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Euler’s Equations





ut + ∇x · (u⊗ u) = −∇x p, u = (u1, . . . , ud)
div u = 0
initial and boundary data

Weak solutions

P1. Finite Energy: L2
loc-energy – u(x, t) ∈ L∞([0, T ];L2

loc(R
d)).

P2. Balance Law: ∀ϕ ∈ C∞
c ([0, T ) × Rd;Rd) with div ϕ = 0:

∫ T
0

∫

Rd
ϕt · u+Dϕ (u⊗ u) dxdt+

∫

Rd
ϕ(x,0) · u(x,0) dx = 0.

P3. Incompressibility: div u = 0 in D′.

• Weak regularity in time (Lopes & Schochet) u ∈ Lip((0, T);H−L

loc(R
d;Rd)).

� Assume the initial data in H−L, L > 1 sense

• Existence. Passing to a limit with a sequence of approximate solutions.



Approximate Solutions

P1. L2
loc-Energy bound: {uε} ↪→ L∞([0, T ];L2

loc(R
d)).

P2. Weak Consistency: ∀ϕ ∈ C∞
c ([0, T ) × Rd) with div ϕ = 0:

∫ T
0

∫

Rd
ϕt·uε+Dϕ (uε⊗uε) dxdt+

∫

Rd
ϕ(x,0)·uε(x,0) dx −→ 0 as ε→ 0.

P3. (Approximate) Incompressibility: div uε = 0 in D′ (→ 0 in H−1
loc).

� In practice, H−s consistency: ϕ ∈ Hs
c([0, T ] × Rd) ...

� Energy-bound implies {uε} ↪→ Lip((0, T);H−L

loc(R
d)), L(s, n) > 1.

EXAMPLES • Mollification of initial data: uε
0 = Kε ∗ ω0, Kε := ηε ∗K.

• Navier-Stokes approximate solutions.

• Vortex blob approximations

• Discrete methods: High-resolution difference, Spectral and FEM methods



Existence of Weak Solutions

� Energy bound =⇒ uε⇀ u in L∞([0, T ], L2
loc(R

d))

� Weak regularity in time: {uε} ↪→ Lip((0, T ), H−L
loc (Rd))

• Main issue: passing to limit in quadratic terms: u
⊗
u ...

� Either uε −→ u in L∞([0, T ], L2
loc(R

d)) =⇒ u is a weak solution;

� Or no strong convergence:
∫
E |u|2dxdt < lim inf

∫
E |uε|2dxdt

=⇒ Energy concentrates on sets with non-zero reduced defect measure

µ(E) := lim sup
ε

∫

E⊂[0,t]×Rd
|uε − u|2dxdt > 0

• (DiPerna-Majda). The phenomena of concentration-cancelation.

uεiu
ε
j ⇀ uiuj, i 6= j.



H−1 Stability

• Characterize lack of concentrations (and hence existence)

• Typically, formulated in terms of vorticity ωεij =
∂uε

i
∂xj

−
∂uε

j
∂xi

∈ Ad

Definition [H−1-stability]: The sequence {uε} is H−1-stable

if {ωε} is a precompact in C((0, T );H−1
loc(R

d;Ad)).

� No growth conditions at infinity � uε · n̂ = 0 for bounded domains

Statement of main result (M. Lopes, H. Lopes-Nussenzveig, T.).

If {uε} is H−1–stable, then a subsequence converges strongly to a

weak solution u in L∞([0, T ];L2
loc(R

d)).

• H−1–stability as a criterion which excludes concentrations.

Proof div uε ↪→ C([0, T ],H−1
loc (Rd)) and curl uε ↪→ C([0, T ],H−1

loc (Rd))

div-curl lemma =⇒ uεk · uεk ⇀ u · u, No concentration: uεk −→ u, L2([0, T ], L2
x)



• Passing information from ωε to uε

div uε = 0 (
comp
↪→ H−1) curl uε = ωε

comp
↪→ “nice space′′

1. Biot-Savart Kernel (the 2D case): uε = K ∗ ωε, K(x) ∼ x⊥

|x|2

� CZ + Sobolev imbedding Lp(R2) −→W 1,p(R2) ↪→ L2(R2).

* Delicate as p ↓ 1.

2. Stream-function formulation: ∆Ψε := ωε, uε = ∇⊥Ψε

� Elliptic Regularity (delicate as p ↓ 1).

