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Abstract

Polymeric fluids arise in many practical applications in biotechnology, medicine, chemistry,
industrial processes and atmospheric sciences. In this article, the Doi model for the suspensions
of rod-like molecules in a compressible fluid is investigated. The model under consideration
couples a Fokker-Planck-type equation on the sphere for the orientation distribution of the rods
to the Navier-Stokes equations for compressible fluids, which are now enhanced by additional
stresses reflecting the orientation of the rods on the molecular level. The coupled problem is
5-dimensional (three-dimensions in physical space and two degrees of freedom on the sphere)
and it describes the interaction between the orientation of rod-like polymer molecules on the
microscopic scale and the macroscopic properties of the fluid in which these molecules are
contained. Prescribing arbitrarily the initial density of the fluid, the initial velocity, and the
initial orientation distribution in suitable spaces we establish the global-in-time existence of
a weak solution to our model defined on a bounded domain in the three dimensional space.
The proof relies on the construction of a sequence of approximate problems by introducing
appropriate regularization and the establishment of compactness.
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1 Introduction

The evolution of rod-like molecules in both compressible and incompressible fluids is of great sci-
entific interest with a variety of applications in science and engineering. The present article deals
with the Doi model for the suspensions of rod-like molecules in a dilute regime. The model under
consideration couples a Fokker-Planck-type equation on the sphere for the orientation distribution
of the rods to the Navier-Stokes equations for compressible fluids, which are now enhanced by ad-
ditional stresses reflecting the orientation of the rods on the molecular level. The coupled problem
is 5-dimensional (three-dimensions in physical space and two degrees of freedom on the sphere)
and it describes the interaction between the orientation of rod-like polymer molecules on the mi-
croscopic scale and the macroscopic properties of the fluid in which these molecules are contained.
The macroscopic flow leads to a change of the orientation and, in the case of flexible particles, to a
change in shape of the suspended microstructure. This process, in turn yields the production of a
fluid stress. In this paper, we consider the Doi model for a compressible fluid in a bounded domain.
The derivation of the system under consideration is described below.

A smooth motion of a body in continuum mechanics is described by a family of one-to-one
mappings

X(t,):Q—=Q, tel.

The curve X (¢, x) represents the trajectory of a particle occupying at time t a spatial position x
and this curve is completely determined by a velocity field u : I x © — R? through

0
aX(t,a:) =u(t,X(t,z)), X(0,a)=a.

Then, the conservation of mass can be formulated as follows:

d

— p(t,z)dr =0, B C,
dt Jx,B)



where p is a nonnegative function that corresponds to the density of the fluid. This equation is
equivalent to

4 p(t, z)dx +/ p(t, z)u(t,z) - n|dS = 0,

dt Jp 0B
where 7 is the unit outer normal vector on 0. If p is smooth, one can use Green’s theorem to
deduce the following continuity equation:

pt + V- (up) =0. (1.1)

We next obtain equation of motion by applying Newton’s second law of motion as follows:

k]
dt Jx(,B)

p(t, z)u(t, z)dx = /

p(t,x)F(t, z)dx + / t(t, z,n)dS.
X(t,B)

89X (t,B)

Then, we have

p(t, x)u(u, x)dx —|—/

8B(pu)(t,:c)[u(t,av)-ﬁ]dS:/Bp(t,ac)F(t,nr:)alav—i—/8 t(t,z,n)dS. (1.2)

dt Jp B

For the simplicity, we take F' = 0. The stress principle in continuum mechanics can be addressed
through the fundamental laws of Cauchy: there is a symmetric stress tensor T(¢, ) such that

t(t,z,n) = T(t,z)n.

Therefore, (1.2) becomes

7 Bp(t,w)u(u, x)dx + /8B(pu)(t,a:)[u(t,x) -n}dS = - T(t, x)ndS. (1.3)

By applying Green’s lemma to (1.3), we finally have

8’]1‘,7'
. 1.4
- (1.4)

3
(pu)t + V- (pu®@u) =V -T, (V-T)izz
j=1

The stress tensor T of a general fluid obeys Stokes’ law:
T =S — plsxs,

where p is the pressure and S is the stress tensor. Let us determine S and p in our model. The
pressure p is of the form

p:ap’y7 ")/> 5 (15)

S consists of two parts:
S=S51+ S,

where S; is the viscous stress tensor generated by the fluid

St = ,LL(VU + (Vu)t) + AV - u)l3xs,



and So is the macroscopic symmetric stress tensor derived from the orientation of the rods at the
molecular level. The microscopic insertions at time ¢ and macroscopic place z are described by the
probability f(¢,x,7)dr. The suspension stress tensor Sy is given by an expansion

So(z,t) = oW (z,t) + o B (2, 1) + 0P (2,1),

where

oW (t.2) = / (37 @ 7 — Ts) f(t, 2, 7)dr,
SQ

o (t,2) = —0) (t, )3y, with o} (t,2) = /S 2 V2D () f(t,x,7)dr,

and
0@ (t,2) = 0\ (t,2)[3x3, with ag’)(t,:c):/ / v (1) f (2, m) f(t, 2, 7o) drids.
52 JS2

This, and more general expansions for Sy are encountered in the polymer literature (cf. Doi and
Edwards [3]). We refer the reader to the articles by Constantin et al [5], [0], where a general class
of stress tensors is presented in the context of incompressible fluids.

