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Helmholtz Equation
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Helmholtz Equation

Vi +k*y =0

* Wave equation in frequency domain
U Acoustics
U Electromagneics (Maxwell equations)
U Diffusion/heat transfer/boundary layers
U Telegraph, and related equations
U k can be complex
e Quantum mechanics
U Klein-Gordan equation
U Shroedinger equation
» Relativistic gravity (Yukawa potentials, k is purely imaginary)
e Molecular dynamics (Yukawa)
o Appears in many other models
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Boundary Value Problems

[ Dirichlet:
s =0,
u Neumann:
al,=o
u Robin:

L ) _
(an + ioy S—O.

[} sommerfield Radiation Condition (for external problems):

S V= Wiy + Vscar
- 0 sce .
!g}g[r(% - Iklilsm!) :| = 0.
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Green’s Function and ldentity

Free space Green’s function:

VIG(x,y) + F*G(x,y) = -0(x —y),

exp(ikix —y|)

O = Ty

x.y €R3.

Green’s formula:

N IG(X.y) oy (x) :
w(y) = I [w( x) Gn?x; Y3y (") }dS(x) y €Q.

Boundary mtegral equation

ap(n) = [ (w0 Z0) - Gx) L Jas),

y on a smooth part of the boundary

§‘|‘< |

¥ at a corner on the boundary

1 y inside the domain

CSCAMM FAMO4: 04/19/2004 © puralswami & Gumerov, Z003-2004

Distributions of Monopoles and Dipoles

Volume source distribution:

N
v() = D 0iGxLY). ¥ eR\x ),

51

v) = [ ax)GENIx), yeo, anQ -0
Single layer potential:
w(y) = L go(X)G(x,y)dS(x), yeQ, S=0Q.

Double layer potential:
S 0 yer p

GC(X w)

dS(x), yeQ, S=20Q.

vy = [ qux)Z e
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Expansions In Spherical Coordinates

CSCAMM EAMO4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004

Spherical Basis Functions

. , o , Spherical Bessel Functions
x = rsinfcosp, y=rsinfsing, z = rcoso.

4 Z Regular Basis Functions/

Ry(r) = ju(kr)Y3(6,9),
Singular Basis Functions
S™(r) = hy(kr)Y (0, ).

Spherical Hankel Functions
of the First Kind

Spherical Harmonics

4 (n+|m))!

n=0172 ... m=—n,...,n
Spherical Coordinates

Associated Legendre Functions

) _ ! )
Yu(0.9) = (-1)" J 2n+1 (n=mDY ppicgyoime,
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Spherical Harmonics
Re{73(0.0)}

(10,0) (10.5), : (10 10)

(L0) 11 u ' ...o\
eS¢ = €7 W

(20) (:.1).\ (2.2) Zonal Tesseral Sectorial

|- 1
\ Z
I S P L N {\I/"{
_ - N
(10) com 4D w42 R
'®'SE'® M
N’ \ o \w’/
CSCAMI\/| FAIVIU4: U4/J_3,4UU4m 57 ut.uouozvallll O JUIIITIVYV, LUUJ'2004
Spherical Bessel Functions
1

Ja hu(p) = jn(p) + iva(p)
é 05k j1 i ]0( ) ‘sll'lp, J( )_ ‘\lllp OSP,
z N, L
% . Ja(p) = (P;_ %)s‘mp— %cosp,
2 0 Joi COS
5 A y0(p) = =5 yilp) = =3 =

wind ( 3 1 ) 3
valp) = _p3 + 5 |eosp - = sin g
59 5 0 15
P
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Isosurfaces For Regular Basis Functions

Re{R}!(r)} = const

(0,0) ° (10,0) (10 ') (10.10)
en. .u b'
(L.0) 8 @ “

‘g [ %
2o

v (3.0)
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(3, 1)

Isosurfaces For Singular Basis Functions

Re{S)(r)} = const

(0,0) ° (10.0) (10.5) (10,10)

CSCAMM FAI\/IO4“: 04/19/2004 m © Duraiswami & Gumerov, 2003-2004




Expansions

p(r) =D D ANFur) = D Y AWFR(r), F=SR AreC

=0 p=—n mi=—co H=||

Absolute and uniform convergence

p-1 H

Ve >0, Fp(c), |w(r)-D D AnFEEr)| <c VreQ,

=0 pi=n

and

Ve>0, Ip(e), DD _MIFIE)| <€ VreQ.
H=p N—~n
Plane Wave expansion:

o0 n

e®r = 4 Z Z i"Y"(Or, @1 )R (),

n=0 p=—n

k =ks, s = (sinfrcos@g,sinfrsin@g,cosly).