* For W 2,p regularity of Ψε – requires growth control at infinity

3. Our approach – generalized Div-Curl Lemma (Tartar-Murat)

* Sharp local condition – simplifies & generalize previous results

• Greatly simplify previous results

• Generalization – unbounded domains, d > 2 dimensions

• Crystallize new regularity spaces...



A Retrospect of Lp Scales of Regularity Spaces

• Lebesgue Lp(Rd) :
∣∣∣∣
∫
ωϕdx

∣∣∣∣ ≤ Const.‖ϕ‖
Lp′, ∀ϕ ∈ Lp

′

• Lorentz - Lp∞(Rd) : ϕ 7−→ χE, ∀E′s ∈ Rd

∫

E
|ω|dx ≤ Const.|E|1/p

′
, arbitrary sets E′s,

• Morrey - Mp(Rd) : ϕ 7−→ χB, ∀arbitrary balls B ∈ Rd

∫

BR

|ω|dx ≤ Const.|R|d/p
′
,

• Logarithmic refinements: Lp(logL)α, Lp∞(logL)α, Mp,α, . . .

Lp(logL)α := {ω |
∫
|ω|p(log+ |ω|)αdx ≤ Const.}

Mp,α := {ω | R−d/p′| logR|α
∫

BR(x0)
|ω|dx ≤ Const., R ↓ 0}



The 2D problem – scalar vorticity transported

• Transport equation ωt + u · ∇xω = 0, ω =
∂u2

∂x1
−
∂u1

∂x2

• H−1(Rd=2)-compactness: Critical pcrit =
2d
d+2 = 1

� Lebesgue (Yudovich, DiPerna-Majda)– borderline BMc (vortex sheets)

ω0 ∈ Lpc(R2), p > 1 =⇒ ωε(·, t) ∈ L
p
loc ↪→ H−1

loc (R
2)

� Orlicz (Morgulis, Chae)– propagation of compactness in borderline L(logL)
1

2

ω0 ∈ L(logL)αc (R2), α ≥ 1/2 =⇒ ωε(·, t) ∈ L(logL)αloc ↪→ H−1
loc (R

2)

� Lorentz (P. L. Lions)– propagation of compactness in borderline L(12)

ω0 ∈ L(1q)(R2), q ≤ 2 =⇒ ωε(·, t) ∈ L
(1q)
loc ↪→ H−1

loc (R
2)

• L(12) – largest rearrangement invariant borderline case in H−1(R2)

� ... beyond rearrangement invariant spaces ...



Beyond Rearrangement Invariant Spaces

• Morrey spaces: M̃(p;α) := {ω| supx
∫
BR(x) |ω| ≤ Const.R

d
p′ | logR)|−α}

Assertion (R. DeVore & T. Tao). M̃p;α(Ω), Ω ⊂ Rd, is compactly

imbedded in H−1(Ω) if either: (i) p > d
2 or (ii) p = d

2 and α > 1.

• Two-dimensional Morrey space (DiPerna-Majda)

� M̃(1,α)(R2) :
∫
BR

|ωε| ≤ C| logR|−α, α > 1 =⇒ no concentration

ωε(·, t) ∈ L∞([0, T ], M̃(1,α)(R2)
comp
↪→ H−1

loc(R
2), α > 1

� Positive vorticity (Delort, Majda): ωε(·, t) ∈ BM+
c =⇒ M̃

(1;12)
c (R2)

� Q. Is M̃(1,12)(R2) borderline regularity space for concentration-cancelation?

� Q. On the borderline gap M̃(1,α)(R2), 1
2 < α ≤ 1.

* Uniqueness: L∞ Borderline – Besov Bs
2/s,1 (Vishik)



No Concentration – the multiD (d > 2) case

• No concentration for ωε(·, t) ∈ L∞([0, T ], X)

Lebesgue : X = Lpc(Rd), p >
2d

d+ 2
7−→ Lp ↪→ H−1(Rd)

(since H1 ↪→ Lpc(Rd), p < p∗ =
2d

d− 2
)

Morrey : X = Mp(Rd), p >
d

2
7−→Mp ↪→ H−1(Rd)

Q1. On the borderline gap 6
5 < p < 3

2 for the d = 3-D case?

• The 3D Navier-Stokes - M3/2 existence (Giga-Miyakawa)

1

R

∫

BR(x0)
|ω|dx ≤ Const.

