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Euler's Equations

ur+ Ve - (u®u) = —Vyg p, u= (ug,...,uq)
divu=20
initial and boundary data

Weak solutions

P1. Finite Energy: L2 -energy — u(z,t) € L([0,T]; L2 .(R%)).

P2. Balance Law: V¢ € C°([0,T) x R R%) with div ¢ = 0:

T

P3. Incompressibility: divu =0 in D.

e Weak regularity in time (Lopes & Schochet) u € Lz’p((O,T);Hl_OLC(]Rd;]Rd)).

® Assume the initial data in H~ %, L > 1 sense

e EXistence. Passing to a limit with a sequence of approximate solutions.




Approximate Solutions

P1. L2 -~Energy bound: {uf} — L*([0,T]; L2 .(RY)).

P2. Weak Consistency: Vo € C°([0,T) x R?) with div ¢ = 0:

T
/O Rd Spt-ug—I—DgO (u5®u5) dwdt—l_/RdSO(x, O).us(x, 0) dz —s 0 as e — O.

P3. (Approximate) Incompressibility: div ¢ =0 in D' (— 0 in ngé).

® In practice, H—* consistency: ¢ € H5([0,T] x R?) ...

® Energy-bound implies {u¢} — Lip((0,T); le)LC(]Rid)), L(s,n) > 1.

EXAMPLES e Mollification of initial data: u§ = K:xwo, K.:=n.xK.

e Navier-Stokes approximate solutions.
e \Vortex blob approximations

e Discrete methods: High-resolution difference, Spectral and FEM methods



Existence of Weak Solutions
® Energy bound == u® — u in L*([0,T1], L2 .(R%))

® Weak regularity in time: {uf} — Lip((O,T),ng’é(Rd))

e Main issue: passing to limit in quadratic terms: v @ u ...

® Either v — u in L*([0,T], L2 .(RY)) = u is a weak solution;

® Or no strong convergence: [ |u|?dxzdt < liminf [z |uf|?dxdt

——> Energy concentrates on sets with non-zero reduced defect measure

E) ;= limsu u€ — ul?dxdt > 0
n(E) oP EC[O,t]de| |

e (DiPerna-Majda). The phenomena of concentration-cancelation.
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H—1 Stability

e Characterize lack of concentrations (and hence existence)

€ ou

3
e Typically, formulated in terms of vorticity wfj = gz? — &C? e Ad
¥ 1

Definition [H~1-stability]: The sequence {u¢} is H~1-stable

if {w®} is a precompact in C((0,T); HL(R%; A%)).

& No growth conditions at infinity () «®-n = 0 for bounded domains

Statement of main result (M. Lopes, H. Lopes-Nussenzveig, T.).

If {uf} is H —l_stable, then a subsequence converges strongly to a
weak solution u in L>([0,T]; L2 (R%)).

e H l-—stability as a criterion which excludes concentrations.

Proof div u¢ — C([0,T], H,,>(R?)) and curl u* — C([0,T], H; }(R%))

div-curl lemma = u® -u® — w-u, No concentration: u® — @, L?([0,T], L?)



e Passing information from w® to u®

_ comp . comp ,, .
divuf=0 (= H 1) curlu®=w® <" “nice space”

1
1. Biot-Savart Kernel (the 2D case): u®* = K xw®, K(x) ~ Iifr?
(® CZ + Sobolev imbedding LP(R?) — W1P(R?) — L?(R?).
* Delicate as p | 1.
2. Stream-function formulation: AWE = ¢ uf = V5iwe

(@ Elliptic Regularity (delicate as p | 1).

* For W2r regularity of W& — requires growth control at infinity

3. Our approach — generalized Div-Curl Lemma (Tartar-Murat)

* Sharp local condition — simplifies & generalize previous results
e Greatly simplify previous results

e Generalization — unbounded domains, d > 2 dimensions

e Crystallize new regularity spaces...



