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e Stability and convergence of efficient Navier-Stokes solvers via a
commutator estimate, to appear in Comm. Pure Appl. Math.

e Error estimates for finite element Navier-Stokes solvers with
explicit time stepping for pressure (submitted)
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Phenomena modeled by Navier-Stokes dynamics:
Lift, drag, boundary-layer separation, vortex shedding, ...
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Re=300k T-1.825

Phenomena modeled by Navier-Stokes dynamics:
Lift, drag, boundary-layer separation, vortex shedding, ...



Helmholtz projection onto divergence-free vector fields

L2(Q,RN) =PL2(Q,RY) ¢ VH(Q)

Given 7 € L*(Q,RY), there exists ¢ € H(f2) so that
v = PvU — Vq

satisfies (PU,V¢) = (0+Vq,Vo) =0 forall ¢ € H'(Q).



Helmholtz projection onto divergence-free vector fields
L*(Q,RY) = PL*(Q,RY) ® VH(Q)
Given 7 € L*(Q,RY), there exists ¢ € H(f2) so that
v ="PvU— Vq
satisfies (PU,Vo) = (0+Vq, Vo) =0 forall p € H(Q).
Then
V- (Pt)=0 inQ, #@-Pi=0 onT.
Note P7e H(div;Q) = {f e L2(Q,RN): V. fe L2,

so ii-Pve H Y2T) by a standard trace theorem.



Traditional unconstrained formulation of NSE

e Formally 0,V -u) =0

e Perform analysis and computation in spaces of divergence-free fields
(unconstrained Stokes operator PAwu is incompletely dissipative).

e Inf-Sup/LBB condition(Ladyzhenskaya-Babuska-Brezzi)



Alternative unconstrained formulation of NSE

—

Uy +P(u-Vu— f)=vPAu+vV (V- u), uUr=0

e Formally, 0;(V - @) = vA(V - 1), On(V - u)|r =0



Alternative unconstrained formulation of NSE

—

Uy +P(-Vu— f)=vPAu+vV(V-u), Ur=0

e Formally, 0;(V - @) = vA(V - 1), On(V - u)|r =0
e Equivalent to a 'reduced’ formulation of Grubb & Solonnikov (1991)
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e Equivalent to a 'reduced’ formulation of Grubb & Solonnikov (1991)

e Lemma For all 4 € L?(Q,RN), V(V - @) = A(I-P)u
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Alternative unconstrained formulation of NSE

—

Uy +P(-Vu— f)=vPAu+vV(V-u), Ur=0

Formally, 0;(V - @) = vA(V - u), O, (V-1)|r=0
Equivalent to a 'reduced’ formulation of Grubb & Solonnikov (1991)

Lemma For all @ ¢ L2(Q,RY), V(V - @) = AI-P)d

—

NSE: us+P(u-Vu— ) =vAu+v(PA - AP)u, dlr=0
commutator/gradient: [A, Pld = (I —P)(Ad—VV -d) := Vp,



Alternative unconstrained formulation of NSE

—

Uy +P(-Vu— f)=vPAu+vV(V-u), Ur=0

Formally, 0;(V - @) = vA(V - ), O, (V-1)|r=0
Equivalent to a 'reduced’ formulation of Grubb & Solonnikov (1991)

Lemma For all @ ¢ L2(Q,RY), V(V - @) = AI-P)d

—

NSE: us+P(u-Vu— ) =vAu+v(PA - AP)u, dlr=0
commutator/gradient: [A, Pld = (I —P)(Ad—VV -d) := Vp,

For w € H?> N H}(Q,RY), Stokes pressure satisfies Ap; = 0 in
with BC: 0,,ps = ii-(A — VV )i = —7-VxVx@ in H-Y/2(I)

first used by Orszag (1986) for consistency in a projection step.