� Comparison of L6/5 and M3/2 - measures of singular support (CKN)

� Identify borderline regularity: p = 2d
d+2

= 6
5

* Uniqueness & Energy loss – Brenier, Shnirelman,...



Borderline regularity – the multiD (d ≥ 2) case

Theorem Assume borderline regularity: ωε(·, t) ∈ L
2d

d+2
c (Rd). Then

there is no concentration with ’super-critical’ energy bound

uε(·, t) ∈ L∞([0, T ], Lp>2(Rd))

Proof (by Murat Lemma). By interpolation of Xr := W−1,r(Rd)





L
2d

d+2
c (Rd) comp

↪→ Xq, q < 2

{ωε} in Xp, p > 2

=⇒ ωε(·, t)
comp
↪→ X2 = H−1(Rd).

� Example (d = 2). The critical regularity ω0 ∈ BMc(R2):

uε(·, t) ∈ L∞([0, T ], Lp>2(R2)) =⇒ no concentration (DiPerna-Majda)

� Example (d = 3). The critical regularity ω0 ∈ L
6/5
c (R3):

uε(·, t) ∈ L∞([0, T ], Lp>2(R3)) =⇒ no concentration.

Q2. What can we say about L6/5 as a regularity space for ωε(·, t)?



High Resolution Central Scheme (Levy-T.)

• Solution is realized by cell-averages, ω(x, y, tn) =
∑
j,k ω̄

n
j,k1Cj,k

• Recovery of the velocity field (u, v) from the discrete vorticity:

Define the discrete vorticity ω̄j+1

2
,k+1

2
:= 1

4
(ω̄j+1,k+1 + ω̄j,k+1 + ω̄j,k + ω̄j+1,k)

and use a five-point stream-function , ψ, such that ∆ψ = −ω̄

uj,k := µx∇yψj,k, vj,k := −µy∇xψj,k, (∇2
x + ∇2

y)ψ = −ω̄

� =⇒ Discrete incompressibility: µy∇xuj+1
2,k+

1
2
+µx∇yvj+1

2,k+
1
2
= 0.

• Time Evolution: predict the tn + ∆t
2
-midvalues (λx := ∆t

∆x
and λy := ∆t

∆y
)

ω
n+1

2
j,k = ω̄nj,k −

λx

2
(uω)′j,k −

λy

2
(vω)8

j,k,

� Compute the staggered cell-averages at tn+1 = tn + ∆t

ω̄n+1
j+1

2
,k+1

2

= µxµyω̄
n
j+1

2
,k+1

2

+
1

8
µy∇xω

′
j+1

2
,k+1

2

+
1

8
µx∇yω

8
j+1

2
,k+1

2

−∆t{µy∇x(uω)
n+1

2

j+1

2
,k+1

2

+ µx∇y(vω)
n+1

2

j+1

2
,k+1

2

}.



High Resolution Central Scheme(cont’d)

• Numerical slopes

f ′j,k and g8
j,k, denote discrete ’numerical slopes’ in x- and y-directions.

� f ′ ≡ g8 ≡ 0 7−→ first-order Lax-Friedrichs scheme:

ω̄n+1
j+1

2
,k+1

2

=
ω̄n

j,k + ω̄n
j+1,k + ω̄n

j,k+1 + ω̄n
j+1,k+1

4
− ∆t{µy∇x(uω)n

j+1

2
,k+1

2

+ µx∇y(vω)n
j+1

2
,k+1

2

}.

� key observation – discrete incompressibility implies convexity

ω̄n+1
j+1

2,k+
1
2
=
∑

α,β

θα,βω̄
n
α,β,

∑
θα,β = 1, θα,β ≥ 0.

• Higher resolution:

f ′j,k ∼ ∆x · fx(xj, yk, t
n) + O(∆x)2, g8

j,k ∼ ∆y · gy(xj, yk, t
n) + O(∆y)2

• Discrete evolution: ω(·,0) 7−→ ω(·, tn) maps any Orlicz space into itself



Candidates for regularity spaces

� Lebesgue Lp :
{
ω |

∣∣∣∣
∫

x
ωϕdx

∣∣∣∣ ≤ Const.‖ϕ‖
Lp′

}

� Lorentz wk − Lp∞ :
{
ω | ϕ = χE, arbitrary E′s

}

� Morrey Mp :
{
ω | ϕ = χB, arbitrary B′s

}

‖ω‖Mp = sup
B

1

|B|1/p′
∫

B
|ω|dx ≤ ∞

• A new scale ∨pq :
{
ω | ϕ = χ∪Bj

, arbitrary covering B′s
}

∨pq := sup
{Bj}⊂B





1

|Bj|1/p
′

∫

Bj

|ω|dx




`q

<∞, arbitrary {Bj}′s ⊂ B



The new scale of regularity spaces

∨pq :
∑

j


 1

|Bj|1/p
′

∫

Bj

|ω|dx



q

≤ Const.

