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Motivation |

-

€1, €2, €3 <> T, T2, T3 and €0y Epy €3 < 0, P, T3
ep = COS peq +sinpey, e, = —sinpey + cos ez, €3 = €3

U = v;€; = V1€ + V€2 + VU3e3 = Vo€, + Vpey + U3€e3

v +v-Vv—Av+ Vp =0, divv =0
Voo = O0p /00 =0, wpp =0, v3,=0 p,=0
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Motivation ||

fLadyzhenskaya (1968), Ukhovskij & Yudovich (1968), T
Leonardi, Malek, Necas, & Pokorny (1999), Neustupa &
Pokorny (2001), Pokorny (2001), Chae & Lee (2002),
Zajaczkowski (2004, 2005), Wiegner & Zajaczkowski
(2005), and others.

For the Cauchy problem on |0, 7|, Chae & Lee (2002)
proved

T

1 5 .
/dt(/—]vﬁdaz) < +o0 = regularity
0

Y
R3

f1/a+1/vy<1/2,2<vy<400,2< a< 400
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Questions

-

The marginal case v = 2 and o = +o0? which Is an
analogue of L3 ..-case Iin the absence of axial symmetry.

=

| ocal Version?

Notation
C(xg, R) ={x € RS |z = (2, 23), 2’ = (21, 29),
2" — x| < R, |x3 — o3| < R}, C(R)=C(0,R), C=C(1);
z = (a:,t), 20 = (:L'(),t()), Q(Z(), R) — C(Z'(), R)X]t() — Rz,to[,
Q(R) = Q(0, R), Q= Q(1).
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Suitable Weak Solutions

vE Lyoo(@NW3Y(Q),  pe€ Ls(Q)

v and p satisfy NSE’s in weak sense;

/gp z,t)|v(x,t)] 2dx+2//go\Vv|2dajdt
B

—1 B
t
< [ [ (Pae+ o)+ pllof + 20) ) ot
-1 B

for a.at €] — 1,0[ and for all functions 0 < ¢ € C°(R? x R!)
vanishing in a neighborhood of the parabolic boundary of Q).

o -
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Main Result
-

fTheorem 0.1 Let v and p be an axially symmetric suitable
weak solution to the Navier-Stokes equations in ). Assume
that
1
(0.1) Ap =ess sup /—|v(x,t)\2d:ﬁ < +00.
—1<t<0J 0
C
Then the point (z,¢t) = (0,0) Is a regular point of v, I.e., there
exists r €]0, 1] such that v is HOlder continuous in the
closure of the cylinder Q(r).

o -
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Preliminaries |

Invariant Functionals

1
A(zg,m;v) =ess  sup  — / v(z, t)|*d,

to—r2<t<to r

C(CBQ,T)
Claoriv) =5 [ Iofdz
Q(Zo,?“)
1
EGorio) =1 [ [VoPde, Deorin) = [ lolia:
Q(zo0,7) Q(zo0,7)

-
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Preliminaries ||

Energy Inequality

A(zg, R/2;v) + E(20, R/2;v) < C(C%(Z’o, R;v)+
+C (20, R;v) + D(z0, R p))

Decay Estimate for Pressure

2
D(z0,73p) < e[-=Dz0,r1p) + () Cleo i),
1

whichisvalidforall 0 < r <ri < R

o -
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Preliminaries Il

=

fLemmat 0.2 Let v and p be a suitable weak solution to the
Navier-Stokes equations in () and let

Ag = sup A(0,7;v) < +o0.
O<r<li

Then, for any r €0, 1/2[, we have

N

C3(0,7;v) + D(0,r;p) + E(0,r;v) < C((Ao +1)rz(D(0,1; p)+

+E(0,1;v)) + AL+ A2 + Ao).
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Preliminaries IV

-

Lemma 0.3 Under the conditions of Theorem 0.1, we have

=

A(zg,r;v) + C(20,750) + D(20,75p) + E(20,75v) < A < +00

for all zy = (x9,0), xg = (0,b), |b| < 1/4, and for all
0 <r <1/4, where A depends on D(0,1;p), £(0,1;v), and
Ag only.

P(R1,R2;a) — {SC = RS H R < ’:IZ‘/| < RQ, \:1:3| < a}
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A sufficient condition of regularity for axially symmetric solutions to the Navier-Stokes equations — p. 10/z



Preliminaries V

=

fLemmat 0.4 Let v and p be a suitable weak solution to the
NSE'’s in the set Q = P(3/4,9/4;3/2)x] — (3/2)%,0[. Assume
that

/\v(z)]%z < m < 4o0.
Q
Then, there exists a function &; : R, x R, — Ry,

nondecreasing in each variables, such that
0()| +T0()] < olm, A,) < o0, Ac = [ Ip(a)]
Q
forany z € P(1,2;1)x] —1,0[.

.
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Preliminaries VI

-

Lemma 0.5 Assume that all conditions of Theorem 0.1
hold. Then

=

/llv(x,t)\de < Ay
’ 0
forallt €] —1,0].
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Scaling and Blow up |

-

Ad absurdum. Let z = 0 Is a singular point of v. Then 3
{ R }72, such that R, — 0 as k — 400 and

1
—5 / v|Pdz > e >0
Rk
Q(Rx)
for all £ € N.
u(y,s) = Rpv(Ryy, Ris),  ¢"(y,s) = Rip(Ryy, Ris),

where e = (y,s) € Q(1/Ry).

o -

A sufficient condition of regularity for axially symmetric solutions to the Navier-Stokes equations — p. 13/z



Scaling and Blow up |

- .

