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1. Introduction

Let H be an n-dimensional real or complex Hilbert space. On H we consider the
equivalence relation ~ defined by

x ~ y iff there is a scalar a of magnitude one, |a| =1, for which y = ax .

Let H=H / ~ denote the collection of the equivalence classes. We use & to denote the
equivalence class of = in H. When there is no ambiguity, we also use z in place of & for
simplicity.

Assume that F = {f1, fo,..., fm} is a frame (that is, a spanning set) for H. Let «
and 8 denote the nonlinear maps

a:H—=R™ | a(@)= ({2 fi) icpem (1)

and

B:H—R™ , Blz) = (| (@, fr) ‘2)1§k§m' 2)

The phase retrieval problem, or the phaseless reconstruction problem, refers to analyzing
when « (or equivalently, 8) is an injective map, and in this case to finding “good” left
inverses.

The frame F is said to be phase retrievable if the nonlinear map « (or 3) is injective.
In this paper we assume « and f are injective maps (hence F is phase retrievable). The
problem is to analyze the stability properties of phaseless reconstruction. We explore
this problem by studying Lipschitz properties of these nonlinear maps. A continuous
map f: (X,dx) — (Y,dy), defined between metric spaces X and Y with distances dx
and dy respectively, is Lipschitz continuous with Lipschitz constant Lip(f) if

Lip(f) := sup dy (f(21), f(w2)) < 00 .

o meex  dx(x1,x2)

Further, the map f is called bi-Lipschitz with lower Lipschitz constant a and upper
Lipschitz constant b if for every x1, x5 € X,

adx(x1,22) < dy(f(xz1), f(x2)) <bdx(z1,22) .

Obviously the smallest upper Lipschitz constant is b = Lip(f). If f is bi-Lipschitz then
f is injective.

The space H admits two classes of inequivalent distances. We introduce and study
them in detail in Section 2. In particular, consider the following two distances:

. 1 2 2
Da(e,y) = min |z — ey]|, = /o] + Iyl> 21 2.3 |,
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Fig. 1. Illustration of the noisy measurement model.

and

di(z,y) = [lez” —yy*ll, = \/(H%II2 +llyl*)? =4 (2, 9) |2 .

When the frame is phase retrievable the nonlinear maps a : (H, Dy) — (R™, ||-||,) and
B:(H,dy) — (R™, ||-l5) are shown to be bi-Lipschitz. This statement was previously
known for the map S in the real and complex case (see [2-4,6]), and for the map « in the
real case only (see [13,6,8]). In this paper we prove this statement for « in the complex
case.

A~

In general, noisy measurements are not in the image of the analysis map «(H) or
8 (ﬁ ). In this paper we prove that the unique left inverses of « and S can be extended
from a(H) and B(H), respectively, to the entire space R” while the extended maps
remain to be Lipschitz continuous. Specifically, there exist two Lipschitz continuous
maps w : (R™, [|-|,) = (H, Ds) and 4 : (R™, |-||,) — (H,d1) so that w(a(z)) = z and
»(B(x)) = z for every x € H.

Consider one of the maps « and f3, say « (a similar discussion works for ). Assume an
additive noise model y = «(z) + v, where v € R™ is the noise. For a signal z( € H, and
noise v1 € R™, let y1 = a(xg) + 11 € R™ be the measurement vector, and let 1 = w(y;)

be the reconstructed signal. We have

di (o, 1) = di (w(a(zo)), w(y1)) < Lip(w) - la(zo) — y1 | = Lip(w) - ([ ]|
Fig. 1 is an illustration of this model. In fact, we have stability in a stronger sense. If

we have two noisy measurements y; = a(xo) + v1 and yo = a(zg) + v2 of the signal xg,
then

di(x1,22) = di (w(y1), w(y2)) < Lip(w) - [y = ya| = Lip(w) - [1 — v -
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Denote by a, and ag the lower Lipschitz constants of o and § respectively. In this
paper we prove also that the upper Lipschitz constants of these maps obey Lip(w) < %
and Lip(¢)) < %. Surprisingly, this shows the Lipschitz constant of these left inverses
are just a small factor larger than the minimal Lipschitz constants. Furthermore this
factor is independent of dimension n or number of frame vectors m.

The organization of this paper is as follows. Section 2 introduces notations and
presents the results for bi-Lipschitz properties. Section 3 presents the results for the
extension of the left inverse. Section 4 contains the proof of these results.

2. Bi-Lipschitz properties for the analysis map
2.1. Notations

To study the bi-Lipschitz properties, we need to choose an appropriate distance on H.
We consider two classes of metrics (distances), respectively:

1. The class of natural metrics. For every 1 < p < oo and z,y € H, we define
D,(Z,9) = min ||z — a .
p(7,9) = min o = ay]],

When no subscript is used, ||-|| denotes the Euclidean norm, ||-|| = [|-||,-

2. The class of matriz norm induced metrics. For every 1 < p < oo and z,y € H, we
define

(ZZ:l(O—k)p)l/p for 1 S p < 00
maxi<k<n Ok for p=o00

dp(2,9) = |lza” —yy*|l, = { ; (3)

where (oy)1<k<n are the singular values of the operator xz* — yy*, which is of rank
at most 2. Here z* denotes the adjoint of x (see [3] for a detailed discussion), which
is the transpose conjugate of z if H = R" or C™.

Our choice in (3) corresponds to the class of Schatten norms. In particular, do, corre-
sponds to the operator norm |||, in Sym(H) = {7 : H — H , T = T*}; d> corresponds
to the Frobenius norm |-|| 5. in Sym(H); dy corresponds to the nuclear norm |||, in
Sym(H). Specifically, we have

doo(z,y) = [la” —yy*ll,, , da(z,y) = 22" —yy"| 5
di(2,y) = lza” —yy*l, -

Note that the Frobenius norm ||T'[| . = \/trace(T'T*) induces the Euclidean distance on
Sym(H). As a consequence of Lemma 3.8 in [3], we have:
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1 1

doe(,9) = 3 I = Nyl + 5/l + )2 = 4] ) 2
da(w,y) = /el + )t — 20 (2 ) 12
d(2,9) = /(oI + Iyl7)2 — 4] (z,9) |2 -

To study the above distances it is important to study eigenvalues of symmetric ma-
trices. Let SP9(H) denote the set of symmetric operators that have at most p strictly
positive eigenvalues and ¢ strictly negative eigenvalues. In particular, ST°(H) is the set
of non-negative symmetric operators of rank at most one:

SYO(H) = {xa*, z€H}. (4)

If H = R"™ or C", then Sym(H) is the set of n-dimensional Hermitian matrices. For
a matrix X € Sym(R"™) or Sym(C"), we use A1(X), A2(X), -+, A\ (X) to denote its
eigenvalues. These eigenvalues are real numbers and we arrange them to satisfy A\ (X) >
A2(X) > > A (X).