Pressure Poisson equation

e Unconstrained reformulation of Navier-Stokes equations:
ur+ - Vi+ Vp =vAi+ f, ulr =0
Total pressure p is determined by the weak form
(Vp, Vo) = (f —@-ViE, Vo) + (A —-VVIE, V) Yo e H(Q).
e In computation, we use Ap™ =V - (f” —u" - Vu™) in Q

with BC:  7-Vp" =7 f*—vit - (VxV xd") onT
e Vp, arises from tangential vorticity at the boundary:

3D weak form: / Vps- Vo = / (V x @0)-(xVe¢) Vo€ HY(Q)
Q r



Space of Stokes pressures

S, = {peH'Q)/R:Ap=0 inQ, @-Vpec Sr},
St

{fe H YT /Gf =0 Vcomponents G of I'}.

e 3 a bounded right inverse Vps — 4 from S, — H? N H}(Q,RY)

e In R3 VS, is the space of simultaneous gradients and curls:

VS, =VH'(Q) N V x H(Q,R?)



The commutator term is strictly controlled by viscosity

If V-4 =0, then ||[A, Pli|| = ||(I — P)Au© — VV - i < ||Adl.
For period box [P, Alu =0

10



The commutator term is strictly controlled by viscosity

If V-4 =0, then ||[A, Pli|| = ||(I — P)Au© — VV - i < ||Adl.
For period box [P, Alu =0

Main Theorem Let Q C RY (N > 2), bounded, 99 € C3. Then,

Ve >0, 3C >0, s.t. forall w € H*> N H}(Q,RY),

1
/|(A73—7?A)ﬁ|2§(—+5)/ \Aﬁ|2+0/ Vil
Y/ 2 Y Y
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The commutator term is strictly controlled by viscosity

If V-4 =0, then ||[A, Pli|| = ||(I — P)Au© — VV - i < ||Adl.
For period box [P, Alu =0

Main Theorem Let Q C RY (N > 2), bounded, 99 € C3. Then,

Ve >0, 3C >0, s.t. forall w € H*> N H}(Q,RY),

1
/|(A73—7?A)ﬁ|2§(—+5)/ |Aﬁ|2+0/ Vil
Y/ 2 Y Y

Hence our unconstrained NSE is fully dissipative:

—

i+ Pli- Vi — f) +v|A, Pli = vAd, ilr =0
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The commutator term is strictly controlled by viscosity

If V-4 =0, then ||[A, Pld|| = ||(I — P)A — VV)ul| < ||Ad]|.
For period box [P, Alu = 0.

Main Theorem Let ¢ RY (N > 2), bounded, 99 € C3. Then,

Ve >0, 3C >0, s.t. for all 4w € H*> N H}(Q,RY),
1
/|(A7>—PA)U|2§ (—+5)/ |Aﬁ|2+0/ Vil
Y/ 2 Y Y

Hence our unconstrained NSE is fully dissipative:

iy + P (il Vi — [) + v[AP = vAT, il =0

NSE as perturbed heat equation!
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Proof of the theorem — estimate on commutator |A, P]

Decompose @ € H? N Hj into parts parallel and normal to I":
Let ®(z) = dist(x,I"), 1i(x) = —=VP(x), £ a cutoff =1 near T.
U = )+ 1, u = &I — mi')d.
Boundary identitieson I': V-4 =0, 7n-VxVxu; =0.
Stokes pressure satisfies Aps =0, O,ps=-—n-VXVXu
Hence Vp, = (AP — PA)d = (I —P)(A — VV-)(u) + 0).
(Vps, Vps) = (At — VV -4, Vps) = (Ad), Vps)
(Vps — Ay, Vps) = 0
|AGY |2 = [IVps[|* + | Vps — Aty |2



D2N/N2D bounds on tubes ), = {x € Q | ®(z) < s}

Lemma For so > 0 small IC, such that whenever Ap = 0 in {1,

and 0 < s < sg then

/ 7-Vpl? — |(I — i)
P<s

2l < Cys / Vpl?
D < s

In the limit s — 0, it reduce to

179 - / (I — i

In a half space: ||7i-Vpl||? = |(I — Ant)Vpl?.

2 SCO/ Vpl|?
Q

Known as Rellich identity in 2D circular disk.
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Why factor %?