22 = (0,bRy), y°=(0,b), 2z =(2%,0), €' = (1" 0)
b| R < 1/4, aR, < 1/4
C(zz,aRk;v) = C(e’, a;u) < A,
E(zz,aRk;v) = B(e’, a;u®) < A,
A(z2, aRy:v) = A(e?, a;u®) < A,

D(z,aRy;p) = D(e’,a;¢") < A
forall k£ > ko(a, D).
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Scaling and Blow up Il

Limit functions « and ¢ satisfy the NSE’s on R? x R_, T
R_ ={seR | s <0}. They are called an ancient solution to

the NSE’s. For any a > 0,
uf in W,°(Q(a)), " Zu N Lys(Qa)),

— U

u' —u o inL3(Qa),  ¢*—q¢  in Ls(Q(a))

and
C(e’, a;u) < A, Ale’ a;u) < A,

B(c’,a;u) <A, D(eaiq) < A
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Scaling and Blow up IV

sup /\u dy < Ay,

—OO<S<0
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Scaling and Blow up V

W) < ([ W0 - olin)

P(Tl,rg;h)
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Scaling and Blow up VI

©|oo

By = (R;% / |v(:1:,0)|%dx) <

P(Rkr1,Rir2;Rih)
1 >
< c(ry, 72, h)(R_k / v (e, O)\de> <
P(Ryr1,Rir2; Rih)
< ¢(r1, 79, h)( / ‘U(x,/o)‘zdx)é 0
P(Rrr1,Rir2;Reh) |aj ’

= u(-,0)=0 in R
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Estimates of Axially Sym Solutions |
L o

Proposition 0.6 Let VV and P be a sufficiently smooth
axially symmetric solution to the Navier-Stokes equations in

Q = Px] —22,0[, where P = P(1/4,3;2). Then, there exists
a non-decreasing function ¢ : R, — R, such that

sp (VR +[VV(2)]) < (Ay)
2€P(1,2;1)x]—1,0]

where

Az = sup /|V(:L‘,t)]2dx + / (|VV]2 + VP + ]P]%>dz.
—22<t<0J J
P Q

o -
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Estimates of Axially Sym Solutions |
- o

Lemma 0.7 Under assumptions of Proposition 0.6, there
exists a function ®; : R, x R, — R,, non-decreasing in
each variable, such that

(0.2)  sup / [V x, t)|%dz < D1(q, A2), 1 < g+ oc.
_(7/4)2<t<0 J

P1

Here, V¢ = (V,, V3), [V = /|V,|? + [V5]?,
P1 = P(5/16,11/4;7/4), and Q1 = Py x] — (7/4)%,0].
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Estimates of Axially Sym Solutions llI

- .

Lemma 0.8 Under assumptions of Proposition 0.6, there
exists a non decreasing function ®5 : R, — R, such that

/\vw\% < Bs(Ay),
Q-
where Qs = Pox] — (3/2)2,0[ and P, = P(3/8,5/2;3/2).

Corollary 0.9 Under assumptions of Proposition 0.6, there
exists a non-decreasing function ¢ : R, — R, such that

/ V[ < Dg(Ay).
Q>

o -
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Decay |
- o

Given R > 1,
Q% — P%X] o (QR)za O[a
where b € R and
Pb = Pr+bes,  Pr=P(R/4,3R;2R).
Scale ancient solution « and ¢ in the following way

u(x,t) = Ru(Rx+bes, R°t), ¢"(x,t) = R*°q(Rx+bes, R*t)

~

for z = (x,t) € Q.

o -
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Decay Il
- o

up {uf(2)] + VU] | < BA)

where Qo = P(1,2;1) and

Ay = sup /|uR(az,t)]2daz +- / (|VUR\2 + [uff)? + \qRI%)dz.
—22<t<0J J
P Q

o -
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Decay Il
- o

sup { Rlu(y, )| + B[ Vu(y, 5)| | < ®(cA),
(y,5)€QY

where Q% = Pb.x] — R2,0[, PYs = bes + Por,
Por = P(R,2R; R)

= [yllu(y’, b s)| + |y FIVu(y', b, s)| < ©(cA)
for any b € R, for any |y'| > 20, and for any s € [—20, 0]
= |uly, s)| + [Vu(y, s)| < c@(cA) = c(A)

for any |y/| > 20 and for any s € [—20, 0]

o -
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Backward Uniqueness

- .

wu)=VAu = Oow—-—Av=w-Vu—u-Vuw
So,

O — Aw| < c(A)(Jw] + [Vw]),  w] < (A)
for any |y/| > 20 and for any s € [—20, 0] and
w(-0)=0 in R’

=  w(y,s)=0
for any |y'| > 20 and for any s € [—20, 0].

o -

A sufficient condition of regularity for axially symmetric solutions to the Navier-Stokes equations — p. 25/2



Unigue Continuation |

- .

VAu=0 in R\ {y # 0} x [—8,0]



Unigue Continuation |

2
Ay > ess  sup / IU(y,/s)’ dy

—20<s<0 |?/ \
|y’'| <40

= /dyg / ,‘ dy < Ay < 400,

- [y[<40

forany s € S C [—20,0] and |S| = 20.
= VAu(,s)=0 in RS

forany s € S.

o -

A sufficient condition of regularity for axially symmetric solutions to the Navier-Stokes equations — p. 27/2



Unigue Continuation Il

-

For any yo € {|y'| < 30, y3 € R},
B(yo, 1) C {ly'| <40, y3 € R}

and, since u IS harmonic,

N

sl e [ luwsPdy)’ <e( [ lutyoldy)’ <
B(yo,1) |y'[<40
< c/40Ag

forany s € SN [-8,0] = u(-,s) is bounded in R’ for any
s€ SN[-8,0] = u(-,s) =0inR3 forany s € SN [-8,0].

o -
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