∨pp :
∑

j

(
1

|Bj|

∫

Bj

|ω|
)
χBj

(x) ∈ Lp 7−→ Lp

∨p∞ :
1

|B|1/p′
∫

B
|ω|dx ≤ Const. 7−→Mp

• Lp∞ measures total mass on arbitrary sets

• Mp measures total mass on arbitrary balls

• ∨pq - are intermediate scales of spaces: ∨pq = (Lp,Mp)θ,q θ = p
q ≤ 1

measuring `q weighted distribution of Lp mass on arbitrary coverings



A New Scale of Regularity Spaces

• New scale ∨pq(Ω), 1 ≤ p ≤ q ≤ ∞: for all coverings ∪jBj

sup
∪Bj=Ω


∑

j

(R
−d/p′
j

∫

Bj

|ω(x)|dx)q



1/q

≤ Const, 1 ≤ p ≤ q ≤ ∞.

• Logarithmic refinement: ∨pq,α = ∨pq(log∨)α

‖ω‖∨pq(log∨)α(Ω) := sup
Rj<R0

‖{Rd/pj | logRj|αω̄j}‖`q, q > p.

� Example: ‖ω‖∨pq(log∨)α(Ω) <∞: Covering Ω by a dyadic lattice Cjk

∑

j

(
∫

Cjk

|ω(x)|dx)q ≤ 2−kNq/p
′
|1 + k+|−αq, Cjk(·) := 2−kC(· + j).

� weak-Lp spaces: measure the total mass of over arbitrary sets;
� Morrey spaces Mp: measure the total mass over arbitrary balls.
� ∨-spaces: measure `q-weighted mass over collection of disjoint balls

• ∨pq bridges the gap: ∨pq = (Lp,Mp)θ,q θ = p
q
≤ 1, ∨pp = Lp . . . ∨p∞ = Mp



Readers’ digest

∨pq :
∑

j


 1

|Bj|1/p
′

∫

Bj

|ω|dx



q

<∞

• Cover Ω ⊂ Rd by dyadic covering of cubes Cjk := 2−kC(· + j)

∨pq(Ω) :
∑

j

(∫

Cjk

|ω|dx
)q

≤ 2−kdq/p
′

• Comparison of borderline regularity spaces

p =
3

2
, M

3
2(R3) :

1

R

∫

BR(x0)
|ω|dx ≤ Const.

p =
6

5
, ∨

6
52(R3) :

∑

j

1

Rj

(∫

Bj

|ω|dx
)2

≤ Const.

• difference in Hausdorff dim (sing support ω)



Compact Embeddings of ∨’s in H−1

Statement of compactness. ∨p2,α
comp
↪→ H−1

loc(R
d) if

(i) p > 2d
d+2 or (ii) p = 2d

d+2, α > 1/2.

� The 2D borderline case: ∨̃12,α
c (R2)

comp
↪→ H−1

loc(R
2), α > 1

2

∨̃12(log ∨̃)1/2(Ω) = {ω | sup
∪Bj=Ω

∑

j

| logRj|
(∫

Bj

|ω|
)2

≤ Const.}, Ω ⊂ R2.

� The 3D borderline case: ∨̃p2c (R3)
comp
↪→ H−1

loc(R
3), p > 6

5

‖ω‖2
∨̃

6
52(Ω)

= sup
∪Bj=Ω

∑

j

1

Rj

(∫

Bj

|ω|
)2

≤ Const., Ω ⊂ R3



Proof (of ∨-compact imbedding).