/
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Matrix Translations
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Reexpansions of Basis Functions

Rir+t) =Y Y (RR"™MORY(r), n=0,1.2,.... m=-n,...n

n'=0 m'=—n'
'\/ Reexpansion Matrices

“ 2| SREMOR (). | < |t
S;‘;(r_'-t):ZZ{ ‘) () () |‘ ||

n ’:0 H.!F:—HF (S|S)}”I ) (t )S;:‘F (l‘)’ ‘l‘| > |t| |

HR

n=20,1,2,.... m=-n,...,n
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Gumerov & Duraiswami,

; ; AM J. Sci. Stat. Comput.
Recursive Computation ojjs( 1 13441361, 2008
Reexpansion Matrices

ImlA m , (n’,m’,m+1)
p* elements of the truncated 01 T/L'” X
reexpansion matrices can be computed o , ,
4 i i |m*| A A A A A XA AR - 4
for O(p#) operations recursively m T, i)
n’ n’
0 s
(0+1,n) (0’+1,n) p-12p-2-|m.| 2p-2
N Y
(n’,n-1) - (0.n+l) (n AI) A (I,n+1)
(n’-1,n) (n’-1,n) \
n n f
N , E|Fmm
Yt w<ml Ty s Bl
3\_ S —» e
p'l 5 p-l %X X X /u?}\
|m| //, r |S| /// . A ) Fi”
S I =N (EFym?
|ms| ; % A p &
0 mipt T "0 gl oLt n
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Translations

a0 n o0 H

W) = D D CMEDENY -X,) = D, Y Ol )Ny - X,,),

=0 p=—pn =0 p=—n

!

o0 n
Chi(xia) = D5 25 @F)m (OCH (x) t =X —xu

n'=0 m'=—n'

EF=S8R n=01,..., m=—-n,..., 7.

R|R S|S S|IR

C SYVVGIIII [C ARG IVIR} v QUATIRYAVIVIO Wy AViL, |
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Problem:

» For the Helmholtz equation absolute and uniform convergence
can be achieved only for

p > ka. For large ka the FMM with constant p is
Q very expensive (comparable with straightforward methods);
Q inaccurate (since keeps much larger number of terms than required, which

causes numerical instabilities).
/

Expansion
Domain

2a=32D
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Model of Truncation Number Behavior for
Fixed Error

In the multilevel FMM
we associate its own p,
Pt with each level I:

[13 ” P] = piz
Breakdown level

kD, = Kb, lpsx = log,——

P = A’(]CD,!)Z, 1 < Ips

: > Py =Ax}/=P,, 1= I
0 ka. ka

Box size at level |
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Complexity of Single Translation

Translation exponent

/

CostTrans(P;) = CP} = Cp?', [=2,..., ]
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Spatially Uniform Data Distributions

N; ~ 8_11\'{, —— % l()gf\?
J

P~ zilkDo_,

opei (kDO) Z 2_7 181 (kD ) Z 2

B <1.5: ComplexityFMM ~ (kDo)l‘-’ZB‘l‘-’ s~ (D)% N1-2V3
X =15 ComplexityFMM ~ (kDg)* Lax ~ (kDo)* logN
K} > 1.5 ComplexityFMM ~ (kD0)~‘-"

\

Constant!
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Complexity of the Optimized FMM for Fixed
kD, and Variable N

1E+12 1 -
%//]
1E+11 ¢ . . . e
Straightfgrvyard, y=x*
2 1E+10 - ’
K=l
I
o )
S 1E+09 4
=]
=
S 1E+08 - i
g R -
£ //"/,// A/{’ e nu=1, Ib=2
2 1E+07 77 o Ty A nu=1.5, Ib=2
e m nu=2, |b=2
7 — _
1000000 § o-nu=l, Ib=5
3D Spatially Uniform —+-nu=15, Ib=5
Random Distribution -=-nu=2, Ib=5
100000 ‘ ‘
1000 10000 100000 1000000
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Optimum Level for Low Frequencies