To analyze the bi-Lipschitz properties, we define the following three types of Lipschitz
bounds for a. Note that the Lipschitz constants are square-roots of those bounds.

(i) The global lower and upper Lipschitz bounds, respectively:

2
AO — lnf HOZ(I') a(Z)HZ ,
eyefi Da(z,y)
la(z) — a(y)|l3
By = sup ———F—5—;
zyeH D2($7y)2

(ii) The type I local lower and upper Lipschitz bounds at z € H, respectively:

AG) = lm g 0@ =@l

A )
=0 g yel DQ(wvy)Q
Ds(z,z)<r
Da(y,2)<r

L la(z) — a(y)lls
B(Z) B }‘E)% ; 3 D2(£7y)2 7
Dy(z,2)<r
Doy (y,z)<r

(iii) The type II local lower and upper Lipschitz bounds at z € H , respectively:

2
PR 1100 O
r=0  eq Do(z,2)*
Do (x,z)<r

; . la(z) — a(2)]3
B(z) =1 —_—=
(Z) rl—l;% jgg DQ(J),Z)2
Do(z,2)<rT
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Similarly, we define the three types of Lipschitz bounds for 5.

(i) The global lower and upper Lipschitz bounds, respectively:

o= inf 180 =5y oz
z,y€H (%,y)

2

bo = sup 12D =B
z,ycH di(z,y)*

(ii) The type I local lower and upper Lipschitz bounds at z € H , respectively:

2
) —
r=0 oyen dy(z,y)
dy(z,z)<r
di(y,z)<r

b(z) = lim  sup

dy (.L z)<r
di(y,z)<r

(iii) The type II local lower and upper Lipschitz bounds at z € H , respectively:

L B@) - B2
I N A
dy(z,z)<r

)

2
o) =t sp 1D =BG
=0 op dy(z, 2)
di(z,z)<r
Due to homogeneity we have Ay = A(0), By = B(0), ap = a(0), by = b(0). Also, for

z # 0, we have A(z2) = A(z/ ||z[)), B(2) = B(z/ ||2])), a(2) = a(z/ |[2])), b(2) = b(=/ [[=]))-

We analyze the bi-Lipschitz properties of o and S by studying these constants.
2.2. Bi-Lipschitz properties for o

The real case H = R" is studied in [6]. We summarize the results as a theorem.
Recall that F = {f1, -+, fm} is a frame in H if there exist positive constants A and
B for which

m

Ala|® <> [, fi)* < B> (5)

k=1

We say A (resp., B) is the optimal lower (resp., upper) frame bound if A (resp., B) is
the largest (resp., smallest) positive number for which the inequality (5) is satisfied.
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For any index set I C {1,2,--- ,m}, let F[I] = {fx,k € I} denote the frame subset
indexed by I. Also, let 07[I] and ¢2[I] denote the upper and lower frame bound of the
set F[I], respectively. It is straightforward to see that they respectively correspond to
the largest and smallest eigenvalues of ), -, fx fy, that is,

o211] = Ao (Zﬁf;) and o2[1] = A (szf;;).

kel kel

Theorem 2.1. (See [6].) Let F C R™ be a phase retrievable frame for R™. Let A and B
denote its optimal lower and upper frame bound, respectively. Then

For every 0 # x € R, A(z) = o7 [supp(a(x))] where supp(a(x)) = {k, (z, fr) # 0};

(i i ) =
For every x € R", A(z) = A(z);
s

)
ii)
(111) A = A(0) = minscy 2. my(onll ] onlI);
) For veryxe]R" B(z) = B(z) =
) By = B(0) = B(0) = B.

Now we consider the complex case H = C". We analyze the complex case by doing a
realification first. Consider the R-linear map j : C* — R?" defined by

. real(z
i) = | e
imag(z)
This realification is studied in detail in [3]. We call j(z) the realification of z. For sim-
plicity, in this paper we will denote £ = j(z), n = j(y), ¢ = j(2), ¢ = j(f), § = j(d),

respectively.
For a frame set F = {f1, fa, - , fm}, define the symmetric operator

Dy, :<Pk<PZ+JSDk<P£JT» k= 172a"' , 1,

where

is a matrix in R2"*x27,

Also, define S : R?® — Sym(R?") by

— 0 , if g =0
°e- { Do @ree PEET Pr, G EFO

We have the following result (proved in Section 4):



R. Balan, D. Zou / Linear Algebra and its Applications 496 (2016) 152-181 159

Theorem 2.2. Let F C C™ be a phase retrievable frame for C™. Let A and B denote its
optimal lower and upper frame bound, respectively. For any z € C", let { = j(2) be its
realification. Then

(i
(ii

) For every 0 # z € C", A(z) = Aan—1(S(Q));

) Ag = A(0) > 0;

) For every z € C", A(z) = \gn_1 (S(C) + Zk:(z,fk):o (bk);
(iv) A(0) = A;

)

)

(iii

—~

v

For every z € C™, B(z) = B(z) =\ (S(C) + Zk:<z,fk>:0 @k);
By = B(0) = B(0) = B.

(vi
2.8. Bi-Lipschitz properties for

The nonlinear map 8 naturally induces a linear map between the space Sym(H) of
symmetric operators on H and R™:

A:Sym(H) = R™ | A(T) = (T frs fr)i1<k<m -

This linear map has first been observed in [5] and it has been exploited successfully in
various papers e.g. [1,11,2]. Note that the map § is injective if and only if A restricted
to SMO(H) is injective.

In previous papers [3,6], the authors establish global bi-Lipschitz results for phase-
retrievable frames. We summarize them as follows:

Theorem 2.3. (See [3,6].) Let F be a phase retrievable frame for H = C™. Then

(i) the global lower Lipschitz bound ag > 0;
(ii) the global upper Lipschitz bound by < oo, and

m

bo= max > (real ((z, fi) (fi,1)))*

—lyll=1
leli=llyll=1 =

4
= 1T W

where T : H — C™ is the analysis operator defined by x — ({z, fx))j—,, and
Ly = (C™ [|[l)-

Remark 2.4. An upper bound of by is given by
2
< < B?
<5 (x 11) <5

where B is the upper frame bound of F.
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We give an expression of the local Lipschitz bounds as well. Define R : R?" —
Sym(R?") by

R(E) =) Pty .

k=1

Theorem 2.5. Let F be a phase retrievable frame for H = C™. For every 0 # z € H, let
¢ =j(z) denote the realification of z. Then

(i) a(2) = @(2) = Aan—1(R(Q))/ |ICII*;
(i) b(z) = b(=) = M (R(C))/ €))%
iii) (see [3]) a(0) = ap = minj¢j =1 A2n—1 (R(());

—~
(e
=
Il
g

3 4
meH:l ZZ";l |<$, fk>| ;

3. Extension of the inverse map

The results in this section work for both H = R™ and C". First we show that all
metrics D, and d, defined in Section 2 induce the same topology in the following result.