@ .3

The structure coefficients in the expansion v, 5, arein general smooth, time independent,

x independent, and do not depend on f. Assuming for simplicity that

5 (1) = (m) =1

and denoting
nt.x)= [ f(t,z 7)dr
S2
the suspension stress tensor Sy takes the form

SQ({L‘,t) = U(l)(l‘,t) — 17]13><3 — 772]13><3. (1.6)

In this setting, f describes the time-dependent orientation distribution that a rod with a center
mass at x has an axis 7 in the area element d7 and it is described by a compressible Fokker-Plank
type equation,

£+ V- (uf) + Ve (PoVurf) — D:A-f — DAf =0, (1.7)

where P.1(V,ur) = Vyur — (1 - V,ur)7 is the projection of Vur on the tangent space of S? at
7 € S%2. With V, and A, we denote the gradient and the Laplace operator on the unit sphere,
while V and A represent the gradient and the Laplacian operator in R3.

The second term V- (uf) in (1.7) describes the change of f due to the displacement of the center
of mass of the rods due to macroscopic advection. The term V. - (P..Vurf) is a drift-term on
the sphere, which represents the shear-forces acting on the rods. The term DA, f represents the
rotational diffusion due to Brownian motion. This effect causes the rods to change their orientation
spontaneously, whereas the term DA f is the translational diffusion due to Brownian effects.

By integrating (1.7) over S2, we can obtain the equation of 7:

ne+ V- (un) — DAn = 0. (1.8)



By substituting (1.6) and (1.5) to (1.4), the equation of motion becomes
(pu): + V- (pu @ u) — pAu — AV(V - u) +aVp) + V2 =V -0 — Vn. (1.9)

In sum, after normalizing all the constants by 1 for the sake of simplicity, we have the following
system of equations:

pt+V-(pu)=0 in (0,7) x Q, (1.10a)
(pu)i + V- (pu@u) —Au—V(V-u) +Vp ' +Vn  =V.-0—-Vn in (0,T)xQ,  (1.10b)
fi +V - (uf) +Vy - (Por(Vour)f) = Arf —Agf =0 in (0,T) x Q x S2, (1.10c)

where 2 is a bounded domain and we impose Dirichlet boundary conditions to u, f, and 7:
u=0, f=0,and n =0, ondfl.

In the sequel, we construct a sequence of approximating problems by regularizing the equations by
extending functions to be zero outside (). Prescribing arbitrarily the initial fluid density, the initial
velocity, and the initial orientation distribution in suitable spaces, we establish long-time and large
data existence of a weak solution. Since the definition of a weak solution and the main result are
rather complicated, they are stated in Section 2.

Related results on the Doi model for the suspensions of rod-like molecules in incompressible

fluids have been studied by many authors. We refer the reader to Constantin [5, 6, 7], Lions
and Masmoudi [14, 15], Masmoudi [16] and Otto and Tzavaras [19] for results on related models
on the whole space. In [I] the authors treat the Doi model for an incompressible fluid within

a bounded domain in the 3-dimensional space and establish results on the global existence of
solutions. For compressible models, related results have been presented in a series of articles. We
refer the reader to Carrillo et al [2, 3, 1], Goudon et al [11, 11, 12], and Mellet and Vasseur [17, 18],
where asymptotic, analytical and numerical results on related fluid-particle interaction models are
discussed. These articles deal with models coupling the Stokes, Navier Stokes or Euler system
with either the Smolukowski equation or Fokker-Planck equation. What distinguishes the model
presented in this article, besides the general type of the stress tensor under consideration, is the fact
that, unlike other models, the Fokker-Planck-type equation presented here takes into consideration
in addition to the Brownian effects the presence of the shear forces acting on the rods. This new
element yields a new equation for the entropy induced by the probability density function f in the
microscopic level and therefore new apriori estimates. We refer the reader to Appendix 1 for the
derivation of equation of the entropy .

The paper is organized as follows. In Section 2, we introduce the notion of a weak solution of the
system (1.10), and we state the main results; compactness (Proposition 2.3) and existence (Theo-
rem 2.2). In Section 3, we prove various convergence results and we provide a formal proof of the
strong convergence of p under better assumptions. This formal convergence argument is recasted
in Section 4, where the strong convergence of p is proved by using suitable cut-off functions in the
renormalized equation of p. In Section 5, we generate an approximate sequence of weak solutions
in three steps. (i) We first regularize the equation of p, which corresponds to the regularization of
p% + pu -V in (1.10b). We also regularize u in the equation of f which requires to regularize n
and o in the right-hand side of (1.10b). Before regularization, we extend equations to zero outside
Q. (ii) Next we add nonlinear damping terms to the equation of p and 7 to increase integrability
of p and 7. (iii) We finally truncate p” and n? to increase regularity of {p,u,n}. By passing to the



limits in sequences, we can prove Theorem 2.2.