100
N=M=1000000
3D Spatially Uniform 2
- 10 1 Random Distribution 2
S q
X 1 - 2]
%)
c
9
IS 0.1 - 5
L
=2
E] 0.01 - e AN
= - - 7
S 15 - 7
o 0.001 v e
.g Translation e .
5 /// nu=1 Direct Summation *.
Z 0.0001 + e )
0.00001 ‘ ‘ ‘ ‘
2 3 4 5 6 7
Max Level of Space Subdivision
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Volume Element Methods

N, 3 )
N=(25kDo), kDo ~ N8
2r

BN <1.5: ComplexityFMM ~ (kDo) 2082V ~ (kDg)»N¥ 23 ~ N
BN =15 ComplexityFMM ~ (kDg)? Ly ~ (kDo)* logN ~ NlogN
A > 1.5 ComplexityFMM ~ (kDy)? ~ N*” > NlogN.’

D, = D, k/(2r) wavelengths = N3 sources
Critical Translation Exponent!

N

S

o0—0—0—0—"0—

H_/

wavelength

computational domain
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What Happens if Truncation Number is
Constant for All Levels?

]max ]max
Noper —~ (kDO)Zv Z ] = (kDO)zx-' 223.’ _ (kDO)Z’."zsimax ~ (kDo)bN ~ NI+2V/3
=2

=2

B} <1.5: N < ComplexityFMM < N*
B} =15 ComplexityFMM ~ N*

%[]v >1.5: ComplexityFMM ~ N3 > N*

“Catastrophic Disaster of the FMM”
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Surface Data Distributions

Nl ~ 4_1N-: lmnx ~ %lOgN
pr~ 2_1kD0,
Ju U
Noper ~ (kDO)).' Z 2-wigl — (kDO)Z’-’ Z 2(2-2w)i
=2 =2

BX =1  ComplexityFEMM ~ (kDo) Lya ~ (kDo) logN
B} > 1 ComplexityFMM ~ (kDo)*

Boundary Element Methods:

N 2
N=( kao), kDo ~ N2
2T

BX =1  ComplexityFMM ~ (kD)* Lya ~ (kDg)? logN ~ NlogN
X >1:  ComplexityFMM ~ (kDy)* ~ N’ > NlogN.
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Optimum Level of Space Subdivision

lb=

Ib=5

—o—nu=1

Optimum Max Level

—e—nu=1

Optimum Max Level

10000 100000
Number of Sources
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10000 100000
Number of Sources

1000000 1000000

© Duraiswami & Gumerov, 2003-2004

Performance of the MLFMM for Surface Data

Distributions

1E+12
1E+11 &
2 1E+10
K=
IS
Q
g 1E+09 4
S
=
S 1E+08 -
()
xé e nu=1, Ib=2
2 1E+07 -~ y=ax A nu=1.5, Ib=2
= nu=2, Ib=2
-o-nu=1, Ib=5
1000000 ~&-nu=1.5, Ib=5
Uniform Random Distribution
over a Sphere Surface -8-nu=2, Ib=5
100000 - \ T i
1000 10000 100000 1000000
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Number of Sources
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Effective Dimensionality of the Problem

i?\'rnonfemplfv ( Z)
i?\'rnonfemplfv (Z -1 ) |

deg(1) = log, I=1,2,... 1 cube

28+

26+ . .
Computational domain

e
v

24+

Effective Dirmensionality 1

22+

2

Level of Space Subdivision

_ 8cub
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Fast Translation Methods
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Translation Methods

O(p®): Matrix Translation with Computation of Matrix Elements Based on Clebsch-
Gordan Coefficients;
O(p?) (Low Asymptotic Constant): Matrix Translation with Recursive Computation of
Matrix Elements
O(p?) (Low Asymptotic Constants):
U Rotation-Coaxial Translation Decomposition with Recursive Computation of Matrix Elements;
O Sparse Matrix Decomposition;
O(p?logPp)
U Rotation-Coaxial Translation Decomposition with Structured Matrices for Rotation and Fast
Legendre Transform for Coaxial Translation;

O Translation Matrix Diagonalization with Fast Spherical Transform;
O Asymptotic Methods;
O Diagonal Forms of Translation Operators with Spherical Filtering.
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O(p?) Methods
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Rotation - Coaxial Translation
Decomposition (Complexity O(p3))
From the group theory follows that general translation can be reduced to

(FE)(t) = Rot(Q™" )(FIE) o) (1)ROt(Q), F.E = S5.R.

