 2
W—F(qum)m = (I—m®m)o(—mRU—|—mxm-m+\/ EW(t))

where “o” means the Stratonovich integral because the Brownian motion

is on the sphere S2.
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Numerical methods for the dumbbell model

» CONNFFESSIT: Calculation Of Non-Newtonian Flows: Finite Elements

and Stochastic Simulation Technique (Laso-Ottinger)
Fieldsof Q
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Concentigted elemegy O o\ o
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o
o o °
» Brownian Configuration Fields (BCF)

dQ+u-VQ = (kQ — %F(Q))dt +4 4kadw

> Replacing Lagrangian description with Eulerian description

> Replacing random particles with random fields
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An overview of the results for the BCF methods

> Well-posedness analysis

> Hookean dumbbell under shear flow: Jourdain-Lelievre-Le Bris (2002)

> FENE dumbbell under shear flow: Jourdain-Lelievre-Le Bris (2004)

> General dumbbell model, high dim with polynomial growth: E-Li-Zhang
(2004)

» Convergence analysis

> Hookean dumbbell under shear flow: Jourdain-Lelievre-Le Bris, E-Li-Zhang
(2002)

> Rod-like model under shear flow: Li-Zhang-Zhou (2004)

> High dimensional Hookean dumbbell model: Li-Zhang (2005)

> Nonlinear dumbbell: Only partial results.
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Simple SDE and discretization

» Simple SDE
dX; = b(Xy)dt + dW,

> Euler-Maruyama scheme
Xnt1 = Xn + AW(X,) + AW,

where AW, are i.i.d. N(0, At) Gaussian R.V.s.

» Convergence result: Strong order 1. (Lipschitz continuity assumption)

sup(EEﬁ) 3 < CAt

n
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BCF scheme for Hookean dumbbell under shear flow

» Discretized equations (temporal and stochastic)
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BCF scheme for Hookean dumbbell under shear flow

» Discretized equations (temporal and stochastic)

ot = WAL 8y((P"Q")N)At,
P = Py (uptQp - %)At +dvy,
n+1 _ n @ n
Qi = Qi 9 At +dW7,

where

N
n n A 1 n n
(P"Q"IN = £ D PrQL.
i=1

» Remark: u™ are random variables, too!
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A new type of convergence

> Coupling issue
The errors €™ are random variables!
Elle] 125 ((Q")) v # Ellel I3 E((QM)) n
where Q" satisfies
An

Qrtt =Qr — 21' At + dW;.

> Large deviation estimate

—

AH(Q™)*)wv < 5

[\V]

after excluding a set A of exponentially small probability.
» Mean square convergence after excluding a set of exponentially small
probability
E(lle"3; - 1ac) < A% +
L% Ac | > N
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BCF for Liquid Crystal Polymers

» SDE form for Doi-Edwards model(shear flow, 1D)
de; = — (a(@t, L£(©4)) + dyusin® ®t>dt +dW,
7(y,t) = E [sin20; + a(©¢, L(O;)) cos® O + Byusin® 20],

where a(©¢, £(6:)) = [T sin2(6, — 0')L(O:)(d0)).
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BCF for Liquid Crystal Polymers

» SDE form for Doi-Edwards model(shear flow, 1D)

de; = —( (01, £(O4)) + dyusin ®t>dt+th,
7(y,t) = E [sin20; + a(©¢, L(O;)) cos® O + Byusin® 20],

where a(©¢, £(6:)) = [T sin2(6, — 0')L(O:)(d0)).

» Weakly interacting particle system after discretization.
d@t = fa(9t, ﬁ(@t))dt + th,

becomes
de! = Z sin 2(0} — ©7)dt 4+ dW;,

{©%} coupled each other!
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Convergence analysis for Liquid Crystal Polymers

» Convergence result (without excluding the small set)

2L

E|Ef(©:) — NZf@f ~

This mean square convergence is due to the boundedness of sin function,

which is quite special for this problem.
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Convergence analysis for Liquid Crystal Polymers

» Convergence result (without excluding the small set)

2L

E|Ef(©:) — NZf@f ~

This mean square convergence is due to the boundedness of sin function,

which is quite special for this problem.
» Techniques (A.-S. Sznitman, LNM 1464 (1991))

Wasserstein metric for iterative convergence.

Centering for mean square convergence.
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High-D convergence analysis for dumbbell model

Define the error
E":=Q" — Qn
only with time discretization, then E™ satisfies
1
At

n+1

(E""' —E")+u" - VE"" " . vQ"" = k"B 4 ve"Q" T — E".
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D
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High-D convergence analysis for dumbbell model

Define the error
E":=Q" — Qn
only with time discretization, then E™ satisfies
1
At

n+1

(E"' —E™) +u" - VE" ' 1" . vQ" " = k"E" 4+ verQ" T — E™.