Proposition 3.1. We have the following statements regarding D, and d,:

(i) For each 1 < p < oo, D, and d, are metrics (distances) on H.

(i) (Dp)i<p<oo are equivalent metrics, that is each D, induces the same topologgz on H
as Dy. Additionally, for every 1 < p,q < oo the embedding i : (H,D,) — (H, Dy),
i(x) = x, is Lipschitz with Lipschitz constant

1_
q

D=

)- (7)

qu’n =max(l,n
(i) For 1 < p < 00, (dp)i<p<oo are equivalent metrics, that is each d, induces the
same topology on H as dy. Additionally, for every 1 < p,q < oo the embedding
1: (fl,dp) — (f[,dq), i(x) = x, is Lipschitz with Lipschitz constant
Lg7q7n = max(l,ﬁ_%). (8)
(iv) The identity map i : (H,D,) — (H,d,), i(z) = x, is continuous with continuous
inverse. However it is not Lipschitz, nor is its inverse.

(v) The metric space (H, D,) is Lipschitz isomorphic to S*°(H) endowed with Schatten
norm ||-|,,. The isomorphism is given by the map

R 1 * 0
o T = SYOH) | h(a) = 4 o1 Te 0
0 ifx=0
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The embedding kq s bi-Lipschitz with the lower Lipschitz constant

N[

min(2 %,n%_%)

and the upper Lipschitz constant
11 11
2max(n2” 7,27 2) .

In particular, for p = 2, the lower Lipschitz constant is 1 and the upper Lipschitz
constant s \/5

(vi) The metric space (H,dy) is isometrically isomorphic to S™O(H) endowed with
Schatten norm ||-||,. The isomorphism is given by the map

kgt H— SY(H) | kplz) = zz" (10)

In particular the metric space (fI, dy) is isometrically isomorphic to S¥°(H) en-
dowed with the nuclear norm ||-||;.
(vii) The nonlinear map ¢ : (H,D,) — (H,d,) defined by

o) S ife#0
0 ifz=0

-

s bi-Lipschitz with the lower szschztz constant mm(Q% P,n%_%) and the upper
1

Lipschitz constant \/_max(n2 P,ZP 2).

Remark 3.2.
(i) Note that the Lipschitz bound L q " is equal to the operator norm of the identity
betwicen (€, [-,) and (€™ |, ): Ly = I s

(ii) Note the equahty dan=1LE, o

The results in Section 2, together with the previous proposition, show that if the frame
F is phase retrievable, then the nonlinear map « (resp., ) is bi-Lipschitz between the
metric spaces (H, D) (vesp., (H,d,)) and (R™, [|[l,)- Recall that the Lipschitz constants

between (H, Dy) (vesp., (H,dy)) and (R™, ||| = ||||,) are given by /A (resp., /ao)
and /By (resp., v/bo):

VAoDs(2,y) < [la(z) — a(y)|| < VBoDs(x,y) (11)

Vaodi (x, > <[18(z) = Bl < Vboda (2,) (12)

Clearly the inverse map defined on the range of o (resp., 8) from metric space (a(H), ||-|)
(resp., (B(H),||])) to (H, D2) (resp., (H,d1)):
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O:aH)CR™ - H |, o)==z if a(z)=c; (13)

V:BH)CR™ - H | (c)=z if B(z) =c, (14)

is Lipschitz with Lipschitz constant 1/y/Aq (resp., 1/y/ag). We prove that both @ and
1& can be extended to the entire R™ as a Lipschitz map, and its Lipschitz constant is
increased by a small factor.

The precise statement is given in the following theorem, which is the main result of
this paper.

Theorem 3.3. Let F = {f1,..., fm} be a phase retrievable frame for the n dimensional
Hilbert space H, and let o, 5 : H — R™ denote the injective nonlinear analysis maps as
defined in (1) and (2). Let Ao and ag denote the positive constants as in (11) and (12).
Then

(i) There exists a Lipschitz continuous function w : R™ — H so that w(a(z)) = = for
all z € H. For any 1 < p,q < 00, w has an upper Lipschitz constant Lip(w)p 4

between (R™, [|-||,,) and (H,D,) bounded by:

2TE) forq <2

D=
=
I

gl

\.P—‘
3

Lip(w)p,q < 3.1 (15)

omax(l,m%_%) for g > 2.

[\
Q=
|
(SIS
Q
i
~—
—
Wl
|
B
N
o
\
&
S
—
—
D
S~—"

whereas for ¢ > 2 and for all c,d € R™:

3v2+25 "4
Dy(w(c),w(d)) < Nz

In particular, for p = 2 and q = 2 its Lipschitz constant Lip(w)a 2 is bounded by

«-max(1,m?~7) lc—d||, . (17)

4+32 .
\/Ao :
Dy (w(e),w(d)) < % le—d] . (18)

(ii) There exists a Lipschitz continuous function ¢ : R™ — H so that (3(z)) = x for
all z € H. For any 1 < p,q < oo, ¢ has an upper Lipschitz constant Lip(¢)p 4
between (R™, ||-||,,) and (H,d,) bounded by:

3422 9573 . max(1 m%_l) forq <2;
a a ) P q= 2
Lip()pg <3 V% s . (19)




R. Balan, D. Zou / Linear Algebra and its Applications 496 (2016) 152-181 163

Explicitly this means: for ¢ < 2 and for all c,d € R™:

3+42V2 1 11
d&¢%®,¢&0)§-—;@§—~2q *-max(1,m277) [le—d||, , (20)
whereas for g > 2 and for all c,d € R™:
3+ 20 1_1
dq(1(c),9p(d)) £ ——F—=—max(1,m>"7)|lc=d]|, . (21)

Jao

In particular, for p = 2 and q = 1 its Lipschitz constant Lip(y)s1 is bounded by
443v2 .
Vao

4432
di(¥(e),¥(d)) < W

The proof of Theorem 3.3, presented in Section 4, requires the construction of a special

lle —df - (22)

Lipschitz map. We believe this particular result is interesting in itself and may be used in
other constructions. This construction is given in [7] for the case p = 2. Here we consider
a general p and give a better bound for the Lipschitz constant. We state it as a lemma.