A Retrospect of LP Scales of Reqgularity Spaces

e Lebesgue LP(R?) : ‘/wgoda:‘ < Const.|lo|l,y, Vo€ o

e Lorentz - LP®(RY) : o +— xg, VE'seR4

/E jwldz < Const.|E|1/p/, arbitrary sets E's,
e Morrey - MP(R%) : o +—— ypg, Varbitrary balls B € R¢
/ lw|dx < C’onst.|R|d/p/,
Bpr
e Logarithmic refinements: LP(log L)%, LP>(log L)%, MP-,...

LP(log L)* :={w | [|wP(log™ |w|)¥dx < Const.}

MPe = {w | R~¥?|log R|* fBR(mO) lwlde < Const., R | 0}



The 2D problem — scalar vorticity transported

0 0
e Transport equation w;4u-Vew =0, w=-2_%%

8%1 8$2

o H 1(R¥=2)_compactness: Critical p.;; = dﬁ_—dQ =1

® Lebesgue (Yudovich, DiPerna-Majda)— borderline BM. (vortex sheets)

wo € LA(R?), p> 1 == w(,t) € L} — H Y(R?)

® Orlicz (Morgulis, Chae)— propagation of compactness in borderline L(log L)>

wo € L(log L)Y (R?), a0 > 1/2 == w°(-,t) € L(log L)%, — H; 1(R?)

® Lorentz (P. L. Lions)— propagation of compactness in borderline L(12)

wo € LAD(R2) ¢ < 2 = (-, 1) € L1 — H-1(R2)

loc loc

e [(12) — |argest rearrangement invariant borderline case in H-1(R?)

® ... beyond rearrangement invariant spaces ...



Beyond Rearrangement Invariant Spaces

— d
e Morrey spaces: M%) 1= {w|sup, IBp(2) l@] < Const.RP' | log R)|~%}

Assertion (R. DeVore & T. Tao). ]\71’?‘1(9) Q C ]Rd is compactly
imbedded in H=Y(2) if either: (i) p> % or (i) p=4% and o > 1.

e Two-dimensional Morrey space (DiPerna-Majda)

® ML)(R2) : By lw¥| < C|log R|=%, o> 1 == no concentration

comp

WE(-, 1) € L°([0, T], ML) (R2) ~5 lR2), a>1

Ioc
(1-1
® Positive vorticity (Delort, Majda): w¢(-,t) € BMT = M(g ’2)(R2)

—~rq1 1
O Q. Is M(l’i) (RQ) borderline regularity space for concentration-cancelation?

® Q. On the borderline gap M(1,:a)(R2), %< a<1.

* Uniqueness: L™ Borderline — Besov B, (Vishik)



No Concentration — the multiD (d > 2) case

e No concentration for w®(-,t) € L*°([0,T], X)

2d
Lebesgue : X = LE(RY), p> T P — HH(RD

: 2d
(since H! — LE(R?Y), p < p* = m)
- — AP (TRd ﬂ D —1/md
Morrey : X = MP(R?), p>2|—>M — H™~(R%)
Q1. On the borderline gap % <p< % for the d = 3-D case?

e The 3D Navier-Stokes - M3/2 existence (Giga-Miyakawa)

1
R JBr(x0)

® Comparison of L%% and M3/2 - measures of singular support (CKN)

lw|dx < Const.

© Identify borderline regularity: p = d?l——dQ = g

X Uniqueness & Energy loss — Brenier, Shnirelman,...



Borderline regularity — the multiD (d > 2) case

_2d_
Theorem Assume borderline regularity: wf(-,t) € L&T2(R%). Then

there is no concentration with ’'super-critical’ energy bound

uf (-, 1) € L°([0,T], LP~2(R%))

Proof (by Murat Lemma). By interpolation of X, := W17 (R%)

( 2d
LFZ(Rdy “P x <2
c ( ) 1 —— wg(-,t) C(l)‘np Xo = H_I(Rd).
\ {w®} in  Xp, p>2

® Example (d = 2). The critical regularity wg € BM(R?):

ué(-,t) € L>=([0,T], LP~>2(R?)) == no concentration (DiPerna-Majda)

® Example (d = 3). The critical regularity wg € Lg/5(IR{3):

ué(-,t) € L>°([0,T], LP>2(R3)) = no concentration.

Q2. What can we say about L%/5 as a regularity space for we(-,t)7?



