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1. incompressible fluid flow : Eulerian form

u(x, t) : velocity , ∇ · u = 0

p(x, t) : pressure

Navier-Stokes equation

ut + (u · ∇)u = −∇p+
1
Re

∆u , Re =
UL

ν

Euler equation

ν → 0 , Re→∞
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1. incompressible fluid flow : Lagrangian form

∇ · u = 0

∇× u = ω : vorticity

Biot-Savart law

u(x, t) =
∫
V

K(x− x̃)× ω(x̃, t)dx̃ , K(x) = − x

4π|x|3

flow map

α → x(α, t) , α : Lagrangian parameter (name tag)

∂x

∂t
=
∫
V

K(x− x̃)×∇αx̃ · ω̃0 dα̃ , x̃ = x(α̃, t)
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2. vortex sheet model in 2D

Birkhoff-Rott equation

z(α, t) : vortex sheet flow map , complex curve

∂z

∂t
(α, t) = pv

∫ b

a

K(z(α, t)− z(α̃, t))dα̃

K(z) =
1

2πiz
: Cauchy kernel
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vortex blob method

regularized ODEs

dzj
dt

=
N∑
k=1

Kδ(zj − zk) Γk

Kδ(z) =
1

2πiz
· |z|2

|z|2 + δ2

↑
smoothing parameter

Chorin & Bernard (1973) , Anderson (1985) , K (1986)
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example : Kelvin-Helmholtz instability
 0.275

−0.275

y

0 2x
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example : wing tip vortex, NASA experiment
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Prandtl : vortex sheet model of an airplane wake

cross-section

– Typeset by FoilTEX – 9



simulations : K-Nitsche (2002) JFM 454

2D planar

axisymmetric
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onset of irregular features

2D planar

axisymmetric
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closeup at final time

2D planar

axisymmetric
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explanation

2D incompressible flow = Hamiltonian system

ψ(x, y, t) : stream function →


dx

dt
=

∂ψ

∂y

dy

dt
= −∂ψ

∂x

model : oscillating vortex pair

Rom-Kedar, Leonard & Wiggins (1990) , Ide & Wiggins (1995)

ψ(x, y, t) = ψ0(x, y) + ε ψ1(x, y, t)

ψ0 : counter-rotating pair of point vortices

ψ1 : time-periodic strain field

– Typeset by FoilTEX – 13



Poincaré section (schematic)

ε = 0 ε > 0

hyperbolic points → heteroclinic orbits → heteroclinic tangle

elliptic points → periodic orbits → KAM curves , resonances
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vortex sheet

quasisteady state , t = 40 , ψ ≈ ψ0 + ε ψ1(t)

sheet streamlines vorticity
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deformation of vorticity contours : t = 40

ω = 3.6/2.4/1.2/0.6 , r(θ) =
∑
m

r̂m eimθ

The onset of chaos in vortex sheet flow 59

0 2 4 6 8 0 2 4 6 8
mm

10–12

10–9

10–6

10–3

100

|rm|

ˇ

Figure 10. Modal amplitudes |r̂m| of the core vorticity contours (6.1), plotted as a function of
wavenumber m at time t = 40: (a) planar; (b) axisymmetric. The vorticity contour levels are
ω = 3.6 (——); 2.4 ( ); 1.2 (– –); 0.6 (· · · ·).
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Figure 11. The amplitude |r̂2| of the elliptic mode in the core vorticity contours, plotted as
a function of time: planar (left); axisymmetric (right). The vorticity contour levels are
ω = 3.6 (a, e); 2.4 (b, f); 1.2 (c, g); 0.6 (d, h).
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amplitude of elliptic mode : |r̂2(t)| oscillates

planar axisymmetric

ω= 3.6

ω= 2.4

ω= 1.2

ω= 0.6
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power spectrum

planar axisymmetric

ω= 3.6

ω= 2.4

ω= 1.2

ω= 0.6

– Typeset by FoilTEX – 18



Poincaré section : numerical evidence of chaos in vortex sheet flow
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Poincaré section : numerical evidence of chaos in vortex sheet flow

question - ?
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Poincaré section : numerical evidence of chaos in vortex sheet flow

question - where does the oscillation come from?
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Poincaré section : numerical evidence of chaos in vortex sheet flow

question - where does the oscillation come from? . . . Kida (1981)
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validation : experiment/simulation
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validation : experiment/simulation