Notations: e LP(0,7; X) denotes the Banach set of Bochner measurable functions f from (0,7)

1

to X endowed with either the norm (fOT Hg(-,t)”%dt) ? for 1 < p < 00 or sup llg(+,t)||x for p = occ.
t>00

1

In particular, f € L"(0,T; XY) denotes (fOT 1(1F @)y Hg’(dt) " or sup [| (170 for p = oo.

e A < B means there is a constant C' such that A < CB.

® X Ceomp Y means that X is compactly embedded in Y.

e [ x is the indicator function which is 1 for x € X and 0 otherwise.
e C(T) is a function only depending on initial data and 7T'.

e — and — denote weak limit and strong limit, respectively.

2 Definition of weak solution and main results

2.1 A priori estimate

Before introducing the concept of a weak solution of the system (1.10), let us present the energy
estimate. Multiplying (1.10b) by u and integrating over 2 we get

d plul? P’ 2 2 2 2
% Q[ 9 +7_1+7]]dm+/g[|Vu| +|Vu| +2|V’I’]‘]dl’

(2.1)
:—/Vuzadx—i—/(v-u)ndx.
Q Q
Next we introduce an entropy induced by f in the microscopic level. Let
vits) = [ (Fln )t 7)dr
S2
Then, v satisfies
Y+ V- (uth) — AY + 4/ V2T + 4/ IV f2dr = Vu:o0 — (V- u)n. (2.2)
52 52

For the derivation of (2.2), we refer the reader to Section 6.1. Integrating (2.2) over 2, we obtain

Ccllt/ﬂlﬂdx—l-ll/g;/sz vaﬁ\Qdex+4/§2[qQ yv\/?|2drdx—/gvu:adx—/g(v.u)ndx. (2.3)

By adding (2.3) to (2.1), we have

d 2
[p|;‘| + L 1+n2+zp}dm+4// \VT\/ﬂQdea:—i—4// \V/fPdrdx
QJS2 QJS2

dt Jo v-
—I-/ [!Vu|2—|—|V-u|2+2|V77|2}d:U:0.
Q

(2.4)

In particular, 7 is bounded in L°°(0,T; L?(2)) N L?(0,T; H'(2)), which cannot be obtained derived
from (1.8) in the three dimensions. From (2.4), we can obtain various estimates of {p,u, f,n,0}.
First,

plul> € L0, T; L' (Q)), p€ L>®(0,T;L7(R)), Vue L*0,T;L*(Q)),

¢ € L®(0,T; LY()), ne L®0,T;L*Q))NL*0,T; H(Q)). (25)

6



By expressing pu as |/p - \/pu, we have
pu € L0, T; L1 (1)) (2.6)
From the entropy dissipation,
V€ L20,T; LA(Q)H' (S*) n HY(Q)L*(S?)) < L*(0,T; L*(Q)LY(S%) N LE(Q)L2(S?)),
which implies that

fe L' (0,T; LY () L*(S*) N L*(Q)L'(S?)) c L'(0,T; L*(2 x S?)). (2.7)
Since |o(t,x)| < 3/52 flt,z,7)dr = 3n(t, x),

o€ L0, T; L3(Q)) N L>(0,T; L*(Q)). (2.8)

We next estimate the derivative of o by using the entropy dissipation.

Vot <3 [ IVitaniirs| [ \vﬁﬁdﬂ;[/@(ﬁﬁm]% -1/, vV/TRar] ok,
Since 2 € L=(0,T; L*(Q)) N L2(0, T; L5(Q)),

Vo € L0, T; L2(Q)) N L0, T; L3 (). (2.9)

2.2 Definition of weak solution, main result

We now define a weak solution of the system (1.10). By a notational abuse, we include n and o in
the definition of weak solution.

Definition 2.1 We say that {p,u, f,n,0} is a weak solution of the system (1.10) if
(i) (1.10a) holds in the sense of renormalized solutions, i.e.,

b(p)e + V - (b(p)u) + (b (p)p — b(p))V - u =0 (2.10)

for any b € C' such that |b' (2)z| + |b(z)| < C for all z € R.
(i) (1.10b) and (1.10c) hold in the sense of distributions.
(i1i) Moreover, {p,u, f,n,0} satisfies the following energy inequality:

/Q[p|2u|2+'Ojl+772+¢}(t)dx+4/0t/9/52’VT\/ﬂQdexdt

Y

t t
+4/ // !V\/?I2d7d:cdt+/ / [|Vu\2+|V-u!2+2|Vn|2}dxdt (2.11)
0 JOQJS? 0 JQ

2 Y

U,

§/[p°’ o P +n§+w0]da:
Q 2 v—1




Remark 1 (1) The central difficulty in showing the existence of a weak solution in the theory of
compressible fluids is typically the dependence of the pressure on nonlinear terms, for instance p7.
From the a priori estimate, we have p € L>=(0,T; L7(R2)), which is not enough to pass to the limit
to Vp? in the sense of distributions. The issue is resolved by showing that p satisfies a better
integrability condition by choosing appropriate cut-off functions in the renormalized form (2.10) in
the spirit of Feireisl [I] (see also Lions [13]). Note that in the present context the suspension stress
tensor depends on the density of the particles in a nonlinear way as well. In this case, the regqularity
of n, n € L?(0,T; HY(Q)) enables us to handle the nonlinearity.

