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Summation Problems
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Matrix-Vector Multiplication

Compute matrix vector product

v = @u
or

where

=1,..., M, i=1,...] N,
or
Dy Dy . Dy (IJ(YI,XQ lI)(yl,Xg) (IJ(yl,XN)
o Dy Dy .. Doy DO(y,.x1) Ply,,xa) ... Dly,.xw)
DOyt Opre .. Do DOy,px1) Dy,pxz) 0 O¥y-Xw)
Generally we have two sets of points in d-dimensions:
Sources: X ={x1,..., xyb, ;eRY i=1..N
Receivers: ¥ ={y,....y,}, ¥, €R% j=1,..M,

The receivers also can be called “targets” or “evaluation points™.

CSCAMM FAMO4: 04/19/2004

© Duraiswami & Gumerov, 2003-2004




Why Rd4?

e d=1
QO Scalar functions, interpolation, etc.
e d=23
QO Physical problems in 2 and 3 dimensional space
e d=4
O 3D Space + time, 3D grayscale images
e d=5
QO Color 2D images, Motion of 3D grayscale images
e d=6
O Color 3D images
e d=7
O Motion of 3D color images
» d=arbitrary
O d-parametric spaces, statistics, database search procedures
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Fields (Potentials)

Field (Potential) of a single
(ith) unit source

N s
viy) D u Oy, x,), ¥y <RY,

i=1

v;=vy) Jj=1..M

Field (Potential) of the set
of sources of intensities {u;}

Fields are continuous!
(Almost everywhere)
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Examples of Fields

» There can be vector or scalar fields (we focus mostly on scalar fields)
» Fields can be regular or singular

Scalar Fields:
) Gravity

(singular aty = x;) Dlyx) = 1
v — x|

u Monochromatic Wawe [k 12 the wavenumber)

(singular at y = x;) Olg.x,) = ZPEY =X} ‘
o ¥ — x|
u Gaugsian
(regular everywhere) O(y.x,) = exp{—fy - x, o} |
Vector Field:
[ =D velocity field:

1 P 1 -3 1 g 1
Tyx)=¥V,———— = 11— + iz =— +il3
B = e T o yoxl 2B yom s ox)

¥ =(y1,y2.03) € R

Coumvivi FAuVIU4. Ul 191 200 e o i ey e e

(singular aty = x;)

Straightforward Computational Complexity:

O(MN) Error: O (“machine” precision)

The Fast Multipole Methods look for computation of the same problem
with complexity o(MN) and error < prescribed error.

In the case when the error of the FMM does not exceed the machine
precision error (for given number of bits) there is no difference
between the “exact” and “approximate” solution.
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Factorization
“Middleman Method”
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Global Factorization

Expansion center  Truncation number

)

o -1
fli(yj,xi) = E (.fm(xx-—x*)fm(}:f —x*) = E (fm(xi—x*)fm(}v—x*) + Error(p, %,y
=0 =0

Xy, € Q= R

Expansion coefficients

Basis functions
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Factorization Trick

N

Z (v X; )u
i~1

N -1

- Z[Zam(x X )fm(v — X, ) + Error(p; x v):|

i=1 =0

-1 N

(v X, ) Zam (X; — X )24 + ZE:'J'OI'@;XI-,yj)uI-
=1

= c’%fm (yj — X ) + Error(N,p),

where
N
= Zam(xi — X ;.
i=1
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Reduction of Complexity
Straightforward (nested loops): Factroized:
forj=1,....M form=0,...,p—1
v, = 0, Cm =0,
s fori=1,..., N
fori=1,....N Cr = o+ (X — X2
Vi =Vt (D(Yj.axi)”:'; end;
end; end,
end;
Complexity: O(MN) forj=1,...M
v; =0
form=0,....p—1
v, =v;+ c,,fm(yj x,,)
end;
end,

Complexity: O(pN+pM)

If p << min(M,N) then complexity reduces!
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Middleman Scheme

Straightforward Middleman

=z

Complexity: O(pN+pM) Set of coefficients {c,.}
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Example Problem
(1D Gauss Transform)

Compute
N
V= D OOnxu, j= L. M, O@x)=e 0
=1

where x;,¥;, and u; are random numbers distributed on [0,1].