Didden (1979)

Van Dyke, “An Album of Fluid Motion”
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validation : experiment/simulation

Didden (1979) Nitsche-K (1994)

Van Dyke, “An Album of Fluid Motion”
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3. vortex ring simulations in 3D
circular disk vortex sheet → particle/panel discretization

• a typical panel

µ2µ1

¡2

¡1

z

y

x

parameter space physical space

•ODEs :
dxi
dt

=
N∑
j=1

Kδ(xi − xj)× wj , Kδ(x) =
x

4π(|x|2 + δ2)3/2
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ODEs

dxi
dt

=
N∑
j=1

Kδ(xi, xj)× wj , i = 1 : N

N-body problem

a) direct summation : O(N 2)
particle-particle

b) treecode : O(N logN)
particle-cluster

Barnes-Hut (1986) , Lindsay-K (2001) , Li-Johnston-K (2009)

c) fast multipole method : O(N)
cluster-cluster

Greengard-Rokhlin (1987)
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example

oblique collision of two vortex rings

experiments

T.T. Lim (1989)

simulations

Leon Kaganovskiy (2006)

N0 ≈ 7,500 → Nf ≈ 1,000,000
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oblique collision of two vortex rings : T.T. Lim (1989)
experiment/simulation

462 Experiments in Fluids 7 (1989) 

Fig. 12a-f .  Collision of two vortex rings; a a top-view picture 
showing the vortex rings in the early stage of interaction; b - e  a 
series of front-view photographs depicting different stages of inter- 
action; f a side-view picture showing the break up of an oval ring 
into two vortex rings 

have been more appropriate .  Nevertheless, the results of 

Fohl  and Turner  (1975) show that  for the half angles of 

approach  beyond 16 ~ the sequence of events which occurs 

during the collision of two vortex rings is basically the same. 

Dye used in this investigation was made up of ink in a wa- 

ter/alcohol mixture to give a specific gravity of 1.00. Fo r  ease 

of identification, one ring was coloured red and the other 

was coloured blue. Figure 12 depicts a few selected photo-  

graphs showing different stages of the collision. 

When two identical vortex rings approached one another,  

the induced effect of each ring caused the other ring to 

distort  (Fig. 12 a). The distort ion was a result of a different 

rate of vortex stretching along the circumferential axis of 

each ring. This non-uniform vortex stretching also caused 

the diameter of the vortex core to vary along the circum- 

ferential axis of the ring. Like the vortex ring/inclined wall 

interaction such a variat ion in the vortex core diameter  

eventually led to the generation of bi-helical vortex lines 

a round the circumferential axis of each ring. However in 

slight contrast  to the vortex ring/inclined wall interaction, 

the extent of bi-helical winding in the case of two colliding 

vortex rings appeared to be less pronounced.  This may have 

been due to the weakening in the strength of the vortex cores 

as a result of vorticity cancellation at the region of contact  

before the induced effect of the rings became dominant .  In 

the case of vortex ring/inclined wall interaction, vorticity 

cancellation did not  occur until after the secondary vorticity 

was created at the boundary.  F rom the author 's  under- 

standing, the formation of bi-helical vortex lines had also 

been observed by Fohl  and Turner. 