Lemma 3.4. Consider the spectral decomposition of any self-adjoint operator A in
Sym(H), say A = ZZ=1 Am(k)Pr;, where Ay > Ag > -+ > X\, are the n eigenvalues
including multiplicities, and Py, ..., P; are the orthogonal projections associated to the
d distinct eigenvalues. Additionally, m(1) = 1 and m(k + 1) = m(k) + r(k), where
r(k) = rank(Py) is the multiplicity of eigenvalue A, (ry. Then the map

m:Sym(H) = SYO(H) , 7(A) = (M — X)) Py (23)
satisfies the following two properties:

(i) for 1 < p < oo, m is Lipschitz continuous from (Sym(H), [||,,) to (SYO(H), [I1l,,)
with Lipschitz constant Lip(n) < 3 + 21+%;
(ii) m(A) = A for all A€ S¥°(H).

Remark 3.5. Numerical experiments suggest that the Lipschitz constant of 7 is smaller
than 5 for p = co. On the other hand it cannot be smaller than 2 as the following example
shows.

Example 3.6. If A = 10 , B= 20 , then 7(A) = 00 and 7(B) = 20 .
01 00 00 00
Here we have ||7(A) — m(B)||,, =2 and ||[A — B||, = 1. Thus for this example we have

lm(A) = 7(B)]loc =24 = Bl -
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It is unlikely to obtain an isometric extension in Theorem 3.3. Kirszbraun theorem
[14] gives a sufficient condition for isometric extensions of Lipschitz maps. The theorem
states that isometric extensions are possible when the pair of metric spaces satisfy the
Kirszbraun property, or the K property:

Definition 3.7 (The Kirszbraun Property (K)). Let X and Y be two metric spaces with
metric d, and d,, respectively. (X,Y) is said to have Property (K) if for any pair of families
of closed balls {B(x;,r;) :i € I}, {B(yi,7) : @ € I}, such that dy(y;,y;) < do(xi, x;) for
each 4, j € I, it holds that (\ B(x;,r;) # 0 = (\ B(y:, ri) # 0.

If (X,Y) has Property (K), then by Kirszbraun’s Theorem we can extend a Lipschitz
mapping defined on a subspace of X to a Lipschitz mapping defined on X while main-
taining the Lipschitz constant. Unfortunately, if we consider (X,dx) = (R™,|-||) and
Y = H, Property (K) does not hold for either D, or d,.

Example 3.8. Property (K) does not hold for H with norm D,,. Specifically, (R™,R"/ ~)
does not have Property (K). We give a counterexample for m = n = 2,p = 2: Let
7 = (3,1), g2 = (—1,1), g3 = (0,1) be the representatives of three points yi, y2, y3 in
R?/ ~. Then D (y1,92) = 2v/2, Do(y2,y3) = 1 and Do (y1,ys3) = 3. Consider z; = (0,0),
3 = (0,-2v2), x3 = (—1,-2v/2) in R? with the Euclidean distance, then we have
|lz1 — x2|| = 22, ||lz2 — 23| = 1 and ||z1 — 23] = 3. For 1 = V6, 12 = 2 — V/2,
r3 = V6 — /3, we see that (1 — /2,14 +/2) € ﬂf’zl B(z;,r;) but ﬂle B(ys, i) = 0.
To see ﬂle B(y;,r;) = 0, it suffices to look at the upper half plane in R2. If we look
at the upper half plane H, then B(y;,r1) becomes the union of two parts, namely
B(g1,71) N H and B(—¢1,71) N H, and B(y;,r;) becomes B(g;,r;) for i = 2, 3. But
(B(g1,71) N H)N B(g2,r2) =0 and (B(—j1,71) N H) N B(J3,73) = 0. So we obtain that
ﬂ?:1 B(Z/z', Tz') =0.

The following example is given in [7].

Example 3.9. Property (K) does not hold for H with norm d,. Specifically, (R™,C"/ ~)
does not have Property (K). Let m be any positive integer and n = 2, p = 2. We want
to show that (X,Y) = (R™,C"/ ~) does not have Property (K). Let 1 = (1,0) and
72 = (0,+/3) be representatives of y, yo € Y, respectively. Then d;(y1,y2) = 4. Pick
any two points x1, 2 in X with |lz1 — 22|l = 4. Then B(z1,2) and B(z2,2) intersect
at 3 = (z1 + x2)/2 € X. Tt suffices to show that the closed balls B(yi,2) and B(yz,2)
have no intersection in H. Assume on the contrary that the two balls intersect at ys,
then pick a representative of ys, say g3 = (a,b) where a, b € C. It can be computed that

dy(y1,y3) = la|* + [p]* = 2[al® +2(0° + 2al* B> + 1, (24)

and
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di(y2,y3) = la|* + [b]* + 6]al* — 6 [b* + 2]af* [b* +9 . (25)
Set di(y1,y3) = di(y2,y3) = 2. Take the difference of the right hand side of (24) and
(25), we have |b|> — |a|* = 1 and thus |b|> > 1. However, the right hand side of (24) can
be rewritten as (|a|” + |b]* — 1)2 + 4b|*, so d1(y1,ys) = 2 would imply that [b]* < 1/2.

This is a contradiction.

Remark 3.10. Using nonlinear functional analysis language [9], Lemma 3.4 can be re-
stated by saying that S1:°(H) is a 5-Lipschitz retract in Sym(H).

Remark 3.11. The Lipschitz inversion results of Theorem 3.3 can be easily extended
to systems of quadratic equations, not necessarily of rank-1 matrices from the phase
retrieval model considered in this paper.

4. Proof of the results
4.1. Proof of Theorem 2.2
(i) First we prove the following lemma.
Lemma 4.1. Fiz x € C" and z € C". Let £ = j(x) and ¢ = j(z) be their realifications,

respectively. Let & € é = {j(¥) € R*" : & € 2} be a point in the equivalence class that
satisfies Do(x,2) = ||€9 — C||. Then it is necessary that

(€0, JC) =0 (26)
and

(€0,¢) >0, (27)
where J is defined as in (6).
Proof. For 0 € [0,27) define

U(0) := cos(0)I + sin(0)J .
Then it is easy to compute that
i(ex) =U(O)E -

Therefore,

Dy(x,2) = min |[U©O) —CII" = €] + [I<[” — 2 max (U(B)¢,C) -

0€l0,2m) €[0,2m)
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If (U(0)¢,¢) is constantly zero, then we are done. Otherwise, note that

max (U(0)¢,¢) = ((€.0)° + (J&,0°)”

0€[0,2m)

and the maximum is achieved at 8 = 6, if and only if

(€ <)
(60" + g.0)*)

cos(fy) =

1
2

and

(J€, Q)

sin(fy) =
(6.0° + e.0)*)

N

Now we can compute

= cos(fo) (&, J¢) +sin(fo) (JE, JC)

_ (€. (€ Q)
- 5 5 %<§7JC>+ 5 5 %<J£a<]<>
(6.0 + 6.0 (6.0 +(76.0)
<) T S CL Ly R’

1 1
2 2

. (6.0% + (7€.0)*) (6.0% + (7e.0)*)
=0.