Solution:
We have
D(y,x;) = e 05 = gl o pm0mna ) pelrm)? g2 aa )i
(=2 g(a, VP S 27 — X )"y — X )™
= o Wx )t gl = M- : —
=e e ZU - +error, |,
o
] — I3 202 Jy—xx) 2P|y —: Plx; —: P
lerror,| < v —x.] sup Fe wa T _ o x Pl - x sup @2F TR,
2L ¥ p! Oyt

Let us select x, = 0.5, then truncation number p = 10 is sufficient for computations with e = 107° and NV < 10%. The
formula for fast computations will be then

-
I

1
' o0y’ Zcm()'j -x)", j=1,... .M
m=0

W

m 2

Com = = E T (x, — 3, )M,

m HI! — ( H *) 1
.

CS( )04




hax Abslute Error

, Compatisan of CPU time for Standard and Fast Matrix Vectar Multiplication

10

Example
Problem

Standard

CPU tirne (=)

Maximurm Absolute Error

10
10 e : -
10° 10° 10t
Ilatriz Size
10" L ‘ : : —_
10 0 © Duraiswami & Gumerov, 2003-2004

Matrix Size

Complexity of the Middleman Method

lerror,| < 077,

FMMerror, < 6PN,

P~ 1{1};; g;

ComplexityFMM = O(pN) = O(Nlog &¥)
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Local (Regular) Expansion

Let Basis

x» € R%. Functions

We call expansion

5 7
%) = 3 (X X R (¥ — X, )
m=l]

local (regular) inside a sphere

¥ -x|<7 | EXpansion

if'the series converees for ¥y, v — x.| < 7. COEfﬁCientS

We also call this R-expansion,
since basis functions R, should be regular
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Local Expansion (Example)

-
Valid for any [x; -X«| > |y-X.|
Dy, x;) = y_lxl.-
Looking for factorization:
‘DO’,X:-) = Zam(xi_x’r)le:y_x»)- ‘
m=ll
We hawve
1 _ 1 __ 1 ___ 1 {1_y—m]-1
FTr oy ke (X X)) (x:—x)[1— 2= (X = Ta) AT '
Geotnetric progression
(1—5{)_1 = l+a+alt . =2a”’, o] = 1.
=

(-3 - SR bk \

Choose

1
Gl Xy — Xy ) = — R m=0,1,_._,
( ) (X;'—x,':lm"-l

CSC Em(p—xa) = -z )™, m=0,1.. 004




Example:

Let Basis

x, € RY Functions

We call expansion

= 7
%) = 3 (X X R (¥ — X, )
m=l]

local (regular) inside a sphere

¥-x|<r+ | EXpansion

if'the series converees for ¥y, v — x.| < 7. Coefficients

We also call this R-expansion,
since basis functions R, should be regular
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Far Field (Singular) Expansions

Let Might be

Y Singular (aty = X..)
" ' Basis Functions

We call expansion /

Dy, x;) = D bwl(X, XISy - X,)
=0

far field expansion (or S-expansion) outside a sphere
¥y —x,[ > R,

if the series converges for Vy, [y — x| > R.,.
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Example:

q)(yaxf) = y_]-_xx .
1 _ 1 _ 1 _ 1 [l_xi—x* ]—1_
Y=X  y—x,— (X — X)) (y—x*)l:l—p;’:—;:] (y—x4) Y= X
1- i , —Xa| > |x; — Xa
[1- %% Z = x*)m UREN R
D, xi) = D b (X3, %0)S (%0 ),

m=0

bm(‘xi:x*) = (‘xi _‘x*)m: = 0:19 )

Sw(yp—x4) = (y—x*)_m_l, m=20,1,..
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Middleman for Well Separated Domains:

Receivers

Local expansion Far field expansion
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Problem with “Outliers”, or “Bad” Points

Receivers

Outliers

Complexity: O(pN+pM)