(2) The main additional difficulties in the present context involve the presence of two nonlinear
terms in the equation of f. In fact, letting x € C°(2 x S?) we obtain from the advection term

V- (uf),

/ V- (u(”)f(”))xde:n = —/ uﬁ“) [/ Omxf(”)dT} dz, (2.12)
QJS2 Q 52
whereas from the shear term ¥V, - (P, (Vaur)f), we get
(n)
/ Vo (P (Vo™ 1) f) drda = — [ 24 [ 7 f<“>a—"d¢} dz. (2.13)
0 Js2 Q 8.%'] S2 87’i

To pass to the limit in (2.12) and (2.13), we need to show that

/ O f M, / LA
S2 S2 aTi

converge strongly in L*(0,T; L?(SY)). This is proved in Section 3.

(8) In order to pass to the limit to linear terms in the equation of f, we only need f €
LP(0,T; LY(2x S?)) for somep > 1 and q > 1. Since f € L>=(0,T; L*(Q2xS?))NLY(0,T; L*(2x S?)),
we can choose, for example, f € L2(0,T;Lg(Q x S?)).

We now state the main result of the paper.

Theorem 2.2 Let v > % and Q be a C* bounded domain. Assume that a sequence {po,uo, fo, 70}
satisfies

2
po € L'ALY(Q), poug =mo € L11(Q), foe LY Q% 52), o€ L*(),
2 2 (2.14)
"0 cLNQ) for po#0, D=0 for py=0,
Po Po
Then, there exists a weak solution {p,u, f,n,c} of the system (1.10) satisfying (2.14) at t = 0.
Moreover,

pe Q% (0,T), p= gy Y (2.15)

The proof of Theorem 2.2 consists of two parts. First, we prove the compactness of an approxi-

mate sequence {p", u", f*,n", 0" },>1 under the assumption y > % in Section 3 and 4. We state the

detailed statement in Proposition 2.3 below. Secondly, we construct an approximate sequence of so-

lutions through regularizing equations in Section 5. The reader should contrast the approximating
scheme presented here with the schemes presented in [4], [10] and [13] for different models.



We begin with the compactness result. Suppose there is a an approximate sequence of solutions
{p",u™, f*,n", 0" }p>1 such that

{p"} is bounded in L>®(0,T; L' N LY(Q)), {p"u"|?} is bounded in L>(0,T; L*(2)),

{u"} is bounded in L?(0,T; H'(Q)),

{f"} is bounded in LQ(O,T;Lg(Q x 5%)),

{n™} is bounded in L>(0,T; L*(Q)) N L*(0,T; H(Q)),

{o"} is bounded in L*(0,T; L*(Q)) N L(0,T; L3(Q))

{Vo"} is bounded in L'(0,T; L2 5

(2.16)

(2)) N L*(0, T; L5 ().
Then, we can extract a subsequence, using the same notation, {p", u”, f*,n", 0™ },>1 such that

pt—p in LY(Q x (0,T)) and p € L>(0,T; L' N L7 (Q)),

Voru" — v in L2(0,T; L*(Q)) and v € L>(0,T; L*(Q)),

Wi AO0,THNQ), VAT~ B in L@ % (0,T)),
2y 2y

pltu = m in L1 (2 x (0,7)) and m € L*(0,T; L +1(Q))

p”ufu? — ¢;; in the sense of measures and e;; is a bounded measure, (2.17)

Fr s f in L2(0,T; L5 (Q x S2)),

n" —n in L*(0,T; H'(Q)) and n € L>°(0,T; L*(Q)) N L*(0,T; H'(Q)),

0" — o in L*(0,T;L*(Q)) and o € L>=(0,T; L*(Q)) N LY(0,T; L3(Q)),

Vo™ = Vo in L*0,T;L35()) and Vo € L*(0,T; L2(Q)) N L2(0,T; L3 ().

Proposition 2.3 (Compactness) Let v > 3 and Q be a C' bounded domain. Assume that the
energy inequality (2.11) holds for a sequence {p",u", f™,n™, 0" }pn>1. Then, limit functions in (2.17)
satisfy the followings.

(i) v = \/pu, m = pu, e;j = pu;u;.

(i) n" converges strongly to n in L2(2 x (0,T)), and o™ converges strongly to o in L*(Q x (0,T)).
(iii) p™(n™)? converges to pn* in the sense of distributions.

(iv) p and u solve (1.10a) in the sense of renormalized solutions.

(v) If in addition we assume that pf converges to po in LY(Q), then {p,u, f,n, 0} is a weak solution
of (1.10) such that

Pt — p in LYQ % (0,T))NC([0,T]; LP(Q)) for all 1 <p < 7. (2.18)
(vi) Finally, we have the following strong convergence:

27y

v+
u" —u in LP(Q x (0,T7))N{p >0} forall 1 <p<2, (2.19)

u" = u in L*(Q % (0,T))N{p> 6} forall § >0,

pruiu} = puguy in LP(0,T; L)) for all 1 <p < oc.

ppu’ — pu in LP(0,T;L"(Q)) forall 1 <p<oo, 1<r<

We will prove this proposition in Section 3 and 4.