So we get (26). (27) is obvious. O
Now we come back to the proof of the theorem. Denote

2
p(z,y) = ”a(gi(#;é)”, T,y €C", & #£74.

We can represent this quotient in terms of £ and 7. It is easy to compute that

p(z,y) = P(€,n) = D ket <q’k2§,§> + <2<I>k77a77> -2 2 (Pr&, &) <2(I)k77a77> .
€l + Il = 20/ (€. m)® + (€, Tn)

(29)

Fix r > 0. Take &, n € R?" that satisfy Da(z,2) = [|€ = || < r and Da(y,2) =
ln—=¢|l <r. Let p=(&+n)/2and v = (£ —n)/2. Then ||v|| < r. Note that for r small

enough we have that ||u|| > ||v| and that ®,( # 0 = ®pp # 0. Thus
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k=1
20/( k(i 4 v), g+ v) (Pr(p—v), o — V>) :
(et o1 = o1 = 2/ b= 0+ Gt = )
— (X @+ (B0) () + (@2~ 4 (017
k=1

—1
2 2 4 4 2 2 2
(”M” + [Ivl —\/Ilull + Wl = 2{ull” v +4<M7JV>>

v

(X @)+ @) =y (s + (#1022 — 4 @)

k:®),C#£0

1
2 2 4 4 2 2
<||u|| 1 =\l 1 — 2l ||u||)

- ﬁ Y (Prp )+ (Rrvv) — \/(@ku, )+ (g, )2 — 4 (Dpepr, v)
k: @ (#0
= S @)+ (@)
2wl k:®p,C£0
(Dyv, V) 2_ (@, v)?
(Bt 1) \/(1 ’ <<I>ku,u>) 4<<I>ku,u>2
LS @)+ () —
2[wlI” .dpczo
(v, 1) (D, v)? B (®pp, v)°
(Bt 1) ¢ B TN AT ST S
= S @)+ (@)
2vll” fdrczo
@) @)\ o
(Pt 1) <1+ (Ppopa, ) 2<‘I>ku,u>2> Hot
= 7((1),6“71/)2 o(|lv|I?
oo @ o )
- ”1” (S + O(Iv]?).

Note that
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(T, )l = (T, v) = (T ) < [T = JC vl = llw = IV (30)

since (J¢,v) =0 by Lemma 4.1. Also, || — C|| < r. Therefore,

[T )| _ [T vl

| Pyuv|| = = <
g [ [l [l
and thus
12 r? 2
Phl = (1= ) 1wl
[l
As a consequence, we have
1
P& n) = W (S(u)P3,v, P, v) + O(|lv||*)
1 1L L r? 2
> 5 (S(u) Py, Prv) | 1— PE +O(r?)
|75 g

> (1 - %) Aon—1(S(1)) +0(r?) .
il

Take r — 0, by the continuity of eigenvalues with respect to matrix entries we have that
A(2) > A2n-1(S(Q)) - (31)

On the other hand, take Fs, 1 to be the unit-norm eigenvector correspondent to
A2n—1(8(C)). For each r > 0, take { = ( + §FEa,—1 and = ( — §E, 1. Then

p(z,y) = P(§,n) = A2n-1(S(C)) -
Hence
A(2) € A2n-1(S(Q)) -
Together with (31) we have
A(2) = Aan-1(S(C)) -

(ii) Assume on the contrary that Ag = 0, then for any N € N, there exist 2, yny € H
for which

pan.yy) = ”O‘%;V()x; (Zii’)’é)” < % (32)
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Without loss of generality we assume that ||zx| > ||yn|| for each N, for otherwise we
can just swap the role of zy and yx. Also due to homogeneity we assume ||zy]| = 1.
By compactness of the closed ball B1(0) = {z € H : ||z|| < 1} in H = C", there exist
convergent subsequences of {zy} nen and {yn }nven, which to avoid overuse of notations
we still denote as {zny}nveny — 2o € H and {yn}tnen — yo € H.

Since ||zo|| = 1 we have from (i) that A(x¢) > 0. Note that Da(zn,yn) < ||zn| +
lynl <2, so by (32) we have [|a(zy) — a(yn)| = 0. That is, [[a(zo) — a(yo)l| = 0. By
injectivity we have xg = yo in H. By Theorem 2.2(i),

plen,yn) = A(zo) —1/N > 1/N

for N large enough. This is a contradiction with (32).

(iii) The case z = 0 is an easy computation. We now present the proof for z # 0. First
we consider p(z, z) = P(£,() as defined in (29). Fix 7 > 0. Take £ € R?" that satisfies
Dy(z,z) = ||€ = (|| <r.Let d =2 — z and § = j(d) = £ — . Note that

Py (96 + (@16, — 2/ [BE Bi0.0)

P(€,¢) =
€l + 1ICI2 = 24/(6.©)° + (€. ¢)?

We can compute its numerator

D (BrE, ) + (@1¢, Q) — 2V/(Bit, €) (BrC, ()

>
Il
—

o

=
I

1

21V (1€, C) 4 2 (®C, 8) + (B8, 6)) - (PrC, ()
D 2(P(, Q)+ 2(@kC,0) + (P46, 0) -

k: @ (#0

<¢’k<7<> <¢1€C?5> + % <(I)k<a <> <¢)/€67 5> B
(®4C,¢)*

1 4(®4(,C)* (@16, 6) 3 )
Z. + O (|6 + Dro, 0
. T (1e1°) 2:,_< 3, 0)

5)
> %}ic + Y (®46,9) +O(||6||3>;

k@i C£0 ki@, C=0

2 (1c,C) (1 T

and its denominator

€I +11CI7 = 2¢/€, 0 + (€, J¢)?
Il + 1812 + 2.¢, ) — 2|1 (1+
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0+ 360+ SUCH" ARG | o (1509
R 8I¢I®

=8>+ 0 (118]°) -

We used Lemma 4.1 to get (J¢,d) = 0 in the above.
Take r — 0, we see that

A2) = donr [ SO+ > B
k:(z,fr)=0

Let Es,,_1 be the unit-norm eigenvector corresponding to

Aot ([ SO+ Y. By
k:(z,fx)=0

Note that <J(,E2n_1> = 0 since §(¢)J¢ = 0 and ®,J¢ = JP,¢ = 0 for each k with
(z, f) = 0. Take £ = ( + %Egn_l for each r, we again also have

AZ) < dana [ SO+ > @y
k:(z,fr)=0

Therefore

AZ) = dona [ SO+ > @y
k:(z,fr)=0

(iv) Take z = 0 in (iii).