If the number of outliers is O(p),
then direct computation of their
contribution to the field at M
receivers is O(pM), which does not
change the complexity of the
method.
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Example from Room Acoustics

“"Bad” Points

° ° \ ° o |e o o o[ e e [e Room
AN e (a set of targets)
) ) L] o L] o L] L] o L[] /
o | e /oo Zj I I ‘
| o[ e o |e ) r I r! - M
° o e ° .E:o.: J\.-IJH JJ\L}‘ Hﬂliftﬁ
BT
et e
t \ y D ) -
—— — — —— — — Comparisont;;“g?:;ightforward
Image Sources Actual Source and Fast Solutions

(R. Duraiswami, N.A. Gumerov, D.N. Zotkin & L.S. Davis, Efficient Evaluation Of Reverberant Sound
Fields, 2001 IEEE Workshop on Applications of Signal Processi tocéudio and Acoustics 2§0]é.
& 26032004
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Natural Spatial Grouping for Well Separated Sets
(Grouping with Respect to the Target Set)

Group2
° oxzf °
o OB\O
o ® 0 Y
° ° ° . ° ‘. °
Sources < *
\.. .
[ J
[ ]
CSCAMM EAMO4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004

Natural Spatial Grouping for Well Separated
Sets (continuation)

R-expansions
near the group centers

N

Sources

M
Targets
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Natural Spatial Grouping for Well
Separated Sets
(Grouping with respect to the Source Set)

Group 2

O o o
Ao °
Targets o
\OO .
° Sources
o
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Natural Spatial Grouping for Well Separated
Sets (continuation)

S-expansions
near the group centers

N

Sources

M
Targets
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Examples of Natural Spatial Grouping

Stars (Form Galaxies, Gravity);

Flow Past a Body (Vortices are Grouped in a Wake);
Statictics (Clusters of Statictical Data Points);
People (Organized in Groups, Cities, etc.);

Create your own example !
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Space Partitioning
“Modified Middleman”
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Deficiencies of “Natural Grouping”

 Data points may be not naturally grouped;

* Need intelligence to identify the groups: Problem with the
algorithms (Artificial Intelligence?)

* Problem dependent.
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The Answer Is: Space Partitioning

°
. C
°
S
o| & °
O A9
°
° o
. ole o .
v
1%¢] Pe 9 ® T
o °
o o "
elo. 48 b o
° 0
o o o o °
o o] [ ) [ ]
.
° o| o °
°
e |® 'l S
ol ® d e ©
O
o ® o ¢ i
o
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Space Partitioning with Respect to the
Target Set

l [ ]
Target Box ° .
=O .}\ = 5 OT 0‘
T 1T
Nelghbor /o/ o" J .o )
BOX L [ ° ® [ °
* : ..l : ¢ o o
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A Modified Middleman Algorithm

Singular Part (sources in the neighborhood)

K Decomposition of the sum:
v(y) = 2 u®(y,—x )+ 2 ud(y,-x), y, € R,
xR, xR,

Regular Part (sources outside the neighborhood)
K Factorization of the regular part

1
dﬁ(yj — xi} = Zam(xi,xn*)Rm(yj — xm) + Error,, VX € K., xR,

m=0

u Fast computation of the regular part
-1
Z ;D (yj— - XI-} = Zl: Z Ui O (X1, X o) :|Rm (yj — Xyua }
X ERy, m=0 | xRy

u Direct summation of the singular part, ZIEF uI-CD(yj — XI-}
CbUAIVI |V| |—A|V|U4 U4/J_9/ZUU4 & ulaildvvaliin o \JullIciuy, LUUO'LOO4




A Scheme of “Modified Middleman”

Straightforward Modified Middleman

N N N
A scheme with A scheme with
local expansions far field expansions
CSCAMM EAMO4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004

Asymptotic Complexity of the
“Modified Middleman Method”

3 Let & be the number of sources, 14 the number of targets, and X the number of target
boxes. contains

u Each target box, RM}j'lzf’,..g targets,n = 1,..,K.

u The neighborhood of each target box contains V, sources, 7 = 1,... K.