Orthogonality: (( Cg” ) - ( [ﬂ ) , ( [ﬂ )} =0

Equal partition: b, =

implies aj| — b” — b”'
Hence

b]* =
Half space:
u(z,y) = sin(kx)ye™

Equal partition:

(b)) + (b1)® =2(b))* = %(@n)2

oo w(z,y) =0, pz,y) = cos(kz)e”

Ipall” = lIpyll* = %

Orthogonality: Au = —2ksin(kz)e " = 20,p

ky

14



Some details

| Adl® | ATy (1% + 2(Ady, Aty ) + [[Ad |

> (1=e)lag|* - C|val®

From orthogonality identity (Vp — A, Vp) =0

|AGy|* = [IVp[* + [V — Ady|*

15
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Some details

| Adl® | ATy (1% + 2(Ady, Aty ) + [[Ad |

(1 =)l Ady|* - Cf vl

IV

From orthogonality identity (Vp — A, Vp) =0

|AG |2 = ||Vpll*+ [[Vp — Agy?
= |Vpl? + IVDl3ss + VD — Ad |5,
IVp — Adyllacs = (Vo= AG)) L l5<s+ (VD — ATl <

> (1—e)|Vpillges + (Vo — Ady)[|5, — junk



By orthogonality (Vp — A, Vp) = 0, with (f, g)s:= [4_. [ 9,

0= ((Vp—Ady),Vp))s + {(Vp—At))1,Vp1)s + / Vp|?
P>s

Hence

[V

[(Vp — Ay lz + [1IVpyll2 —2((Vp — Ad))y, Vpy)s

2((Vp — Ady) 1, Vp1)s

1V

(Ve = Ady)ylIs = [IVpylls +2(IVpLllZ = [Vpyll7) — junk

Donel (L4 )[l@|2 > | Vp|I2 + [Vpl3s., + [ Vpl3 <, — junk
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Consequences of the main theorem

e Proof of unconditional stability and convergence for C! finite-
element methods without regard to inf-sup compatibility conditions
for velocity and pressure

e Numerical demonstration of stability and accuracy for efficient
and easy-to-implement C? finite-element schemes regardless of
velocity /pressure compatibility

e Additional benefit: Simple proof of existence and uniqueness for
strong solutions in bounded domains

17
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Time-differencing scheme with pressure explicit
(related: Ti96,Pe01,GS03,JL04)

antl — 4
—vAG"T = gt Vat - Vpt, " r=0

At
(Vp™, Vo) = (=@ Vi, Vo) +r (AT —VV - 0", V) Yo € HY(Q)
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Time-differencing scheme with pressure explicit
(related: Ti96,Pe01,GS03,JL04)

antl — 4
—vAG"T = gt Vat - Vpt, " r=0

At
(Vp", Vo) = (=@ V", Vo) + (AT —VV - 0", V) Yo € H(Q)
Since (Vp", PAu™) = 0, with Vpl' = (I — P)Aud™ — VV - 4",

(Vp", Vo) = (f* — @™ - Vi", Vo) + v(Vp!,, Vo) Vo€ H'(Q).
Taking ¢ = p™ gives the pressure estimate

IVpH [ < [[f* —a™ - Va© || + v|[Vpd|]
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Stability analysis: dot with —Ag" !

— VAT = P g Yt — Ut

|Var ™t — Van|® + |Var Tt — | Var |

+ vl AdTE

2At
< JAaa el —ar - var| + v Vell)
g1 UV 2 - 1%
< (22 - A—»n—l—lQ = n_—»n.v—m,Z v 2
< (G +PIAT P+ = — @ V| + 5|V
This gives |Van+t||2 — ||vian| 2

+ (v —e)|Aa" 7

At
8 _),n, —N, —N, n
f£;§WfH2+¢W VA7) + vVl ®



Handling the pressure

[Va i — [var|® |
At

8 m —n -, n
< (If I° + [la” - var[|*) + v Vel ]®

+ (v —e)|Aa" 7

Use the theorem (8 = 5 + ¢): v||VpZ||? < vB||Ad"|]? + vC||Va"|?

Va2 — ([ var|®

A7 + (v —e)(|Aa"TH]* — | Aa"|?)

+ (v —e1—vp)|Ad"|*
8 rn > 7 —7)
< (PP Q- va|®) +vevar|®

That's it for the pressure!