10
kt=86

y=ax’

14 Full Matrix Translation |:FFF

Bau y:bxzr/,"'/

CPU Time (s)

<
<<

X
N

a qq
nqqq
A
%\

ODDO Rotational-Coaxial Translation
X q" ’,;DD Decomposition

0.01

10 100

Truncation Number, p
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Sparse Matrix Decomposition

(RIR)(t) = (S|S)(t) = Z (kt ) D} = e = A, (kt.—iDy)

n=0

Matrix-vector
products with these
matrices computed

Ar(kt,—iDy) = Z(zn + 1) (kt)Pu(~iDy ) recursively

n=0

(SR)(t) = A,(kt,—iDy)

As(kt,~iDe) = D (2n+ 1)i"hy(kt\Py(~iDy ).

n=0
(D) = [t +ity) (bl = Clrt by} + (1 = ity) (Cot by = Ot bt ) |

rZ Ji m m
(a”‘ B ST EIC m=0,%£1,%£2,..., n=|m|,|m+1,...
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O(p?logPp) Methods
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Fast Rotation Transform

Diagonal matrices

ST

Rot(O(a,B,7)) = Rot(A(y+ %))Rot(B(%))Rot(A(ﬁ))Rot(B(%j))Rot(A(% - a) )

{‘/ . Block-Toeplitz matrices
Rot LKTMKL

"

Diagonal matrices

u|a

Euler angles

Complexity: O(p?logp)
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Fast Coaxial Translation

(R|R)(P-PF))(r) _ (S|S)(P-}7F))(r) — i(p)L(p)VVAEFWLD(kf) (L(P’) ) Ti(p_’)’

(coax (coax

(S|R)E§£:\))(f) = i@)L@JWAgﬁp’—U(kr)(L(p’) ) o)

Legendre and _ Diagonal matrices
transposed Legendre matrices

Fast multiplication of the Legendre and transposed Legendre matrices
can be performed via the forward and inverse FAST LEGENDRE

TRANSFORM (FLT) with complexity O(p2log2p)

Healy et al Advances in Computational Mathematics 21: 59-105, 2004.
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Diagonalization of General Translation
Operator

! ' N T
(E[F)®?)(t) = i(p)y(p)\\.r_/\(p+p—1)(t)(Y(p)) i@

_ Diagonal matrices
Matrices for the forward and g

inverse and Spherical Transform

FAST SPHERICAL TRANSFORM (FST) can be performed with
complexity O(p2log?p)
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Method of Signature Function
(Diagonal Forms of the Translation Operator)

W(P) — ﬁj‘g eiks-r\I}(S)dS(S)’ RegUIar Solution

@ (r) = 41_1[ .L AP (1r,8)P(s)dS(s), Singular Solution

Ar(ezs) = D20+ 1)iu(er)Pu ( £25)
0

H=

-1
AP(r1s) = Y 20+ )" hy(lr)P { 22,

n=0
D(s) = (SSHONY(s)] = (RIRYO[L(s)] = e™Is).

Py (s) = (SRIONT(s)] = AP (£:8)(s).
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Final Summation and Initial Expansion

N1
w(r) == ﬁ Z H,jefksjol'lll(sj) + EC: Sj c S”,
j=0

G(r—r1s) 2 Wio)(sjor, — 1y ) = L griks0rs)
( ) ] A 4;1_
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The FMM with Band-Unlimited Signature
Functions (O(p?) method)

10000 g =10, W=n,

Spatially Uniform Random Distributions

4
y = ax 2 O(p2 )+errbound ~
. 7/

N

1000 -

100 A

CPU Time (s)

=
o
I

Pre-Set Step

0.1+ ‘ ‘
1000 10000 100000 1000000
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Deficiencies

Low Frequencies;
High Frequencies;

Constant p;
Instabilities after two or three levels of translations.
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Methods to Fix:

e Use of Band-limited functions;
* Error control via band-limits;

* Requires filtering procedures (complexity O(p2log?p) or O(p?logp))
with large asymptotic constants;

» The length of the representation is changed via
interpolation/anterpolation procedures.

