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Abstract

We study a system of elliptic equations from the Abelian Born-
Infeld system coupled with the Einstein equations under the boundary
condition of the symmetric vacuum(nontopological type). When the
total string number satisfies 1 < N < ﬁ, where G is the gravita-
tional constant, we construct a family of solutions to the system. The
qualitative properties of the solutions are quite different from the so-
lutions with the boundary condition of the broken vacuum symmetry.

1 Introduction

We consider the following problem for (u,n):

;

2eM(e* — 1)

V1= len =)

Aln + 87G(e" — u)] = —327%G Z n;é(z — z;),
j=1

Au =

- + 47r;nj5(z — zj),

(e"—0 and e”—0 as [z| =0,

where we denoted z = x; + izy € C = R?, and G > 0 is the gravitational
constant. The problem (P) represent physically the equilibrium configura-
tion of the Abelian Born-Infeld cosmic strings. More precisely, it generates



a static Einstein equations coupled with the Abelian Born-Infeld electrody-
namic equations under the assumption of translation symmetry in one spa-
tial direction(say in x3 direction). For more details on the derivation of the
above system starting from the Lagrangian of the self-gravitating Abelian
Born-Infeld theory by applying the Bogoml'nyi method combined with the
Taubes’ reduction argument[17], as well as the physical backgrounds, we refer
to [23]. Parenthetically, we note that the Born-Infeld field theory, originated
in [2], has now become a very hot issue of research in the theoretical physics,
mainly due to its natural connection to the superstring theory(e.g. [10, 18],
and so many articles in the LANL archive). Also in the physics of cosmology
there are many studies on the cosmic strings(See e.g.[9, 11, 19, 20] and ref-
erences therein). The Abelian Born-Infeld cosmic string model incorporates
the Born-Infeld field theory into the area of cosmic string theories.

The boundary condition in (P), in particular, means that we are assuming
symmetric vacuum near infinity. The above system with the different bound-
ary condition, namely with the broken vacuum symmetry boundary condi-
tion, e — 1 and e?7— 0 as |z] — 0, as well as the similar problem on
a compact surface have been studied extensively by Y. Yang[22, 23, 21]. Our
boundary condition above is different from that of those studies. We remark
that this symmetric vacuum boundary condition is not allowed in order to
generate finite energy solution of the system in the case of flat(Minkowskian)
Abelian Born-Infeld theory[23]. On the other hand, our symmetric vacuum
boundary condition resembles the nontopological boundary condition in the
Chern-Simons Higgs and the related theories studied in [15, 8, 4, 5, 6, 3](The
periodic version of the nontopological solutions are studied in [16, 14, 13]).
Our aim in this paper is to construct solutions of (P). Moreover, our con-
struction provides very precise information of the qualitative properties of
solutions, including the asymptotes of u, 7 near infinity. The following is our
main Theorem.

Theorem 1.1 Suppose {n;}7-, C NU{0}, and {z;}7-, € R* be given. We
set N =300 nj. Assume

1
1<N<— 1.1
- A G’ (1.1)

and b > 1. Then, there exists a constant 1 > 0 such that for any € € (0,¢1)
there exists a family of solutions to (P), (u1,us). Moreover, the solutions we
constructed have the following representations:

w(z) = In pg,ég(z) + 2wy (e]2]) + 621[{,5(52), (1.2)

n(z) = In pg,{;;(z) + 2wy (el2]) + 62u§’6(52) (1.3)



with

. £2N+2 H;n:1 |2 — 2|2
pé,e(’z) = 2 )
(14 |ez +0]?)a

4e?

pie(z) = § =6, +1i6, € C,

ai (14 |ez +6]%)%’
where and hereafter we denote

a = 8&r(.

(1.4)

(1.5)

(1.6)

In (1.2) and (1.83), the function € — §* is a continuous function in a neigh-
borhood of 0, and [6f| — 0 as € — 0. The radial functions wy,wy have the

following asymptotic behaviors.

wi(lz]) = —=Cilnlz| + O(1),
wo(lz]) = —Cyln|z|+ O(1)

as |z| — oo with the constants Cy,Cy defined by

8[(a+ 1)A; + A]N(1 — aN)

Cl =

a?Ay Hi:l—N (% + k)
8l(a+ 1)\ + X\ NI(1 — aN

s [( ) 12 2] 2( )(: CLOl).

aXi [Tz (Z + k)
The functions uj ., u; . satisfy
* + *
e

e In(e+]2])