The results so far indicated a degree of similarity in the 

flow behaviour of the two colliding vortex rings and that  of 

the vortex ring/inclined wall interaction, at least up to the 

formation of bi-helical vortex lines. However, as the process 

of collision continued, significant differences in their flow 

characters began to emerge. The compression of the bi- 

helical vortex lines which was so clearly observed in the 

vortex ring/inclined wall interaction was not  evidenced in 

the case of two colliding rings. Nor  was there any evidence of 

the presence of a secondary vortex (see Fig. 12b e which 

show the latter stages of the collision). Instead the winding 

and the stretching of the vortex lines appeared to have accel- 

erated the rate of viscous diffusion and this coupled with the 

mutual  cancellation of vorticity of opposing sign eventually 

led to a total  annihilat ion of vorticity in the region of con- 

tact. The net result of this process was the joining of the 

vortex lines of one ring with those of the other ring at the 

region of contact, which ult imately gave rise to the forma- 

tion of a single distorted oval ring with one half of the ring 

comprising of the blue dye and the other half of the red dye 

as can be seen in Fig. 12(c). The oval ring, soon after its 

formation, began to oscillate in such a manner  that  the role 

of the minor  and major  axes interchanged. The net outcome 

of this was to cause the vortex lines located at each end of the 

minor  axis to come together. Owing to the viscous diffusion 

the vortex lines were eventually connected at the region of 

contact  to form two rings which subsequently travelled away 

from each other along the axes lying in the plane perpendic- 

ular to the plane of approach.  A front-view and a side-view 

picture of the vortex rings after the break-up are shown in 

Fig. 12 e and f respectively. A striking feature of the rings 
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particle/panel mesh
adaptive refinement
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a sample of material lines
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4. barotropic vorticity equation on a sphere

• Poisson equation on a sphere

• Lagrangian vortex method

• preliminary results (Lei Wang 2010 thesis)

ex 1 : Rossby-Haurwitz wave

ex 2 : vortex patch
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motivation : weather/climate

Hurricane Katrina (image by NOAA)
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barotropic vorticity equation on a sphere

relative vorticity : ζ = ∇× u , ∇ · u = 0

absolute vorticity : η = ζ + 2Ωz

∆ψ = −ζ
u = ∇ψ × x
ηt + u · ∇η = 0

previous work (partial list!)

Charney-Fjörtoft-von Neumann (1950) : finite-difference

Sadourny-Arakawa-Mintz (1968) : finite-difference/hexagonal grid

Dritschel-Polvani (1992) : contour dynamics

Newton (2000) : point vortex model

Levy-Nair-Tufo (2009) : spectral element/discontinuous Galerkin
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Poisson equation on a sphere

∆ψ = −ζ
θ : colatitude , λ : longitude

∆ψ =
1

sin θ
∂

∂θ

(
sin θ

∂

∂θ
+

1
sin2 θ

∂2

∂λ2

)
- finite-difference , finite-element , spectral

- Green’s function : Kimura-Okamoto (1987) , . . .

G(x, x′) = − 1
4π

log(1− x · x′)

ψ(x) =
∫
S2
G(x, x′)ζ(x′)dS ′
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barotropic vorticity equation on a sphere

Lagrangian form

flow map : x(a, t)

∂x

∂t
(a, t) =

∫
S2
∇G(x, x′)× x · ζ(x′, t)dS ′

panels : S2 = ∪Nj=1Aj

particles : xj(t)

dxi
dt

= − 1
4π

N∑
j=1

xi × xj
1− xi · xj + δ2 ζj |Aj|

ζj = ζj0 + 2Ω(zj0 − zj) : conservation of absolute vorticity
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panel discretization of sphere

latitude-longitude icosahedral/triangle

icosahedral/hexagon cubed-sphere
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ex 1 : Rossby-Haurwitz wave

ψexact(λ, θ, t) = ε sin θ cos(λ+ Ωt)

ψapprox(x, t) = − 1
4π

N∑
j=1

log(1− x · xj(t) + δ2)ζj(t)|Aj|
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ex 1 : Rossby-Haurwitz wave

particle trajectories : cycloids
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adaptive panel refinement

→

– Typeset by FoilTEX – 40



ex 2 : vortex patch : Ω = 0
parameters : δ = 0.02 , εΓ = 0.0002 , εd = 0.02

(a) t = 0, N = 3504 t = 2π,N = 3600 t = 4π,N = 4188
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ex 2 : vortex patch : Ω = 0
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ex 2 : vortex patch : Ω = 1/2
parameters : δ = 0.02 , εΓ = 0.0002 , εd = 0.02

(a) t = 0, N = 3504 t = 2π,N = 3594 t = 4π,N = 3993
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ex 2 : two vortex patches : Ω = 1/2
parameters : δ = 0.02 , εΓ = 0.0004 , εd = 0.04

t = 0, N = 3444 t = 2π,N = 3444 t = 3π,N = 3543
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summary
Lagrangian particle method for incompressible flow

regularized kernel : 1/r → 1/
√
r2 + δ2

treecode : O(N2)→ O(N logN)
adaptive refinement

current/future work (Pete Bosler)

improve numerical method : remeshing

extension to shallow water equations : vorticity/divergence

other applications
radial basis functions (Lei Wang)

Poisson-Boltzmann equation/bioelectrostatics (Weihua Geng)

charge transport in solar cells (Lunmei Huang)
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