(v) B(z) can be computed in a similar way as in (iii) (in particular, the expansion for

P(&, Q) is exactly the same). We compute B(z). B(0) is
we consider z # 0. Use the same notations as in (29). Fix r > 0. Again, take £, n € R*"
that satisfy Do(z,2) = ||€ — ¢]| < r and Da(y,z) = ||[n—¢|| <. Let p = (£ +1n)/2 and
v=(£—mn)/2. Also let 6; = £ — ( and d2 = 1 — . Recall that

s computed in [8], Lemma 16. Now

S (PrEE) + (Prmym) — 24/ (Pr&, &) (Prem, 1)
€I + lInll® = 24/ (¢, m)® + (€, In)”

= (D6, 8) + (Prm, ) — 20/ (P, E) (P, 1)

- Z .

S+ Il - 23/ + (6 )

P(&,n) =

Now we compute it as ZZLI = kabk@éo + Zk:%g‘:o' Again,
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wbzo el + Il - 2y/(€m)? + (6, )

(@it 1) + (@4, 0) — )/ (Brpa, ) + (@i, 1))2 — 4 (B, )

= . (33)
2 2 4 4 212 2
kepc20  pll” + )" - \/HMH 1l =21l ™ 4 4 (p, Jv)
Using the same computation as in (i), we get that the numerator is
ST @gn )+ (@) — (B ) + (B ))? — 4 (@, )’
E:®5,C#£0
4
=2(S(wr,v) + O(|lv]") -
Since p # 0, the denominator is
2 2 4 4 20 112 2
[l + vl = \/IIMII + Wl = 2{ull™ )™ 4 4w, Jv)
4 2 2

2 2 2 vl 2||v|l 4(p, Jv)

= llell™ + w1 = Nl \/1 tooa T T g T T
™ el [l

2 2 2 ||V||2 2 (u, J’/>2 4

= lell™ + Il = llel™ {1 = =5 — | +odvI")
[l [l
2 2 <J,U7V>2 4
=2|v|” = ——5— + O(llv[I")
[l
2 4

=27+ O(v[") by (30). (34)

Also we can compute using the denominator as above (note that v = (§; — d2)/2) that
(Pr€; &) + (Prnm,m) — 24/ (Pi€, §) (Prs 1)
w0 61 + Il — 2/t )" + (6, 0)?

(2] - i)

161 = 8ol + O(|lwII)

(35)
k:®j,¢=0

Now put together (33), (34) and (35), we get

s oy | s ([#75] - [#i%])
P +0UD itee 11—l + ORI

P(&,n) =

Note that
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(i s} < ot~
since it is equivalent to
(D101, 1) (D12, 0a) > (D401, 09))° (36)

which is the Cauchy—Schwarz inequality. Therefore, we have that

((S0) + Saay o 2)vor) +OUIY)
vl + Ol 1) -

P(&n) <

Take » — 0 we have that

B(z) <M [SQ+ Y @

k:®,,¢=0

Again we get the other direction of the above inequality by taking { = ¢ + $E; and
n = ¢ — 5 E; for each r > 0 where E; is the unit-norm eigenvector correspondent to
A (S(C) + 2 kiz, f)=0 @k). Note that for each r, the equality in (36) holds for this pair
of £ and 7.

(vi) Take z = 0 in (v).

4.2. Proof of Theorem 2.5

Only the first two parts are nontrivial. We prove them as follows.

Fix z € C". Take © = z + dy and y = z + dz with ||di|| < 7 and ||dz|| < r for r small.
Letu=ax+4+y=22+d +dyandv =2 —y=d; —dy. Let p =2 + 61 + 5 € R?™ and
v =0, — 63 € R?" be the realification of v and v, respectively. Define

o(,y) = IIﬁ(;’l)(xjgg)ll _

By the same computation as in [3], Section 4.1, we get

(R(2¢ + 81 + 92)(d1 — 92), 01 — 02)

p(x,y) = Q((;01,62) = 3 n .
12 + 61+ 62 (Proc 5, 15, (01 — 02),81 = )

Since J(2¢ + 01 + d2) € ker R(2¢ 4 61 + 02), we have

<R(2C +01+ 62)PJL(2§+51+52)(61 - 52)7 PJL(2C+§1+52)(61 - 52)>

Q(<;51352) = 2 N
12 + 01+ 6 (P 5, 15, (01 — 02),01 = 62 )
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Now let § = §; + 62 and v = §; — d5. Note the set inclusion relation

{02 €B™: ol < 5, Il < 5, v LI(C+96)}

C{51,52€R2n1 H51H<T‘, ||(52||<7’, VJ_J(2C+5)}
C{01,6 €R>™: ||§]| <2r, [lv|<2r, v L J(2(+0)} .

Thus we have

inf  Q(¢;61,02) < inf Q¢ 61,02) < inf  Q(¢;61,02) .

|6]] <27 llo1]]<r o sli<r/2
Il <2r ll62]]<r llv|<r/2
vLJ(2¢+0) v LJ(2¢+96) vLJ(2¢+96)

That is,

Aan_1(R(2¢C +6)) Wt QC61.6) Aan-1(R(2¢ +9))

n 3 =< < n 2
isli<2r 26 + 3] fos<r lsli<r/2 |2+ 3]
<r
ulJ2(2C+§)

Take r — 0, by the continuity of eigenvalues with respect to the matrix entries, we have

Aza—1(R(O)/ KNP < a(2) < Aon—1(R(O)/ €I

That is,

a(z) = Aan-1(R(¢))/ lICII*

Now consider

_ 18@) = BAI”

plz,2) dy(z, 2)?

For simplicity write 6 = §;. We can compute that

(R(2¢ + 6)6, 6) < (2 + 0) Pa¢.4 5)0; Pﬁ2<+5>5>
p(z,2) = Q((0) = = :
12+ 0P (P 5)0:0) 12 + 617 ( P4 5).9)
Note that
inf Qo) = mf - inf QG = mf Aen1(R(20+9)).
Isl|<r loli<r lls]<r loli<
S LT(2¢+9) §LJ(2¢+96)

Take r — 0 we have that



174 R. Balan, D. Zou / Linear Algebra and its Applications 496 (2016) 152-181

@(2) 2 Aon-1(R(20))/ 12¢]I* = Aan—1(R(O))/ ICI* -

On the other hand, take €s,_1 to be a unit-norm eigenvector correspondent to
A2n—1(R(2¢)). Then by the continuity of eigenvalues with respect to the matrix entries,
for any € > 0, there exists ¢t > 0 so that § = té,, 1 satisfies

(R(2¢ +6)9,0)

n < Aon—1(R(2€)) + ¢
<PJ(2<+5)5v §>

and from there we have

@(2) < Aon—1(R(20))/ 12¢II* = Aan—1 (R(O))/ ICI* -

Therefore,

i(2) = Aza—1(R(O)/ IICII* -

In a similar way (replacing infimum by supremum) we also get b(z) and b(z) as stated
in the theorem.