Remark 1.1: From the second equation of (P) we obtain

A |n+8rG(e" —u) —|—87TGanln]z —z|*| =0.

j=1

Hence,

n=38rG(u—e")— 87rGan In|z — 2]* + h(2),

=1

(1.9)

(1.10)

(1.11)

where h(z) is a harmonic function. Under the boundary conditions for v and

n, we can assume h(z) = ¢, for a constant ¢y. Hence,

m —167G
. —_plU
e = ¢y H|Z—zj|”3 eBrelu=e)
j=1
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Thus, substituting the asymptotic formula from (1.2)
4 2 2
u(z) = [2N — = = C1e* +o(e”) | In|z| + O(1) as |z| > o0 and € — 0
a

we obtain
en(z) -0 (|Z|—4—0282+0(82)) as |Z| — 00 and € — O’ (112)

which is consistent with (1.3), and shows extremely weak dependence(via
(1) on the total vortex number N of decay properties near infinities of the
conformal factor e”. This is in contrast with the case of broken vacuum
symmetry boundary condition, ¢* — 1 and e7 — 0 as |z| — o0[23], where
we have the decay of the conformal factor,

") = O(|z|_16”GN) as |z| — oo,

which shows strong dependence of the decay on the total string number N.

Remark 1.2: We recall the result in Section 10.5 of [23] that the 2 surface
My = (R?,¢€"0;1,) is complete if and only if

1
e2dxr = oo.
R2

According to the representation formula (1.3), this, in turn, is equivalent to
> c
0

We observe, however, from (1.10) that Cy > 0(< 0) if aN < (>)1. Thus
we conclude that the 2 surface My = (R?,€"8;;) is complete(incomplete) if
aN < (>)1. Since we do not know the sign of v;_, the case aN = 1 is
inconclusive for the completeness of M.

After this work is completed the author find that there is an interesting paper
by F. Lin and Y. Yang[12] on the sigma model coupled with the Born-Infeld
system and the gravitation, for which the reduced semilinear elliptic system
is different from that of (P), and the corresponding mathematical analysis is
completely different from ours in the next section.

2 Proof of the Main Theorem

In (P) the second equation added to the first equation times a = 87G gives
2ae(e" — 1)

\/1 — L(ev—1)2

4

A(n+ ae") = (2.1)



Replacing the second equation of (P) by (2.1), we obtain the following equiv-
alent system to (P).

2e(e* — 1) &

Ay = +4r Y nio(z — zj), (2.2)
\/1 — L(ev —1)2 ;

A(n + ae") = 2ae(e —1) (2.3)

We consider the following ‘principal part’ of the system, (2.2)-(2.3).

Aug = —X e +4r7 Z n;o(z — z;), (2.4)
j=1

Any = —ale™, (2.5)
where \; is defined in (1.6). As a family of solution (2.5) we have

mo(2) = In pjL(2) (2.6)

with pfZ(z) defined in (1.5). In order to solve (2.4) we rewrite it as

A <au0 — aan Ineolz — zj\2> = —a\e™, (2.7)

Jj=1

where ¢y is an arbitrary positive constant. Comparing (2.7) with (2.5), we

find that .
auo—aan Incolz — 2> = no + h(z) (2.8)

=1

for a harmonic function, h(z). We choose h(z) = 0. Then, substituting 7y in
(2.6) into (2.8), and solving it for ug, and choosing the constant ¢ in as

2N

co = %(a)\l)é,
we find that

uol#) = I pl,(2), (2.9)
with pf_(z) defined in (1.4). We set

de) =50k (3), =l (5),
and define p;(r), p2)r) by
2 I 8 1
pi(r) = O 5+1|151\ILO 95(2), pa(r) = L) 54}‘%&0 95(2)-



We make transforms from (u,n) to (ug,us) as follows

w(z) = Inpj(2) + wiez) + 2y (e2)
n(z) = Inpii(z) + wa(ez) + cus(e2) (2.10)

where wq,wy are the radial functions, w;(z) = w;(|2]), j = 1,2 to be de-
termined below. Then, (2.2)-(2.3) can be transformed into the functional
equation, P = (P, P;) = 0, where

1<u17u’2767€) —
u1+ug+wi +w 2 He z) wo 4w
291 (2)glL(z)es" (muatuntue) _ 2056(2) 2 (ug-+wo) Aglh(z)

2

Au; — — - 5’26 + Awy,
JI— g (et 1P :