CSCAMM EAMO4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004

Error Bounds
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Source Expansion Errors

®

Low Freguency Region

10-12

Transition Region
Low frequencies:

-1

In[ eka(1 —o071)** ]
) = -
ighy Frequency Region E Ino

High frequencies:

2/3 )
p=ka+ 15(3 In %) (ka)V3,
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Approximation of the Error

10 10" 10

ka
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We proved that for source summation problems the
truncation numbers can be selected based on the above
chart when using translations with rectangularly
truncated matrices

s|s SR R|R

s
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Low Frequency FMM Error

— . _0=13

—_—

_ Low Fregquency Theary — — —

Tt O=17

RIR, SIS SIR

. . . . . . . . .
0 2 4 B 8 10 12 14 16 18 20
Trunca tion Mumber, p
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High Frequency FMM Error

hlax Ahsolute Error

' FhM
| kD=100 (ka=216)
| 3

;
N
|

L 1
10 13
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20 25 30 35
Truncation Nurmber, p
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Multiple Scattering Problem
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Problem

Boundary Conditions:
/ Ay (r)

r—ry=aq: o +iogy(r)=0, g=1,....N.
q
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T-Matrix Method

Scattered Field Decomposition

F=oh

N
. o,
W seat(T) = Z}'y’/p(r)a 111’1'1?"( Em ) = 0, p=1,..,N
p=

Singular Basis Functions Hankel Functions

; |
Wp(r) = Z ZA“” S’”(r— ry),  SH(r) = ha(kr)Y70,9).

n=0 m=—n

Expansion Coefﬂuents Spherical Harmonics
— 0 4-1 40 41 4-2 4-1 40 41 42 r
A = (43,47 .40.41,47%,45",43,43,43,... ),

Vector Form: S !
wp(r) = AP < S(r - rp).

A
CSCAMM FAMO4: 04/19/2004 dot proguotami & sumerov, Zuus-2U04




T-Matrix Method

Solution of Multiple Scattering Problem

“Effective” {10|dent Field

W) = yo(r) + Wi () + i () = () + w8 ™ (r),

Wfﬁ;),er(l‘) _ Z AP . S(r,) = B9 . R(r,), w(q)(m) (r) = E(q) “R(r,).
pPrq

Coupled System of Equations:

AD — T(q)E(q)
p+q
@->_> E(q) E(m)(r )+ B(q)‘\ .
// (S|R)-Translation
@ ave
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Iterative Methods

Reflection Method &
Krylov Subspace Method (GMRES)

Reflection (Simple Iteration) Method:
A = T E™(r}) + B |,

B = > (SIR)(r, - rp)AY,

1
pP¥q

A7 AT <€, g=1,..N.

_;+1

General Formulation (used in GMRES)

|:I _T@ Z(S‘R)(r; -rp) :|A(q) — T(@')E(in)(r‘;)_
P
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100 random spheres (MLFMM)

ka=1.6 ka=2.8 ka=4.8

CSCAMM EAMO4: 04/19/2004 Shherov, 2003-2004

Surface Potential Imaging

itiif
T B

(s
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Performance Test

100000

Volume Fraction = 0.2, ka=0.5 ,-/ i .
; Reflection+Djirect

10000 - y=ox /

1000 -+ Reflection +FMM

CPU Time (s)

100 ~

10 A

Periodically-Random Spatial Distribution

/./' of Spheres of Equal Size
1 /‘ / T T T
10 100 1000 10000 100000
Number of Scatterers
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MLEMM

Computable Problems on Desktop PC

MLFMM

'8

< Multipole Iterative
(b}

= Multipole

Straightforward
BEM
100 101 102 103 10 10°
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More About This Problem
In Our Talk Next Week
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