3 Proof of Proposition 2.3 (i), (ii), (iii), formal proof of (v), and
(vi)
3.1 Proof of Proposition 2.3. (i)

We begin with the proof of Proposition 2.3 (i). To this end, we need the following lemma.

Lemma 3.1 [13] Let g" and h™ converge weakly to g and h respectively in LP'(0,T; LP2(Q2)) and
L1(0,T; L%2(Q2)), where 1 < p1,pa < 00, p% + q% = p% + q% = 1. Suppose

Eg” is bounded in  L'(0,T; W~"1(Q)) for some m >0 independent of n,

A" = B" (- + & D)l a1 (0,13192(02)) — O as [€] = 0, wuniformly in  n.

(3.1)

Then, g"h™ converges to gh in the sense of distributions.

We would like to apply Lemma 3.1 to A" = u™ with ¢y = 2 and ¢ € [2,6), and g" = p", p"u",

or g" = /p™.
e First, we need to show that {p"} is bounded in L?(0,T;LP), p > S. But, this is clear because
Pt e L>0,T; L7(Q)), v > % > g. Next, from the equation of p,
(") = —V - (p"u™) is bounded in L(0,T; W™ 13%1(Q)) € L0, T; W11 (2)).
Therefore, m = pu.
e Since u™ € L?(0,T; L°(Q)),
1 1 2 1
pnun€L2(07T;LP(Q))7 7:7+6<§+7:7'
Next, from the equation of motion,
(P"u™); = =V - (p"u" @u") + Au" + VV - u" —V(p") = V(") + V-0 — V"
C L0, TsWHH Q) + L2(0, T3 HH () + L&(0, T; W11 ()
is bounded in L'(0, T; W—11(Q)).

Here, we use the fact that (n™)%, o™, and n" are bounded in L>(0,T; L'(Q2)). Therefore, e =
meu=puQ u.
e \/p" satisfies that

STV () =~ (VW

from which /" is bounded in L*(0,T; W~12(Q)) + LQ(O,T;L%(Q)) c LYo, T;w=LtL()).
Since 1/p" € L>®(0,T; L*7(Q)), 2y > g, we conclude as above that v =, /pu.

3.2 Proof of Proposition 2.3. (ii)
To show the strong convergence of " and ¢”, we need the following lemma.

Lemma 3.2 [20] Let X, B, and Y be Banach spaces such that X is compactly embedded in B
and B is a subset of Y. Then, for 1 < p < oo, {v;v € LP(0,T; X),v; € L'(0,T;Y)} is compactly
embedded in LP(0,T; B).

10



e Strong convergence of n": First,
np ==V - (') + An" € L'0,T; W—HH(Q)) + L*(0, T; W~ H(Q)) € L0, T; W—1H(Q).
Since HY() Ceomp L2 () € WLL(Q),
n" —n in L?(0,T; L*(Q)). (3.2)

e Strong convergence of ¢": First,
oy — /52(3T &7 — Tans) folt, @, 7)dr

= [ Gr® T L) [~ V- () = Vo (P (Vour)f) + Arf + Afdr

=-V - (uo) — /32 [V:- B @71 —1I343)] - [(Vur) fldr + /52 V- Br @7 —1I3x3)] - [V, fldT + Ac

SIV - @)l +[Vuln-+ [ [9-fldr+ |Ao]

e L'(0,T; W11(Q)) + L0, T; L1 (Q)) + L'(0, T; L2 (Q)) + L (0, T; W13 ()

c LYo, T;w=Li(Q)).

From Vo € LY(0,T; L3(2)) N L2(0,T; L%(Q)), we have, for example, Vo € L%(O,T; L%(Q)) From
WL (Q) Ceomp L2(Q) € WH1(0), we have

o™ = o in L2(0,T;L3(Q)).

Since {o™} is uniformly bounded in L®°(0,T; L?*(f2)), o™ — o in LP(0,T; L?(Q2)) for all p < oco.
Therefore,

0" — o in L*(0,T;L*(Q)). (3.3)

0
e Strong convergence of/ 8xixf(”)d7, / ij(”)a—XdT: We note that these two terms are of
S2 S2 Ti

the form sf™dr, where ¢ € C°(Q x S?), and / ¢f™dr and their time and spatial derivatives
S2 S2

satisfy the same bound of o. Therefore, these two terms converge strongly in L2(0,T; L?(f)) as

well.

3.3 Proof of Proposition 2.3. (iii)

To show (iii), we need to show (7™)? converges strongly in LP(0,T;L4(f2)) for some p > 1 and q
such that % + % < 1. Given vy > %, we take € > 0 such that % = % — €. Then, for 6 =1 — ¢,
ln"™ — 77HLI’(O,T;L§(Q)) <™ - T]H}/;(G()’T;Lﬁfé(g)) ln™ — 77||6LOO(0,T;L2(Q))7

where
1—c¢

1 1
P 27§ 6-20 2
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Since H(Q) Comp L5720(Q) for any 6 > 0,
n" —n in LP(0,T;LI(5)).
Let p = %’ and ¢ = %—. Then,
(n")? = n* in LP(0,T; L)), (3.4)

where %—I—% < 1 by taking § < 3e. Therefore, p™(n™)? converges to pn? in the sense of distributions.