PZ(ul’ uz, (57 5) =A [U2 + ag§75<2)e€2(u1+w1)]

II
2 I II 2 (u1+uz+wy +ws) _ 2ag;; () e 2 (ug+ws) a\
95,5( )gés( ) T2 . 1955( )+Aw2
5

\/1 — €25 (2)e=" () — 172

Now we introduce the functions spaces used in [4]. Let us fix a € (0, 3)
throughout this paper. Following [1], we introduce the Banach spaces X,
and Y, as

Xo={u€ L) | [ (41l uo)Pds < oo}
R2

equipped with the norm ||Ju||%, = [e (1 + |2[*T®)|u(x)[*dz, and

2

loc

Yo = {ue W22R) | aul}, + | —-

1+ |x|1+2 L2(R?)

equipped with the norm [|ull?. = [|Aul), + ||— We recall the

1+|$|1+ ||L2 (R2)"
following propositions proved in [4].

Proposition 2.1 Let Y, be the function space introduced above. Then we
have the followings.

(i) If v €Y, is a harmonic function, then v = constant.

(i1) There exists a constant Cy > 0 such that for all v € Y,

lu(z)] < Cy|v|ly, In(e + |z|), Vo € R2.



Proposition 2.2 Let a € (0,3), and let us set

L=A+p:Y,— X,,

where p = ﬁ. We have
KerL = Span{¢+,o_, 90}, (2.11)
where we denoted
0 r 0 1—1?
= ——cos _ = sin = —.
LA S e
Moreover, we have
ImL—{fEXa|/ fosr =0} (2.12)
R2

We can check easily that P is a well defined continuous mapping from B,, C
(Y,)?x C xRy into (X,)?, where B., = {|lu1||y, + ||ually, + 0] < & < g0} for
sufficiently small g9. In order to have gj_(z) — O(1) as |z| — 0 we impose

aN < 2,

which is equivalent to (1.1).

We now extend continuously P(0,0,0,¢) to e = 0 by imposing the condi-
tion that lim. o P(0,0,0,¢) = 0. In order to compute the limit lim._, P(0, 0,0, )
we note the fact

2 \ 2 2
L = _
\/1—bi2(x—1)2 \/1—bi2(x—1)2 \/1—52
= —x + O(2?) (2.13)

as x — 0, where \y is defined in (1.6). Using this fact we obtain
lif% Pi(0,0,0,¢) = —(A1 + A2)p1p2 + Aipowe + Awy,
and

lir% P5(0,0,0,¢) = alp; — a(A + A2)p1p2 + adipaws + Aws.

Hence, the condition lim. . P(0,0,0,¢) = 0 implies the following linear sys-
tem for wq, ws.

Aw1 + /\1p2w2 - ()\1 + Az)plpg = O, (214)

Aw2 —+ a)\1p2w2 - a()\1 + )\g)plpg + CLApl = 0. (215)

We establish the following lemma about asymptotic behaviors of the solutions
wy, Wo € Y,.



Lemma 2.1 Let Cy,Cy be the numbers introduced in (1.9), (1.10) respec-
tively. Then, there exist radial solutions wi(|z)),w2(|z|) of (2.14)-(2.15),
belong to Yy, and satisfy the asymptotic formula in (1.7) and (1.8) respec-
tively.

Proof: From (2.14)xa—(2.15) we obtain
Aawy, —wqy — apy) = 0.

We seek wq, wy with aw; — ws — apy € Y,. Then, it follows that aw; — wy —
ap; =constant by ([1], Proposition 1.1). We choose this constant= 0. Then,
pawy = apewy — apype. Substituting this into (2.14) we obtain the following
reduced system for wq, ws.

Aw1 + a)\1p2w1 = [(a + 1))\1 + )\Q]plpg, (216)

wy = awy — ap;. (2.17)

Let us set f(r) = [(a + 1)A\1 + A2]p1p2.
Then, it is found in [1, 4] that the ordinary differential equation(with
respect to r), (2.16) has a solution wq(r) € Y, given by

W {/ 0s(5) 1_8 O d)lfi)r} (2.18)

1(r) = Gf) = [ tes oy

where ¢¢(1) and w;(1) are defined as limits of ¢¢(r) and wq(r) as r — 1.
From the formula (2.18) we find that

with

"4\ T
wy(r) = 900(7”)/2 (1 i_ ;) gds + (bounded function of r)  (2.19)

as r — 0o, where

I(s) = [(a+ DA + A / o)t (1) pa(t)dt.

