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PRESENTATION OUTLINE

* Periodic problems (jointly with J. R. Overfelt)

* Solid composites and stokesian emulsions (jointly
with Y. Fu and J. R. Overfelt)

* Boundary algebraic equations (jointly with P.-G.
Martinsson)



Periodic Problems
(GJR & Overfelt, 2004)

e Motivation
 Periodic FMM

* Integral equation



Periodic array of dipoles
(Rayleigh’s Problem)




Periodic array of charges without neutrality
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Periodic FMM

e Use regular translations within
the red and blue domains

e Use lattice sums for the
translations from yellow to red

e Most of the FMM machinery is
preserved

 Lattice sum operators can be pre-
computed




Brief History

Rayleigh (1892): dipole-dipole interactions
Ewald (1921): evaluation of lattice sums

Korringa (1973), O’Brien (1979), Bonnecaze and Brady
(1991): convergent integral equations

Levine (1966) Zuzovsky & Brenner (1977), McPhedran et
al. (1978): analysis of basic lattices

Greengard and Rokhlin (1987): FMM and 2-D periodic
FMM

Schmidt and Lee (1991) 3-D periodic FMM

Greengard and Helsing (1991): Periodic FMM for integral
equations

Sangani et al. and Zinchenko et al.: Fast methods for
integral equations with periodic kernels (1990’s ...)



Integral Equation in {2
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Convergent Integral Equation
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General Case: Boundary and Macroscopic Fluxes
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plz) = plz)+ < p >
Jo+ :1; < p > x = true macroscopic flux

Jo+ é < p>a+ < pz > - apparentat macroscopic flux
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Model Conduction Problem

* - particle domain
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Linearized Elasticity and Hydrodynamics
(with Y. Fu and J.R. Overfelt)

* Types of problems
* Connections with FMM

* Open issues



Governing Equations of Elasticity

(u+Au, ,; +pu, . +b,=0  volume
[,=n,0, = nj(/luk,k‘ij + Uu; +Wj,i)
[£.]1=0 [u,]=0 1nterfaces

u,(x)= }/gx St u(x) boundary



Stokes Equations

-p,+uu; ;+b;=0

U; =0
I = nj(—pé‘ij + Ul +Wj,,;)
1, ]=wn.x [u.]1=0

0

w,(x) = y;x; +u,(x) p(x)=blx; + p(x)



Connection to FMM
(Fu et al., 1998, Nishimura et al., 1998)
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Open Issues

* Approximation schemes
*Interpretation of results

*Adaptivity and error control



oundary Algebraic Equations (BAE)

joint work with Per-Gunnar Martinsson (Yale




MoDEL CONDUCTION PROBLEM

Q=0 UI'pyUTIN,
{}; are the interior nodes,

'y is the Dirichlet boundary,

'y is the Neumann boundary.,

(

Q[u(m) = 0, for all m € €,

.

u(m) = g(m), for all m € I'p,

dou(m) = h(m), for all m € 'y,



ReviEw OoF CoONTINUOUS BIE

p

—Au =0, on £,
< u=4g, on FD,
o,u = h, on 'y

\

Use the reciprocity theorem:

I 0G(x —y) B du(y)
sun + [ Sty = [ 6w -n !

where G(z) = —(27) ! log|z|.

dy



SIMPLE SQUARE LATTICE
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Rluj(m) = —u(my — 1,ma) + 2u(m, ma) — u(my + 1, ms)

—u(my,mg — 1) + 2u(mq,mo) — u(my, my + 1).



FUNDAMENTAL SOLUTION

Q) = FuE) = Y emtum), €€ (-mm)’

meZ?

l(m) = f(m) VmeZ, =  o(&i(€)=§& Vée (-mm)

o (&) = 4sin® ——2— + 4 sin” %

&(m) = [gmlaﬂl] (m) = (2711')2 /(_W m)? EMim{O”(léb) %



CORRECTION

£]7% is not integrable in two dimensions

> f(m) =0.

1 e~img _q
o) = o [ o



'THE DISCRETE DOUBLE LAYER KERNEL 0, &(m — n)
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+
: cond(Kp) ~ 7.0

X

ExXAMPLE 1: A SQUARE DOMAIN

. cond(K) ~ 1.6n?

cond(Kg) ~ 40n

10%;
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 cond(K) ~ 0.83n%

: cond(Kg) ~ 40n /
ccond(Kp) ~ 7.3(1) ¢ |

EXAMPLE 2: AN L-SHAPED DOMAIN




EXAMPLE 3: A DOMAIN WITH A CUT

o : cond(K) ~ 1.6n°
+ : cond(Kg) ~ 4n?

x : cond(Kp) ~ 0.63n 45— "/




EXAMPLE 4: A DOMAIN WITH A SUPER-CONDUCTOR

o : cond(K) ~ 0.28n"
+ 1 cond(Kg) ~ 4.2n?
X COHd(KD) ~ (.68n




GENERAL LATTICE GEOMETRIES

Any non-degenerate lattice geometry can be handled.

The treatment of multi-atomic lattices (such as B and D) is significantly

more difficult than mono-atomic lattices.
e The symbol o(¢) is a matrix.
e The governing equations may be poorly conditioned.

e The lattice equations may be degenerate.