4.3. Proof of Proposition 3.1

(i) Obviously D,(z,3) > 0 for any &, § € H and D,(z,9) = 0 if and only if & = .
Also Dy(#,§) = Dy(9, %) since ||z — ayl|, = Hy - ailep for any =, y € H, |a|] = 1.
Moreover, for any %, §, 2 € H, fix D,(z,9) = ||l — ay||p, D,(9,2) = ||z — by||, then

Dy(2,2) < ||z — ab_lep = |[bz — az||,

< [|bz — aby||, + llaby — az||, = Dp(2,9) + Dp(9, ) -

Therefore Dy, is a metric. dj, is also a metric since ||-[|,, in the definition of d,, is the
standard Schatten p-norm of a matrix.

(ii) For p < ¢, by Holder’s inequality we have for any x = (z1,%2,...,x,) € H that
Sy il < 0D (D [25]9) 5. Thus [af|, < n =4 ||z, Also, since ||-], is
homogeneous, we can assume |[z[|, = 1. Then Y77, |2;|? < 3770, [2;P = 1. Thus
zll, < l|zl,- Therefore, we have Dqy(2,9) = ||z —ary|, > nla—s) |z —axyll, =
nls” 3D, (2.9) and Dy(.9) = |lz — azyll, > | — azy|, > Dy(#.9) for some ay,
as with magnitude 1. Hence

Dy(#,9) < Dp(#,9) < n'»~ %) Dy(2,9) -

We see that (Dp)1<p<oo are equivalent. The second part follows then immediately.
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(iii) The proof is similar to (ii). Note that there are at most 2 ¢;’s that are nonzero, so
we have 2(» ) instead of n(» ~4).

(iv) To prove that D, and d, are equivalent, we need only to show that each open ball
with respect to D, contains an open ball with respect to d,, and vice versa. By (ii)
and (iii), it is sufficient to consider the case when p = 2.
First, we fix x € H = C", r > 0. Let R = min(1,rn"?(2||z|,, + 1)~!). Then for
any ¢ such that Do (&, §) < R, we take y such that || — y|| < R, then V1 <4,j < n,
lziT; — yil5| = |@i(T; = 5) + (@i — 9:)5] < |@i| R+ R(|lzi| + R) = R(2|zi| + R) <
R(2|z;| +1) < 5. Hence da(2,9) = |lza* —yy*|l, <n®- = =7
On the other hand, we fix 2 € H = C", R > 0. Let r = R?/v/2. Then for any §
such that do(2,9) < r, we have

(d2(2,9))? = [lz]|* + yl* = 2/ @, y) > <r? = = .

But we also have

2 _ Hx _ (=)

2

2 2
yl| = llzlI” + lyll” = 2z, ) ,
[z, y) H

(Da(,9))* = min ||z — ay|

SO
A A 4 4 2 2 2 2
(D2(2,9))* = llzl|* + lyll™ + 2 Il Iy ll® = 4(llz ] + [ylI*) [ (z, )| + 4/, ) -

Since |(z,y)| < |l [lyll < ([|=]* + [|yl|*)/2, we can easily check that (Da(#,7))* <
2(d2(2,9))? < R*. Hence Ds(2,9) < R.
Thus D and ds are indeed equivalent metrics. Therefore D, and d, are equivalent.
Also, the imbedding i is not Lipschitz: if we take x = (21,0,...,0) € C", then
Dy (%,0) = |z1|, d2(2,0) = |x1|A2.
(v) First, for p =2, for £ # § in H — {0}, we compute the quotient
Ik (@) = Ka(w)])”
Da(w, y)?

plz,y) =

2

el @ = ™
Jall” + 1yl = 21z, )
_ N Pyl + ol lyy I = 2 ] iy trace(zayy)
oIl gl + el Tyl * = 2 217 1yl |2+
2 eyl (]l 1" y| — trace(za*yy*)
el Tyl + Nl Twll* = 2 217 lsl =+
2 (|2 iyl Jo*y| — trace(za*yy*))
ol Iyl + 2l gl = 2 o1l Tyl o=yl
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where we used ||zz*| = ||z||>. For simplicity write a = ||z||, b = ||y|| and t =
Kz, 9)| - (lz lyl)~t. We have a >0, b >0and 0 <t < 1.
Now

2(abt — abt?)

plz.y) + a? + b2 — 2abt

Obviously p(z,y) > 1. Now we prove that p(z,y) < 2. Note that

9
2abt = abt®) o 02 B dabt 4 2abt® > 0

g S\evr At )
Jr<12—|—b2—2abt_

but
a® + b* — dabt + 2abt*® > 2ab — dabt + 2abt* = 2ab(t — 1)* > 0,

so we are done. Note that take any xz, y with (z,y) = 0 we would have p(z,y) = 1.
On the other hand, taking ||z|| = ||y|| and let ¢t — 1 we see that p(x,y) =2 —¢
is achievable for any small € > 0. Therefore the constants are optimal. The case
where one of x and y is zero would not break the constraint of these two constants.
Therefore after taking the square root, we get lower Lipschitz constant 1 and upper
Lipschitz constant v/2.

For other p, we use the results in (111) and (iii) to get that the lower Lips-

P

[NIC

chitz constant for k. is min(?éfi,n ) and the upper Lipschitz constant is

1

ﬁmax(néf%ﬂ%*?).

(vi) This follows directly from the construction of the map.

(vii) This follows directly from (v) and (vi).

4.4. Proof of Lemma 3./

(ii) follows directly from the expression of m. We prove (i) below.

Let A, B € Sym(H) where A = ZZ:1 Am(k)Pr and B = ZZ,:l i (k) Qi - We now
show that

Im(4) = m(B)||, < 3+2"F5) A= B, . (37)

Assume A\; — Ay < pg — po. Otherwise switch the notations for A and B. If g —ps =0

then 7(A) = n(B) = 0 and the inequality (37) is satisfied. Assume now p; — pug > 0.
Thus Q1 is of rank 1 and [|@1]|, =1 for all p.
First we consider the case Ay — Ay > 0. In this case P; is of rank 1, and we have

m(A) = 7(B) = (A1 — X2) Py — (p1 — p2)Q1
= (A1 = ) (P1 = Q1)+ (M1 — p1 — (N2 — p12)) Q1 - (38)
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g

)\2 >\1

Fig. 2. Contour for the integrals.

Here || Py = [|Q1]l, = 1. T?erefore we have ||[Py — Q1] <1 since P, Q1 > 0. From
that we have ||P; — Q1||p < 2w,

Also, by Weyl’s inequality (see [10], Page 63) we have |A\; — u;| < ||A — B]|, for each
i. Apply this to i =1, 2 we get |A\; —p1 — (A2 — p2)| < [M—pa|+ [ A2 —po| < 2|4 - B ..
Thus [\ — |+ [hs — ol < 2[4~ Bl <2[A— B|,.