u Computation of the expansion coefficients for the regular part for the 72th box requires
O((N— N, )p) operations.

u Evaluation of the regular expansion for the »th box requires O(A4,p2) operations.

u Direct computation of the singular part requires O(A, N, ) operations.

u Total complexity is:

K
Complexity = O(Z[(N N p+Mp +MMNH]).

n=1
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Asymptotic Complexity of the Modified
Middleman (continued)

We have
p Power of the
ZMH Y n_elghbqrhoo_d of
) dimensionality d
. . L (the number of boxes
Congsider a umform distribution, then in the neighborhood)
Ny, ~ const ~ NPT%V(@ R

e
FIK) = 3 [(N=N,)p+ Myp+ M,N,] = KNp - NpPow(d) + Mp + %‘WC@

n=1

= XY pow(d) + (K~ Pow(d) )Np + Mp

Complexity = O(F(K))
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Complexity

H AK +BK+C

Optimization of the box number

AN FE) = % Pow(d) + (K — Pow(d))Np + Mp
e AK K = [ Mo 1 [P
- K| T ] AT
K K 4

Optimum complexity

Complexity = O(F(Kp:)) = O(Np(2 Jw - Pow(d)) +Mp)

ForM~ N, p< N :
Complexity = O(Nyzpw)
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Translations
Single Level FMM
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Translations (Reexpansions)

Let {F,,(v —X.1)} and {G,,(y — X.2) } be two sets of basis functions centered at x..; and x.,», such that tI)(yj_,xl)
can be represented by two absolutely and uniformly convergent series in domains Q; and Q; < Qq:

O(y,.x;} = Za,ﬁ(xﬁx*l)ﬂg(yj ~Xs1), ¥; €Q
=0

(I)(yj,xx) = me(X; —X*2)Gm()’j —X*2)a y; €L < Q.
m=0

Under “translation” or “reexpansion” we mean an operator which relates the two sets of expansion coefTicients:

{bm(Xi —Xa2)} = (FIG)(){@:(X; —X41)}, t=Xu2 —Xa1.
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R|R-reexpansion (Local to Local, or
L2L)

Original expansion
Is valid only here!

Y-t < ry= -t

/

Since Q. (X«+t) < Q(t) !
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S|S-reexpansion (Far to Far, or Multipole to
Multipole, or M2M)

~ Original expansion
Is valid only here!

Y -Xe-t > ry=r+|t

N\

Since
Q. (X+t) < Q (1) !

Also
IX; - X«| <1

singular point !
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S|R-reexpansion (Far to Local, or
Multipole to Local, or M2L)

Original expansion
Is valid only here!

y-Xe-t] < 1yt

<

Since
Q (X+t) < Q(B) !

Also
IXi - X«| <

singular point !
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Single Level FMM
Standard algorithm SLFMM
Receivers Receivers
Sources Sources L groups
K groups )
\
N N *M
J
Total number of operations: O(NM) Total number of operations: O(N+M+KL)
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Spatial Domains

Potentials due to sources in these spatial domains

A/u
@, "(y) D,M(y) D,0(y)
El E‘2 E'3
TN
|
Y7
l,(n)=n 1,(n) = {Neighbors(n)}u n

1,(n) = {All boxes}\ I,(n)

L

Boxes with these numbers belong to these spatial domains
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Definition of Potentials

P(y) = D ud(y.x,),

xeky(n)

PP(y) = D udly.x,),
x;€82(n)
Py = D ud(y.x),
X EE3(a)

Since domains E,(n) and £;(#n) are complimentary:

A
Oly) = D ud(y.x) = D wd(yx) =0V (y)+ 0Py
i=1 Ry (nUEs (k)

for arbitrary 7.
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Step 1. Generate S-expansion coefficients for each

box
PP(x) = €W o S(x - x),
Ccw = Z uiB(xi,xg”) .
xiek1in L) loop over all non-empty source boxes