Since o(r) — —1 as r — oo, (1.7) follows if we show

I = I(oo) = [(at DA + Al / " po(ryrp(r)pe(r)dr

_ 8[(a+ 1)A1 + A]N!(1 —aN) _

a?h Hi:l—N (% + k)




Indeed, substituting 7% = ¢ in the integrand of I, we have

/ 4[(a+ DA+ A9 /°° (1—t)tV "
CL)\l 0 (1 —+ t)3+%
[ oo N 00 N+1
_Afla+ DA+ A / t 2dt_/ t L
aX | Jo (1+ t)3ta o (1+t)3Fa
I CES S N (N4
aiy _H2=2—N (5 +k) Hi:l—N (3 +k)
|
_ 4a +21)/\1 +2/\2]N. F F1-N-(N+ 1)}
ar [Thoy w (5 + k) a

_ 8[(a+ 1)\ + X N!(1 — aN) —C (2.20)
a’) Hi:l—N (% + k) ) |

The formula (1.8), on the other hand, follows from (2.18), observing Cy =
aCy, since py(r) = O(1) as r — oo. This completes the proof of Lemma 2.1.

O

Now we compute the linearized operator of P. By direct computation we
have

c 0G| 4 a4

c—0 85]_ aplgo-‘r? c—0 652 ap1¢_7
6=0 §=0

e e

0 851 . - p2g0+7 20 662 o - p2907.

Let us set P, . 5(0,0,0,0) = A. Then, using the above preliminary compu-
tations and 2.13, we obtain

Ai[vr,v2, 8] = Avy + Aipavy

1
+4 {(1 + 5)(/\1 + A2)p1p2 — Aipaws | (011 + w_[a),

and

Asz[vr,v2, B] = Avg + a1 pave
+4[(1+ a)(A1 + X2)p1p2 — adipaws] (11 + @)
—4Ap1 (¢4 81 + o 2)].

For the linearized operator A[-] we will establish the following key lemma.



Lemma 2.2 The operator A : Y2 x R? — X2 defined above is onto. More-
over, the kernel of A is given by

KerA = Span{(1,0); (55, 02): (2 00)} x (0,0} (2:21)

Thus, if we decompose Y2 x R? = U, ® Ker A, where we set U, = (Ker A)*,
then A is an isomorphism from U, onto X2.

In order to prove the above lemma we need the following:

Proposition 2.3 Let wy € Y, solve (2.14)-(2.15), then

I = /R2 (14 a)(M + Xo)p1p2 — adipaws] ©F dx
- /}R Aprp+)prdz # 0. (2:22)
Proof: Integrating by part, we obtain
Iy = . {{(a+1)(A\1 + X2)p1p2 — adiwaps]t — prps Ay} dx
= /RQ[((% + DA+ (a4 1)) p1p2 — ajwaps]pide, (2.23)

where we used (2.21 Apy = —aApep+. (Note that L = A + aA1ps.) Below
we list useful formulas, which can be checked by elementary computations.

1 cos? 6
2 [ —

PipP2 = 16L202 { SiIl2 0 } ) (224>

s _ a1 cos? 0
YL = 3 r 02{ sin2 0 }7 (2-25>
Apy = aX (2r* — 1)p3, (2.26)

Also, from (2.15), we have

L'U}z = CL()\l -+ )\2)p1p2 — aApl. (227)

Using (2.24)-(2.27), and integrating by parts, we transform the integral suc-

10



cessively as follows.

cos?d

2m
I. = / [(2a + 1)\ + (a + 1)Ag)p1papidr — —/ / wa(Laps) { . o }d@rdr
R2 sin” 6

2 (a\[(2a + DA + (a+ 1) a\ cos®
= / / { 1 81 ( )A2] r2ppt — —— T (ng)pg}{ sin2 0 }dé’rdr

al| 2a—|—1)\+a+1)\ a
{ 1 1+ ( ) 2]7,2/)1,03_ [ (A1 + A2)p1p2 — alApi]p }rdr

16
a] 2a+1)\+a+1)\ @M (A + A a®A
{ 1l 1+ ( ) 2]7,2/)1/)3_$plp§+—lplAp2}rdr

16
al| 2a+1)\+a+1)\ a*Ai (A + A
{ ] 1+ )2 2,01P§_—1(116 2)p1p§

3)\2
16
_ )\1@[)\]_((1 -+ 1) + )\Q]ﬂ_ / [2(@ + ]_)7“2 — a]plpgrdr

16
(a4 1)+ Xo]m [ [2(a+ 1)r? — a]r2NH
a\ (1 —|—r2)%+4
2(CL + 1 tN+1 atN
A (

)
1_|_t)%+4 (1+t)%+4

+

L(2r? — 1)p1p2} rdr

dr (Setting r? = t)