3.4 Proof of Proposition 2.3 (v): formal proof on the whole spaces

Before proving Proposition 2.3 (iv) and (v), we provide a formal proof of the convergence of p" on
the whole spaces under a stronger assumption:

{p"} is bounded in LYT((0,T) x R*) N L>®(0,T; L*(R?)), s> 3. (3.5)
For details of the proof, see Section 6.2. From (1.10a),
(plog p)t +V - (uplog p) + (V- u)p = 0. (3.6)
Next, we take (—A)~1V- to (1.10b). Then,

d

SRV ()| + (=2)71 905 (pusy) +29 - u— 07 =i = (~8) 7V (V-0 = V),

from which we have

2w =~ S [(~8) 7V - (pu)] — (~8) 0y pusey) + 7+ (<) (V0 — V). (3.7

By (3.6) and (3.7),
2 [(plog P+ V- (wlogp)} +p7 = —p[(—A)”V (V-0o— vn)} — pn?

d

(3.8)
+ n [(—A)—IV . (,Ou)} F V- (pu)(—A) IV - (pu) + p(—A) 18,05 (pusuy).

Since

we rewrite (3.8) as follows.
2 [(p log p)¢ +V - (uplog p)} +p
= o = [V (Vo I + L [o(-2) 1Y - (o) (3.9)

+V - [pu(=2)719 - (pu)| + p[(—2) 100 (puig) — w- V(=A) TV - (pu)].

12



Suppose that (3.9) also holds for {p", u", f*, 0", 0" }n>1.
2 [(p" log p™)e + V- (u"p" log p”)} + (p")H
_ n n dr ., _ n
= =" (") = p" [ (=A) IV (V0" = V") |+ 2 | (=) TV - (o) (3.10)

TV (= A) TV ()| " | (- A) T (o ) — - V(= A) T (o)

Let s be a weak limit of p™log p™. By taking the limit of (3.10) for n — oo,
2[§t +V- (u§)} + prtt
= o~ p[(-A) IV (Vo V)] + 2 [o(-8)7 (o) (3.11)
+V- [pu(—A)*lv : (pu)} + p[(—A)*laiaj(puiuj) - V(-A)TY (pu)} ,
where we use Proposition 2.3 (iii). Next, we take the limit to (1.10b).
(pu)i + V- (pu@u) — Au—V(V-u) + VT + V> =V -0 — Vn, (3.12)

where we use Proposition 2.3 (ii). Let s = plogp. By following the same calculations above, we
have from which we obtain that

2[8,5 +V. (us)} + pp?
= o =[-8V (Vo I + L [o(-2) Y - (o) (3.13)
+ V- [pu(=2)719 - (pu)] + p[(—2) 100 (puiy) — w- V(=A) 1V - (pu)].
Comparing (3.11) and (3.13), we have
(E—s)t—i-v-(u(?—s))—l—%[m—pﬁ} ~0. (3.14)

Since

5<s, Pt >pp7 ae.,
4 / (5§ — s)dx <0, while /(50 — sp)dxz = 0.
dt Q Q

Therefore, 3 = s almost everywhere, and p" converges strongly to p in C([0,7]; L' (f2)).

Remark 2 In Section /, we show the strong convergence of p" in C([0,T]; L*(Q)) using (2.10)
with appropriate cut-off functions approximating plog p.

3.5 Proof of Proposition 2.3 (vi)

We now prove Proposition 2.3 (vi) assuming that we have already resolved Proposition 2.3 (v).
We will prove Proposition 2.3 (iv) and (v) in the next section. Let us begin with the convergence
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of p"u™. First, we show that (p"u"). converges to p"u™ in L?(0,T;L'(R?)). Here, we extended
functions to zero outside €2, and g. = g x ke and k. is the usual mollifier. Since

)

‘((ﬂ"un)e - p"un)(x)‘ - ’ / (" (y, 1) = p" (z, t) [u" (y, ) ke(x — y)dy + p" (2, t) [ul (z, 1) — u"(z,1)]
Q
we have
/ [((p"u")e = p"u") ()| d
Q
<[ [t [ 1) - e 0Pte -]

< [sup 17+ 2) = o ooy | 0" ey o)+ ™ oyl = ]| e

p—1
n % S 7 n__ ,mn
(177) [ 7 gy 1"zl =l e

|z|<e P=1(Q) LFI(Q).
Now, we choose p > g such that z% < 6. Then, ||ul — u”||L%(Q) converges to 0 as € goes to 0.
Moreover, (2.18) implies that sup [|p"(- + z) — p" | 1r(q) converges to 0 as € goes to 0. Therefore,
|2|<e

(p"u™)c converges to p"u™ in L?(0,T; L*(Q)) as € goes to 0, uniformly in n. Next, we deduce that

(p"u™) converges to (pu). as n goes to co. Since (p"u"), is smooth in x and %(p"u”)6 is bounded

in L2(0,T; H™(R3)) for any m > 0, (p"u™). converges to (pu). as n goes to oo in L'(R3 x (0,T))
2

for each € > 0. Since p"u"” is uniformly bounded in L>°(0, T IﬂTﬁl(Q)) and

[p"u"™ — pull L1 x 0,1y < lp"u"™ = (P"u"™)ell L1 @x0,m)) + 1(P"u™)e = (pu)ell L1 (x (0,1))
+[(pw)e = pull L1 @x(0,1))5

p"u™ converges to pu in L1(Q x (0,T)).
The second statement in (2.19) is immediate consequence of the uniform bound of u™ in L?( x
(0,7)).
Since
n‘2

Ppllu =P = p" " = 20" - u - p"|uf?

converges to 0 in L(Q), the third statement is proved.