Measure the H−1 size of fε in terms of its wavelet expansion

fε =
∑

ψ∈Ψ

∑

k∈Z+

∑

j∈Zd

f̂εjkψjk, ψjk := 2kd/2ψ(2kx− j)

Using the ∨p2(log∨)α-bounds

∑

j∈Zd

|f̂εjk|
2 ≤ 2kd

∑

j∈Zd

(
∫

Cjk

|fε(x)|dx)2

≤ Const · 2kd‖fε‖2∨p2,α · 2−2kd/p′|1 + k+|−2α.

we conclude: if (p− 2d
d+2)+ + (α− 1/2)+ > 0

‖
∑

k>k0

∑

j∈Zd

f̂εjkψjk‖
2
H−1 =

∑

ψ∈Ψ

∑

(j,k)∈(Zd,Z+)

|f̂εjk|
2‖ψjk‖2H−1

≤ Const.
∑

k>k0

2k(d−2d/p′−2)|1 + k+|−2α → 0.



Concentration-Cancelation in 2D Euler’s equations

• 2D pseudo-energy H(ω) := − 1
2π

∫ ∫
R2×R2 log |x− y|dω(x)dω(y) ≤ H0

� ∨-scale classification of 2D regularity: Xα = ∨̃12(log ∨̃)αc (R2)

Theorem. {i} No concentration if ωε ∈ Xα, α > 1/2;

{ii} Concentration-Cancelation if ωε ∈ Xα, α ∈ (0, 12].

� Extension of Delort’s result for one-signed measures: BM+(R2) ⊂ X1/2

Q1. Is Xα = ∨̃12
(log ∨̃)α

c (R2) an invariant regularity space for 2D Euler?

ω0 ∈ Xα =⇒ ηε ∗ ω0 7→ ωε(·, t) ∈ Xα ?

� Propagation of compactness in borderline regularity: X = L(logL)1/2, L(12), ...

{ωε
0} ⊂ X1/2 ↪→/ H−1(R2) but does ηε ∗ ω0 7→ ωε(·, t) ↪→ H−1(R2)

Q2. . . . No concentration phenomena for one-signed measures?

{ωε} ⊂ X1/2 ↪→/ H−1(R2) : ωε
0 =

1

ε2
√

| log ε|
ω

(
|x|
ε

)
,but . . . ηε∗ω0 7→ ωε(·, t) ↪→ H−1(R2) ?



Concentration-Cancelation in 3D Euler’s equations

• 3D Coulomb energy H(ω(x, t)) := 1
8π

∫ ∫

R3×R3

〈ω(x,t),ω(y,t)〉
|x−y| dxdy ≡ H0

� Split between long-range and short-range H(ω) =: Hie(ω)+Hsi(ω)

� Long-range interaction energy - bounded from below...

Hie(ω
ε(x, t)) =

1

8π

∑

j 6=k

∫ ∫

Cj×Ck

〈ωε(x, t), ωε(y, t)〉
|x− y|

dxdy ≥ −Constie.

=⇒ Upper-bound short-range self-induced energy:

H0+Constie ≥ Hsi(ω
ε(·, t)) =

1

8π

∑

j

∫ ∫

Cj×Cj

〈ωε(x, t), ωε(y, t)〉
|x− y|

dxdy ≥ . . .?

Q1. Seeking ∨
6
52-bound: 〈ωε(x), ωε(y)〉 ≥ (1 − θ2)|ωε(x)| · |ωε(y)|

∑

j

∫ ∫

Cj×Cj

〈ωε(x, t), ωε(y, t)〉
|x− y|

dxdy ≥ (1−θ2)
∑

j

1

2Rj

(∫

Cj

|ωε(x, t)|dx
)2



No concentration in 3D Euler’s equations

• A weak alignment condition (Constantin-Fefferman-Majda):

∣∣∣∣∣
ωε(x, t)

|ωε(x, t)|
−

ωε(y, t)

|ωε(y, t)|

∣∣∣∣∣
|x−y|≤δ

≤
√

2θ. θ < 1.

Theorem A weak alignment condition implies

∣∣∣∣∣
ωε(x, t)

|ωε(x, t)|
−

ωε(y, t)

|ωε(y, t)|

∣∣∣∣∣
|x−y|≤δ

<
√

2 =⇒ ‖ωε(·, t)‖
∨

6
52(Ω)

≤ ConstT .

Q2. Propagation of compactness of borderline regularity X = ∨
6

5
2(R3) ?!

Theorem Assume a weak alignment condition. Then as long as

uε ∈ L∞([0, T ], Lp>2(R3)) there is no 3D concentration: uε −→ u
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