20



Handling the nonlinear term

Use Ladyzhenskaya's inequalities

/RNg‘L < 2</sz92> (/RNWg\?) (N =2),
/RN94 : 4(/RN92)1/2 (/RN‘WQ)S/Q (N =3).

to get for N = 2,3 (details suppressed)
=7 > | 2 -1 |3 =7 > || 2 4C -1, ||6
- Va"|® < O Va" ||| V™| g1 < eof| Au™| +8—2HVU |

Take €1, g3 small so e :=v(1 — ) —e1 — 825/e1 > 0. Gronwall:

21



Unconditional stability theorem for N = 2.3

Theorem Take f € L2(0,T; L2(Q,RN)), @® € H2 N HL(Q,RN).
Then d positive constants 1™ and C* depending only upon {2, v and

T
My = |[V@|® + vAH| AT + / 1,
0
so that whenever nAt < T™ we have

sup ||Va@*|? + Z |AT*|2At < O,
0<k<n L—0
Z( k41 ﬂ»k: 2

@ wk?) At < C*.

22



Unconditional stability theorem for N = 2.3

Theorem Take f € L2(0,T; L2(Q,RN)), @® € H2 N HL(Q,RN).
Then d positive constants 1™ and C* depending only upon {2, v and

T
My = |[V@|® + vAH| AT + / 1,
0
so that whenever nAt < T™ we have

sup ||Va*|? + Z |AT*||2At < C*,

0<k<n L—0
( 2
k=0

Uiy, € Hy = 3 strong solution @ € L*(0,T*; H*) N H*(0,T*; L?)

—*k—l— 1 ﬁkz

@ wk?) At < C*.

22



Estimate on the divergence

Let w™ = V -u”. Then as long as nAt < T,

sup (W[ + Y 0¥ PAL < (|| ) + ALY?)
0<k<n —

23
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C" finite element scheme (Johnston-L 04)

Finite element spaces: X;, C H}(Q,RY), Y, c HY(Q)/R.
For all vj, € X}, and ¢, € Y}, require

1 — —n = —n —
N ((ﬁz+1,vh> — {uh,vh>) + V(VuhH, Vi)

= —(Vph, Gn) + (" — @ - Vg, ).
(VR Van) = (f" — @y -V, Vay) +v(V x @, x Van)r,

Additional divergence damping can be achieved by adding
— MV - u}, ¢p) to the pressure equation.



C! finite element scheme

Finite element spaces: X;, C H* N Hi(Q,RY), Y, c H{(Q)/R.

For all vj, € X}, and q, € Y}, require

1 - —n — v )y
At (V™ V) — (Vag, Vo)) + v(ATT, Avy)

(VR Van) = (f* — @@V, Van) +v(V x @, X Van)p,

25
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Error estimates of C'! FE scheme

Theorem Assume (2 is a bounded domain in RY (N=2,3) with C?® boundary. Let
My, > 0, and let T, > 0 be given by the stability theorem. Let m > 2, m’ > 1 be
integers, and assume

(i) The spaces Xo, C H?N H}(Q,RY) and Y, C H'(Q) have the property that
whenever 0 < h < 1, 7€ H™ N HY(Q,RY) and ¢ € H™ (Q),

inf ||A@ =) < Coh* Y§| grsr for 2 <k < m,
77h€XO,h

inf (|V(q— < Coh™ " Y|qll r s

Ao Vg =an)ll = Coh™ ~llall

where Cy > 0 is independent of ¥, ¢ and h.
(i) f e C([0,T], L2(Q,RN)), T > 0, and a given solution of NSE satisfies

(@,p) € CH([0, T]; H™ 1 HY(Q,RY)) x ([0, T]; H™ (Q)/R).
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Then there exists C; > 0 with the following property. Whenever @) € X},
0<h<1,0<nAt <min(T,Ty), and

IV, |I* + Atf| Adg|1* + Z | £ () |PAt < Mo,
k=0

then " = 4(t,) — ay, r™ = p(t,) — pt of C* finite element scheme satisfy

sup [[Ver|* + Z (IIAe™|* + [[vr¥|?) At

0<k<n L—0

< C(AR + R2M2 4 B2 =2 4 |IWEY|12 + || A2 AY).