High Resolution Central Scheme (Levy-T.)
e Solution is realized by cell-averages, w(z,y,t") = >,k @zklcj,k
e Recovery of the velocity field (u,v) from the discrete vorticity:

Define the discrete vorticity ‘*_‘)j+%,k:+§ = %(c_uj+1,k+1 + W k1t Wik + (Dj—l—l,k)

and use a five-point stream-function , ¥, such that Ay = —w

wig = paVylig vig = —pyVatjg,  (Vi+ Vi) =—-o

© == Discrete incompressibility: uyVzu, 0.

AL TH VYO L ey 1=

e Time Evolution: predict the t»+£-midvalues (). ;= £L and ), := ﬁ—;)

jk k__(uw) k (Uw)] k>

® Compute the staggered cell-averages at t"t1 =" + At
1 1
_n_|_1 —-n /

\
Witigtr T HelyWiis s T ooty VaWips g T ole VWi g

n—l—% n+%
—At{uyvm(UW)j_‘_%,k_‘_% + Mxvy(vw)j+%’k+%}'



High Resolution Central Scheme(cont'd)
e Numerical slopes
fik and g},k, denote discrete 'numerical slopes’ in z- and y-directions.
® f'=¢'=0 —— first-order Lax-Friedrichs scheme:

o O O, O
“Citikt+l T 4 = At{py Ve(uw)iys s + baVy(vw)ips b

® key observation — discrete incompressibility implies convexity

— 1 —
w::% k—|—% = Z@a,ﬁwg,ﬁ, Z@aﬁ — 1, 904’5 Z O
’ a,0

e Higher resolution:
fin ~ Az folz), yp, 1) + O(Ax)?, gip ~ Ay - gy(xj, yp, t") + O(Ay)?

e Discrete evolution: w(-,0) —— w(-,t"™) maps any Orlicz space into itself



Candidates for regularity spaces

® Lebesgue LP: {w|

/wgod:c| < Const.||g0||Lp/}
T
® Lorentz wk — LP> {w | ¢ = xpg, arbitrary E’s}

® Morrey MP?P: {w | ¢ = xp, arbitrary B’s }

ol = sup iy [l < oo

e A new scale VP9 {w | ¢ = xuB,, arbitrary covering B’s}

1
VPd = sup —/ wldz p < oo, arbitrary {B;}'s C B
{Bj}CB { |Bj|1/p/ Bj q

J



The new scale of regularity spaces

q
1
e L[ i) < const
Z(|Bj|1/p, 1 x) < Cons

J

1
w3 (] ) e 1
Z <|B]| Bj |UJ|> XB](x> =

.

J

1

VP —
ERE

/B lw|dx < Const. — MP

e [ P°° measures total mass on arbitrary sets
e NP measures total mass on arbitrary balls
e VP4 - are intermediate scales of spaces: VP4 = (LP, MP)y ., 0 = g <1

measuring ¢4 weighted distribution of LP mass on arbitrary coverings




A New Scale of Regularity Spaces

e New scale VPI(£2), 1 <p < q < oo: for all coverings U;B;
1/q
sup (Z (R, i / Iw(w)ldw)q> < Const, 1<p<gq<oo.
UB;=£2 B;

e Logarithmic refinement: VvP%:% = vPi(log V)e

[wllvragiogvye(e) == s I{R; YPl10g Rj|®G}lleas  a > p.
J

© Example: |wllypa(iog v)e(q) < oo: Covering 2 by a dyadic lattice Cj

S, w@lde)? < 2FNUPIL 4k |70 () = 27 ).
joCk

® weak-LP spaces: measure the total mass of over arbitrary sets;
® Morrey spaces MP: measure the total mass over arbitrary balls.
© V-spaces: measure {,~weighted mass over collection of disjoint balls

e VP71 bridges the gap: VP4 = (LP, MP)y, 0 = fa’ <1, VPP =[P . \P® = )P



Readers’ digest

q
1
VvPa > / lwldx | < o0
j (|Bj|1/p’ B;

e Cover  C R? by dyadic covering of cubes Cip 1= 2=kC(- 4 %)