0
2[/\1(a+1 —|—>\27T >
a

°)
°

)
)

2\ (a+ 1)+ Xo]m | 2(a+ 1)(N + 1)! aN'!
a/\1

Giow G k) Ty (2+4)
2[)\1(& + 1) + )\2]7TN

- T k)- [2(a +1)(N+1)—a (% +2— N)}

2[Ai(a+1) + Ag]m(3a +2)N - N!
aXi Hk 2— N( + k)
This completes the proof of Proposition 2.3. [J.

(2.28)

We are now ready to prove Lemma 3.1.

Proof of Lemma 2.2: Given (f, f2) € X2, we want first to show that there
exists (v,n) € Y2, 8= (631, 2) € R? such that

A(Ul7?4)276) = (flan)) (229)
which can be rewritten as

Avy + A pavs

+4 (1 + 2)()\1 + X2)p1p2 — Aipaws | (0451 +0_B2) = f1, (2.30)

11



and

AUQ + a)\lpgl)g +4 [(1 + CL)()\l + )\2)p1p2 - a)\lpng] <30+ﬁ1 + @_62)
—4A[p1(p+ 01 + p-Po)] = fo. (2.31)

Let us set

1 1

- d -
b AT, R2f2%0+ T, B2 Al Jy

fap_dz, (2.32)

where I > 0 is defined in (2.22). We introduce f by
fo=fo— Brps — Bap_. (2.33)

Using the fact fozw o p_df =0, we find easily

fopsdz = 0. (2.34)

]RZ
Hence, by (2.12) there exists vy € Y, such that Avy+ aXipavy = f~2. Thus we
have found (vq, 81, 32) € Y, x R? satisfying (2.31). Given such (vy, 81, 32),

in order to construct v; € Y, satisfying (2.30), we consider the following
equation, obtained by (2.30) x a — (2.31),

A(avl — Uy + 4,01g0+ﬁ1 + 4p1g0_ﬁ2) = af1 — fg. (235)
For any harmonic function h(x) the function
1
(o) = 5= [ e = ylasi) = Fn)dy
1
+5(U2 —Ap1p B — dp1p_B2) + ha(x) (2.36)

satisfies (2.30). The requirement v; € Y, implies h(z)(z) =Constant thanks
to Proposition 2.1(i).. We have just finished the proof that A : Y2 xR? — X2
is onto.
Now it is easy to check that the restricted operator(denoted by the same
symbol), A : U, — X2 is one to one. We omit the details.

This completes the proof of the lemma.[]

We are now ready to prove our main theorem.

Proof of Theorem 1.1: Lemma 2.2 shows that P, . ;(0,0,0,0) : Uy —
X, x X, is an isomorphism for a € (0, %) Then, the standard implicit func-
tion theorem(See e.g. [24]), applied to the functional P : U, X (—¢&¢,&¢) —
Xo X X, implies that there exists a constant £; € (0,e0) and a continuous
function € +— 7 1= (v]_,v5_, %) from (0, &;) into a neighborhood of 0 in U,
such that

P(ui_,uy,.,07,¢) = (0,0), forallee(0,er).

12



This completes the proof of Theorem 1.1. The representation of solutions
uy, Uy, and the explicit form of pf 5. (2), plk.(z), , together with the asymp-
totic behaviors of wy, wy described in Lemma 2.1, the fact that uy _,u5 . € Y,
combined with Proposition 2.1, implies that the solutions satisfy the bound-
ary condition in (P). Now, from Proposition 2.1 we obtain that for each
J=12,

uj.(2)] < Clluj v (In™ 2| + 1) < Cll¢e v, (In™ 2] + 1). (2.37)
This implies then
|4} (e2)| < Cl|vellv, (I Jex| + 1) < C|voe|y, (In™ |2] + 1).

From the continuity of the function ¢ +— 1. from (0, &) into U, and the fact
5 = 0 we have
[¢:|lp, =0 ase—0. (2.38)

The proof of (1.11) follows from (2.37) combined with (2.38). This completes
the proof of Theorem 1.1[]
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