For n € NonEmptySource
Get x,™ , the center of the box;

cv=0 | I in the b
oop over all sources in the box
Forx e E,(n) © P
Get B (x;, Xx.™) , the S-expansion coefficients
near the center of the box;
Ch=Cc + uB (x;, xc(n));

End; _ _
End: Implementation can be different!
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Step 2. (S|R)-translate expansion coefficients

DY (y) = D o R(y — x®),

D™ = (SIR) {(x& — x{™ Yyoom,
m;m) ( ) loop over all non-empty

evaluation boxes

For n € NonEmptyEvaluation
Get x.™ , the center of the box;

DM = Q; loop over all non-empty source boxes

For m e 1,(n) < outside the neighborhood of the n-th box

Get x,™ , the center of the box;
D™ = DO + (S|R)(X. M- x (M) CM;

End;
End;
Implementation can be different!
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S|R-translation

ek
RS e

.

."'II-.._

NS

CSCAMM EAMO4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004

Step 3. Final Summation

v =dy)= D, Dy.x)+D® Ry, =x), y, € Ein)
X €800

loop over all boxes

For n e NonEmptyEvaluation .— o, aining evaluation points

Get x. ™ , the center of the box;

Fory;e E;(nN) ~—— loop over all evaluation points in the box
V;= DOR(Y; - xM);

loop over all sources in the
For x; € E,(n) P

neighborhood of the n-th box
V; =V +O(y; , X);

End;

End; _ _
End; Implementation can be different!

All we need is to get v;
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Asymptotic Complexity of SLFMM

By somediipdEs thgean easily find neighbors, and lists of points in each box.

» Translation is performed by straightforward PxP matrix-vector multiplication,
where P(p) is the total length of the translation vector. So the complexity of a
single translation is O(P?).

« The source and evaluation points are distributed uniformly, and there are K
boxes, with s source points in each box (s=N/K). We call s the grouping (or
clustering) parameter.

e The number of neighbors for each box is O(1).
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Then Complexity Is:

For Step 1. O(PN)
For Step 2: O(P2K?)
For Step 3: O(PM+Ms)

Total: O(PN+ P?K?2 +PM+Ms) =
O(PN+ P2KZ2 +PM+MN/K)
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Selection of Optimal K (or s)

— 2 p2
F(K) = PN+ P<K* + PM + PMN/K. F(K)
FI(K) = 2P*K — PMNIK? = 0.
_ MN 1= _ MN 143
Ko = (47 ‘O(( > ) )
N _ (2PN _ (22N 0
A o _( M ) _O( M) ' Kopt K
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Complexity of Optimized SLFMM

_ 2 MNP MNP
F(Kopi) = PN+ P?( 2 )"+ Paa+ PN 2 )
= P(M+ N) + (MN)*O(P¥?),
AtK = K, and M = O(N), the complexity of SLFMM is:

O(PN‘I’ P4BMB) = O(PMBMB).
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Example of SLFMM

Compute matrix-vector product
w
vy= DDt j= LM, D= L
SA v
i=1

where and x1,...,xy are random points uniformly distributed on [0,10], A/ = N — 1, and each y; is located between the

closest x;’s on each side, j = 1,... ,N— 1.

Standard

CPU Tirne (s)

E Breakeven point

10" 10 10° 10*
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Hierarchical Space Partitioning
(Multilevel FMM)
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Hierarchy in 29-tree

Level 3

ev

\ "I ALY
child| Child
Salf
J T

Child
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A Scheme of MLFMM
eqsis MLFMM \

J

R|

SR

—

()
()
v
<

Complexity = O(pM+pN)
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Example of Multi Level Structure
(Post Offices)

* People (sources, Level 5)
Source * Mail Box, Post Master (Level 4) | Mail Transfer
Hierarchy | « Local Post Offices (Level 3)
(Area) o City Post Office (Level 2)

@ AIRCRAFT

» City Post Office (Level 2)
Receiver | © Local Post Offices (Level 3)
Hierarchy | ©Post Master (Level 4)
(Area) * People (receivers, Level 5)

Mail Transfer

CSCAMM EAMO4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004

The MLFMM will be considered in more
details in separate lectures
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