Finally, three previous results implies p™u;'u’ converges to pu;u; almost everywhere, and p™u;'uy

is uniformly bounded in L®°(0,T; L' (2)) N L1(0,T; LP(Q)), ]% = % + 1 < 1. Therefore, the last
statement in (2.19) holds.

4 Proof of Proposition 2.3 (iv) and (v)

The strong convergence of {P(")}nzl can be proved by introducing a family of cut-off functions
approximating plogp in the renormalized solution setting. First, we show that p satisfies higher
integrability condition.

4.1 Higher integrability of p

We first define the inverse of the divergence operator. We denote the solution v of

V.-v=gin Q, v=0 on 0.
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by v = Z¢g. This operator J = (T1, %, J3) is the inverse of the divergence operator such that
T {g € Lp;/ gdx = 0} — Wol’p(Q),
Q

with the following boundedness property:
17 (@) lwrr) < Cllgllr@)-
If in addition g can be written as ¢ = V - h for a certain h € L" with h -7 = 0 on 052, then
17 (L) < CllbllLr@)-

We will use this operator to obtain higher integrability of p. By extending (2.10) to zero outside Q2
and regularizing it, we have,

Oub(p)e + V- (blp)cw) + ([¥(p)p = b(P)]V -u) =re, (4.1)
where b(p)e = b(p) * ge. As proved in [13], we have
re — 0 in L2(R? x (0,T)). (4.2)
We are now ready to prove the following result.
3

Lemma 4.1 Let v > 5 and {p,u, f,n,0} be a weak solution of the system (1.10). Then, there

exists 8 > 0, depending only v, such that

1ol Lo x 0,17)) < C(T).

Proof: We take a test function of the form

6= xOZ o)~ vo)s].  vio)dy = [ von. xe20.7)

Q
and test it against (1.10b). Then, with the aid of (4.1),

/ ' [ 3otz
_ / ' |3 § bloea]dzar - /0 ' [ v 7 [blo)e = § bloed]
/ [ xow 7 [( 0o~ b)Y ), = § (¥ (0)o = bp)V )y da
—/0 /pru-y re—ﬁ)redy dxdt+/0 /pru-y[v- (b(p)eu)}dxdt
-/ ' | v [vo). = f o)y asa + [ ' | 300,73 [0). = f i)y ot
w0~ f soranasa— [ [ a2 [ptor~ f ooy
Y Y T A

=L+ + 1.
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We now estimate Iy, -- -, I1;. For details, see [10].

o [} SC(T).
I, < b(p)e < C(M)|b(p)e .
Lol I, < OO
< 2

o Is S Il Velsory b0l o < OO,
.I4§”puHLoo(o,T;Lw2 T HTeHLQ(Qx 0,7)) <Cc(Tr )HTEHL2(Q><(O,T))'

< 0o (() T < .
oI5+ 1s £ plimo i Vel 0Nl oo < OO,

o I+ Is S IVul L2iax 0.0 [0(0) el L2@x (0.1)) < CD)0(P)ell 22(2x (0,1))-
o Iyt T+ T S (Il 7oz + lollororzsay + Illesosn ) 1000l g 718 o
< C(T) ||b(p)6||Loo(()7T;L§(Q))'

In sum,

+[[6(p)ell

6~ 3y
Lo(0,T5L 5773 () Loo(0,T5L 773 () (4.3)

/ / X (b(p))edadt < C(T) + [b(p)c |

FNODell o .3 @y T+ I1BCP)ellz2 0 01)) + IIrell 2 0,1))-

By taking the limit in € — 0,

T
/0 /Q o b(p)dzdt < C(T) + [b(o)] 1Y

Lo (0T () LoOTLTF Q) (4.4)

IO e 1.3 () T 10| L202x 07y -

We approximate z — 2% by a sequence of {b,} in (2.10), and approximate x to the identity function
of (0,7). Then,

T
"Hdxdt < C(T o o
| [t <oyl 16

LTI () (4.5)
G
+11p7 e 0723 @y T 17 IE20x0,1))-

We note that 3 3, 57 3 < 2 . The relation between 2 3 and 2 depends on the range of v: 2 3 > 2

for v < 6, 231 < 2 for « 2 6. In either cases, we take 6 such that

3y
0 <~. 4.6
2y—-3 — 7 (4.6)
Then,
T
/‘/m”magcq) (4.7)
0 Q

which completes the proof. B
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Remark 3 From (/.6), the best possible 0 is %'y — 1, and higher integrability of p can be obtained
by choosing appropriate cut-off functions in (2.10) in the spirit of Feireisl [10]. If v > %, then
v+ 60 > 2. In [15], Lions used this idea in order to show higher integrability of p by multiplying
(3.7) by p°.