Let g := A1 — A2, 6 := [|A — B|,,, then apply the above inequality to (38) we get

Ir(A) — w(B)I|, < g | P — Qull, +26 < 25g+25 . (39)

Ifo<g<(2+ 27%)57 then |[7(A4) —7(B)][, < (2”% + 3)d and we are done.

Now we consider the case where g > (2+27%)(5. Note that in this case we have § < g/2.
Thus we have |\ — p1| < ¢/2 and |Ag — p2| < ¢/2. That means p1 > (A1 + A2)/2 and
ta < (A1 + A2)/2. Therefore, we can use holomorphic functional calculus and put

1

P1 = —— RAdZ
27
3
and
1
Q1= f Rpdz
211
v

where Ry = (A —2I)7Y, Rp = (B — 2I)7!, and v = 7(t) is the contour given in Fig. 2
(note that v encloses pq but not us) and used also by [15]. Therefore we have

1P~ Qull, < 5 [ I(Ra = )@, b (0t (40)
I

Now we have
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(Ra— Rp)(2) = Ra(z )—(I+RA( )(B—A))"'Ra(z)

=Y (-1 )(B—A))"Ra(z) , (41)
n>1
since for large L we have [[Ra(2)(B — A)|, < [[Ra(2)|, I1B — A4, < W <
257‘5 < —2 1 <1, where 0(A) denotes the spectrum of A. Therefore we have
2427 P
[(Ra— Rp)( » <Y IRAGY@) A - Bl
n>1

_RaGO)E A - B,
T 1 [[Ra(Y®)] 1A= BIl,
1A - B,
dist? (v(t),0(A))

(29 1), (42)

since dist(vy(t),0(A)) > g/2 for each t for large L. Here we used the fact that if we order
the singular values of any matrix X such that o1(X) > 02(X) > -+, then for any ¢
we have 0;(XY) < 01(X)o;(Y), and thus for two operators X, Y € Sym(H), we have
IXYY, < 1X] o [V
Hence by (40) and (42) we have
1

||P1—Q1||p§(2%+2—1)”A WB”p/distz( © (A))|7’(t)|dt. (43)
T L), o

By evaluating the integral and letting L approach infinity for the contour, we have as
n [15]

/ mwtwt =2 O/ @dt - [garctan (%)T" _ %ﬂ )

Hence

. A~ . §
IPL = @Qull, < (27 +271) ———- i (277 + 1)5 : (45)

Thus by the first inequality in (39) and (45) we have ||7(4) — 7(B)|[, < (3 + 2!+ ).
Now we are left with the case \; — Ay = 0 < p; — p2. Note that in this case we have
that 7(A) — m(B) = — (1 — p2)@Q1 = (A1 — p1) — (A2 — p2))Q1, and therefore

lm(A) = =(B)ll, < 2|4~ B, < (3+2""7)[|A- B,

We have proved that ||r(A) — x(B), < (3 +2'77)||A~ BJ|,. That is to say, =
(Sym(H), ||-Il,) = (SH°(H),[|||,,) is Lipschitz continuous with Lip(m) < 3 4 21+5.
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Now we are ready to prove Theorem 3.3.
4.5. Proof of Theorem 3.3

The proofs for a and 3 are the same in essence. For simplicity we do it for g first.

We need to construct a map ¢ : (R™,[[-[|,) — (H,d,) so that ¢((z)) = x for all
e H , and 9 is Lipschitz continuous. We prove the Lipschitz bound (19), which implies
(22) forp=2and g =1.

Set M = B(H) c R™. By the result in Section 2.3, there is a map ¢, : M — H that is
Lipschitz continuous and satisfies 11 (8(x)) = « for all 2 € H. Additionally, the Lipschitz
bound between (M, ||-||,) (that is, M with Euclidean distance) and (H,d,) is given by
1/\/aq. ) A

First we change the metric on H from d; to do and embed isometrically H into
Sym(H) with Frobenius norm (i.e. the Euclidean metric):

(M, [1ly) -2 (A, dy) 23 (8, dy) =2 (Sym(H), || » (46)

where i1 2(z) = x is the identity of H and kg is the isometry (10). We obtain a map

o o (M, |-||y) = (Sym(H), ||| s.) of Lipschitz constant

Lip(di2) < Lip($h)Lip(is 2)Lip(k5) = % ,

where we used Lip(i12) = Lf 5 ,, = 1 by (8).

Kirszbraun Theorem [14] extends isometrically ¥y from M to the entire R™ with
Euclidean metric [-||. Thus we obtain a Lipschitz map 5 : (R™, ||-|) = (Sym(H), ||-|| 5.)
of Lipschitz constant Lip(t) = Lip(t)) < \/% so that o (B(z)) = zz* for all z € H.

The third step is to piece together s with norm changing identities. For ¢ < 2 we
consider the following maps:

R, [1,) 23 (R™, [[1,) +2 (Sym(H), |1 )

T (SYOH). ) S (Bady) 25 (), (47)

where j, 2 and is 4 are identity maps on the respective spaces that change the metric
and 7 is the map defined in Eq. (23). The map % claimed by Theorem 3.3 is obtained
by composing;:

Q/J:(Rmv‘l'”p)_)(ﬁﬂdq) ) ¢:i2,q"f¢§1‘7'¢2'jp,2-

Its Lipschitz constant is bounded by
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Lip(¢))p.q < Lip(jp,2)Lip(¢2) Lip(m)Lip (k5 " )Lip(iz,q)

(342V2)-1-247 %,

< max(1 méf%) 1

< ) N

Hence we obtained (20). The other equation (22) follows for p = 2 and ¢ = 1.
For ¢ > 2 we use:

™, ,) 23 (™, 1) 2 (Sym(H), |1 5,)
B (Sym(H), [1,) = (M) 1,) " (F.dy) (48)

where j, o and I 4, are identity maps on the respective spaces that change the metric.
The map v claimed by Theorem 3.3 is obtained by composing:

¢ : (Rmv HHp) — (I:Iadq) ) ¢ = Klgl CT 127(1 ' ¢2 'jp72 :
Its Lipschitz constant is bounded by

Lip(¢)p.q < Lip(jp,2)Lip(¢2)Lip(I2,q)Lip(m)Lip(r ")

,%) 1
Vao

[SIE

< max(1,m 1-(342Ma) 1.
Hence we obtained (21).

Replace 3 by a, 1 by w, and kg by k4 in the proof above, using the Lipschitz constants
for k4 in Proposition 3.1, we obtain (16) and (17).
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