Stability check for smooth solution

o |lu-U]| - -o- [|0u-U)ll 2

= Atv.s.At

1
o [lp-Pll - 10" F| o [[OE-P)l,z A
—+ ||U_U|||_2 — ”ux+vy”L°° \ 4
. lIp=Pll,2 -] - -
10 — - Atv.s.At ; /)

10 "

() = [—1,1]2, Re=0.5, t = 1000

P1/P1 finite elements, Az = 1—16, max At = 8
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Spatial accuracy check for smooth solution

10
107 -
A 1072}
107 /
ol [ o IF@-U)l2 |
-6 u-Ul|, »
10 —o— =Vl | 0P
Pl
— [lp “L ”ux+vy”L°°
—— Ul o=l =
10—8 10 L
[Ip=PIl 2
L SR hv.s. K
,,,,,,, 5 o
hvs.h” (| 1 . hvs. K
10°° — 10" —
10 10
h h

Q=[-1,1]% v =.001, t = 2,

P4 /P4 finite elements, RK4 time stepping, At = .003,
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Driven cavity flow
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Backward facing step flow
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Non-homogeneous side conditions

t>0,x€0),
t >0,z €Q),
t>0,zel),

(
(
(
(t =
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Non-homogeneous side conditions

8,@ + @ -V + Vp ymﬂf (t> 0,2 €Q),
V-u=h (t> 0,2 € ),

U=4q (t>0,zel),

U = U (t=0,2 € Q)

Unconstrained formulation involves an inhomogeneous pressure pgp:
Oyt + P(@- Vi — f — vAG) + Vpgn = vVV - &
(Vpgn, V) = —(ii - 0, )1 + (9, 8) + (vVh, V) Vo € H'(Q).

V - u — h satisfies a heat equation with Neumann BCs as before.



Summary: NSE is a perturbed heat equation!

—

i+ P-Vi—f) = vPAQ
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Summary: NSE is a perturbed heat equation!

—

i+ Pd-Vi—f) = vPAG+vV(V i)
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Summary: NSE is a perturbed heat equation!

i+ Pd - Vi—f) = vPAG+vV(V i)
— VPAG+vA(I-P)i

33



Summary: NSE is a perturbed heat equation!

iy +P(u-Vu—f) = vPAuU+vV(V - 1)
= VPAU+vA(I-P)u
= vAu —v|A,Plu
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Summary: NSE is a perturbed heat equation!

i+ Pu-Viu—f) = vPAu+vV(V - u)
= VvPAu+vA(I—-P)u
= vAu—v[A,Plu
= vAu — vVps
e V - u satisfies a heat equation with Neumann BCs
e The Stokes pressure term is strictly controlled by viscosity

e Stability, existence, uniqueness theory is greatly simplified

e Promise of enhanced flexibility in design of numerical schemes
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Summary: NSE is a perturbed heat equation!

—

Uy + Pu~~Nu— f) = vPAu+vV(V-u)
= VvPAu+ vA(I—-P)u)
= vAu—v[A,Plu
= VAU — vV
e V - u satisfies a heat equation with Neumann BCs
e The Stokes pressure term is strictly controlled by viscosity

e Stability, existence, uniqueness theory is greatly simplified

e Promise of enhanced flexibility in design of numerical schemes
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Existence and uniqueness theorem

Assume
ﬁin S Huzn — Hl(QvRN)7

f e Hyp:=L0,T; L*(Q,RY)),
j € Hy:= H¥*0,T; L*(D,R™)) N L*(0, T; H**(T,RY))
NG| (7 - §) € L*(0,T; H™V*(I))},
h € Hy, .= L*0,T; H*(Q)) N HY0,T; (HY (2)).
and the compatibility conditions
g’: Uin (t — O,ZIJ S F)? <ﬁ ) atga 1>F — <8th7 1>Q

Then Jd7™ > 0 so that a unique strong solution exists, with

i € L*([0,T*], H*) N H*([0,T*], L*) — C([0,T*], H").