> ldentity
/ u" - VE"™ . E"dx =0
D
. ntl
> In order to estimate [, e" - vQ"" - E""'dx, one needs

1IVQ™ 2w || < Const.

Difficult! L*-type estimate H(\VQHH

But it can't be transfered back to L norm.

‘2>NHL2 < Const. is easy.
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Essential ingredient 1: Explicit solution for Q

» SPDE for Q
dQ +u-VQ = (kQ — Q)dt + dAW

> Introduce flow map

dz(0, ) =u(z(a,t),t), x(a,0)=a.
dt
and deformation tensor
F = — ie. Iy = —
(Oé7 t) aa7 1.e ) aaj

» Explicit solution in Lagrangian coordinates

Q(a,t) = e "F(a,t)Qy () + F(a,t) - / e TTF a,s) - AW .

J0
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Numerical analysis

Essential ingredient 1: Explicit solution for Q

SPDE for Q
dQ +u-VQ = (kQ — Q)dt + dAW

Introduce flow map

dz(t) =u(z(a,t),t), x(a,0)=a.
dt
and deformation tensor
F = — ie. Iy = —
(Oé7 t) 8067 1.e ) aaj

Explicit solution in Lagrangian coordinates
t
Q(a,t) = e "F(a,t)Qy () + F(a,t) - / e TTF a,s) - AW .
Jo
Q is a Gaussian process with S.P.D. covariance matrix. This allows large

deviation estimates.
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Essential ingredient 2: Strang’s trick for estimating L;° norm

> Inverse inequality under spatial discretization

_d ~ 7 —4d,~n
lwllege <Az {lulp2, Qg <A™2[1Q Iz
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Essential ingredient 2: Strang’s trick for estimating L;° norm

> Inverse inequality under spatial discretization
_d ~n _d  ~n
lullge SRz ULz, 1Q lge <AT2[1Q Iz

» Continuation technique

lurllge < flun —w"l|loge + [[u"|lLge
< |le"llege + lullcopxon)
_d
< hz Hen”Li + llullcopx o,
pod
< CR72 4 lullcopxo,m

Ifp> 4, |

up||zse is bounded.
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A stronger convergence result for high dimensional Hookean dumbbell

model

» Final convergence result

1
lee)

le ™ M2 + (NE 2. ) <Ot + h* +
h h/ N

and

Ln2 2 4
Ve " 13213 <O + b + ).

where < means < after excluding a set of exponentially small probability.
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A stronger convergence result for high dimensional Hookean dumbbell

model

» Final convergence result

1
lee)

He.,n+1H2Li +<\|E""n+1||2L}2I>NjC(5t2+h4+

and

Ln2 2 4
Ve " 13213 <O + b + ).

where < means < after excluding a set of exponentially small probability.

> This type of convergence is considered by D.-G. Long (1988) for analysis

of random vortex method.
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Nonlinear dumbbells: shear flow (decoupled case)

> Difficulties: non-Lipschitz property of the force F'
dQ, = (K Q, - F(Q))dt +dW,
» One sided Lipschitz condition!
(F(a)— F(b),a—b) >0 Va,becR™

» For FENE dumbbell model (implicit method)

prtl — P”+(u (t 1)Q"—1L)At+d\/"
y\bn+ 21— (Q”+1)2/b )
n+1
ot o= gr-L @ At +dW™,

21— (Q"T)/b

A cubic equation for Q™*, explicit unique solution in [0, Vb).
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Nonlinear dumbbells: shear flow (decoupled case)

Difficulties: non-Lipschitz property of the force F’

4Q, = (r-Q, ~ F(Q))dt + AW
One sided Lipschitz condition!

(F(a)— F(b),a—b) >0 Va,becR™

For FENE dumbbell model (implicit method)

1 Pn+1
n+1 _ n n__ - n
P - P + (Uy(tn+1)Q 217(Q7L+1)2/b)At+dV )

1 Qn+l
n+1 n n
= s At4+dWT,
¢ Syttt

A cubic equation for Q™*, explicit unique solution in [0, Vb).

Convergence for FENE is OK now.
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Nonlinear dumbbells: shear flow (decoupled case)

> For general nonlinear force, implicit equations are difficult to be solved.

How to construct explicit schemes?
> Direct discretization
Pl = P — Aty(|Q")P" + uy(tn41)Q" AL + dVT,
QU = QM- An(QT)Q" + W™
Difficult to obtain the LP bound of Q™, which is inevitable for analysis!

» New scheme

1

n+1 - " n
P Tranqg )@ AL +av
Qn+1 = ;Qn‘i‘dwn

1+ Aty(1Q™?)

Convergence is OK!



Numerical analysis

Nonlinear dumbbells: shear flow (coupled case)

Not available now!

Reference: review paper by Li-Zhang, Comm. Math. Sci. 5 (2007), 1-51.
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