J

q
/ |w|daj> < p~kda/p/
Cik

VPI(Q) - > (

J

e Comparison of borderline regularity spaces

3 3 1

p==, M2(R3: = w|dz < Const.
2 R JBR(zo)
6 65,3 1 2

p=—, V5 (R>): > — / lwldx | < Const.

e difference in Hausdorff dim (sing support w)



Compact Embeddings of V's in H—1

Statement of compactness. VP2, C(l?p H Rd) it

Ioc(

(l)p>d_|_2 or (ii)p:d%l——dQ’ Oé>1/2.

comp

© The 2D borderline case: \/12 Y(R?) — LR2), o> %

Ioc

2
V2logM1/2(Q) = {w]| sup > |log Ry (/ |w|> < Const.}, © c R?.

comp

® The 3D borderline case: VP?(R3) " R3), p> g

Ioc(

2
1
= sup - / W < Const., Q C R3
UBFQ%:RJ ( Bj| |>



Proof (of v-compact imbedding).

Measure the H~1 size of f€ in terms of its wavelet expansion

=33 S i = 282928 — )

YeW kc7+ jezd

Using the VP2(log V)®-bounds

S G? < 2 Y ([ 1 @)de)?
k

jezd jezd J

< Const - 28 )12 .0 - 272KV |1 4 oy |72
we conclude: if (p — ﬁ'_—d2)+ + (a—1/2)1L. >0
FE 12 — re |12 2
IS Y Bl = XY 5Pl
k>Fko jeZd veW (5,k)e(Z4,27)

< Const. 3 2k(d=2d/1'=2)11 4 |22 o,
k>kq



Concentration-Cancelation in 2D Euler’'s equations

e 2D pseudo-energy H(w) := —%fngng log |z — y|dw(x)dw(y) < Hg

® V-scale classification of 2D regularity: X = V1?(log V)2 (R2)

Theorem. {i} No concentration if w® € Xo, a > 1/2;

{ii} Concentration-Cancelation if w® € X4, a € (O,%].
(® Extension of Delort’s result for one-signed measures: BM™T(R2) C X1/2
Q1. Is X, = V°(log V)%(R?) an invariant regularity space for 2D Euler?

® Propagation of compactness in borderline regularity: X = L(log L)/2, (12 .

{w§} C X1/ <+ H'(R?) but does n*wg w(-,t) — H '(R?)

Q2. ... No concentration phenomena for one-signed measures?
{W} C Xy)p b HHR?) : w§= L w (|$‘> but...nexwg — w(-,t) — H 1(R?) ?
/ 0] 22 /—l |Og €| c ) )



Concentration-Cancelation in 3D Euler’'s equations

e 3D Coulomb energy H(w(xz,t)) := 87r//R3 - w(xi?f;‘(y’t»dxdy = H,
X

® Split between long-range and short-range H(w) =: H;.(w)+ H;(w)

® Long-range interaction energy - bounded from below...

Hie(w (2, 1)) = — Z // 6(x’t)’wg(y’t»dxdy > —Constje.

CjxCp, |z — y
— Upper-bound short-range self-induced energy:

(we(z,t),w(y, 1))

C;jxC; lx — y|

Ho+Constie > He(w(-6) = — Z /]

drxdy > ...

Q1. Seeking vE2-bound: (W (), ws(y)) > (1 — 62)|we(x)] - |w(y)

(x w® 2
Z//C.XCKW ( 7t)7 (yat)> d > (1 92)2 (/ |w€(5c t)|daj>
J J 7

|z — y|



No concentration in 3D Euler’'s equations

e A weak alignment condition (Constantin-Fefferman-Majda):

w(x,t) B w(y,t)
jwe(z, 1) we(y, t)]

<V20. 06<1.
[z—y|<o

Theorem A weak alignment condition implies

w(x,t) B w(y,t)
jwe(z, 1) we(y, t)]

<V?2 = ||, )| 6, < Constr.
z—y|<s VET(82)

Q2. Propagation of compactness of borderline regularity X = Vvs2(R3) 7!

Theorem Assume a weak alignment condition. Then as long as
ué € L°°([0,T], LP>2(R3)) there is no 3D concentration: u® — u




THANK YOU