4.2 Limit of the effective viscous flux

We now study the limit of the so called the effective viscous flux, p¥ — 2V -u. In the formal proof, we
take (—A)~1V to (1.10b) and multiply by p. In this section, we instead take x(t)¢(x) A~V Tk (p")
as test functions to (2.10) to obtain a better convergence result on the effective viscous flux. Here,
the cut-off function T}, is defined as

Ti(z) = KT(7), (4.8)
where T' € C*°(R) satisfies
T(z) =z for |z2| <1, T(2) =2 for z >3, T is concave on [0,00),
and T'(—z) = —T(z). From (2.10),
OTu(p") + V- (Ti(p")u™) + (Ti(p")p" = Ti(p")V - = 0 (4.9)

holds in the sense of the distributions. Passing to the limit in (4.9), we have

O Ti(p) +V - (Ti(p)u) + (T, (p)p — Ti(p))V - u =0 (4.10)

in the sense of distributions.
To take the limit to the effective viscous flux, we need the following lemma. For the proof, we
refer the reader to Feireisl [10].

Lemma 4.2 Suppose
v, — v in LP(Q), w, = w in LI(Q),

201 11
with st =7 < 1. Then,
UnRij(wpn) — wpRij(vp) = vRij(w) — wRyj(v) in L7(2),
where R;; = (%%Afl,

Lemma 4.3 Under the condition in Proposition 2.3, we have

lim /OT /Q Xo [(p")'Y —2V. u"] Ti(p")dxdt = /OT /Q Xo [;77 —2V. u} Ty (p)dzdt

n—o0

for x € 2(0,T) and ¢ € 2(0).
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Proof: We take x(t)¢(z)A™1VTy(p") as test functions to (1.10b). Then,
T
| [ xelen = 2v o] 1o dade
0o Ja
T
= / / X[V S — (p”)”] Vo - A7V, (p")dxdt
0o Ja
T
+/ /x[w-vu”-A—lvmpn)—u? j¢6jA—1a,-Tk(p")]dxdt
0 Q

T T
—i—/ /Xu”'VqSTk(p”)da:dt—/ /Xp"u?u? j¢A*18iTk(p")d:cdt
0 Q 0 Q

T
—/0 /stp”U"- [XtA_1VTk(ﬂn)+XA_1V[(TI<;(,0”)—T,;(p")p”)v-u"]}dxdt

T
— [ [ o B st a) i R dat
T T
[ [ xree- At dsd - [ [ ot PTeodsds
0 Q 0 Q
T T
+/ /Xaij(?@Alaka(p”)dde—/ /ngaijBiAlaka(p")dxdt
0 Q 0 Q
T T
- / / XV - ATV Ty (p")dadt — / / xénTi(p")dxdt
0 Q 0 Q

We now take the limit of (4.11) for n — oc.

T
/ / Xo [ﬁ -2V u} T (p)dxdt
0 Q

T
:/0 /Qx{VwL—pV}VgZ)-AlVTk(p)dxdt

T —
+ / / X [V(JS -Vu - A_IVTk(p) — uzajgb@jA_l@Tk(p)} dxdt
0 Q

T - T -
—|—/ / xu - VT (p)dadt —/ / xpuiu;0;6 AT 0, Ty (p)dwdt
0o Jao 0o Jo

T S

—/0 /Qqﬁpu- [XtA_lka@)‘f‘XA_lv(Tk(P) —Tk(p)p)V~u}da:dt
T S

_/0 /QXd)Uz [Tk(P)Rij(PU]‘) — pnu]'Rika(p)] dxdt.
T . T

/ /Xn2V¢~A_1VTk(p)dfcdt/ /X¢ﬁ2Tk(P)d$dt
0 Q 0 Q
T . T

+/ /XO‘ijaiqf)A_laka(p)dl‘dt-i-/ /quaij&iA_l@ka(p)da:dt
0 Q 0 Q

- /0 ' /Q xnVé - AT, (p)dadt — /0 ' /Q xon Ty (p)dxdt,

18
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where we use lemma 4.2 to show

n—oo

T
hm/ /X¢U?{Tk(Pn)Rz‘j(PnU?)—PHU?Rika(Pn)}dxdt
0 Ja (4.13)

— /T/ XPu; [Tk(P)Ri,j(puj) - pn“jRiJTk(p)}dwdt.
0 Q

We now take x¢p A~ VT (p) as test functions to
(pu)e +V - (pu@u) —Au—V(V-u)+Vp  + VP =V.-0-Vp

and do the same calculation using (4.10). Then,

T
/ / Xo {ﬁ -2V u} Ti(p)dzdt
0 Q

T
:/0 /Qx[v-u—m}wﬂ—lvmp)dmt

T S
+/ /X[w-vu-A—lvn(p)—uiajqﬁajA—laiTk(p)}dxdt
0 Q

T T
+/ /Xu-ngTk(p)dxdt—/ /Xpuiuj8j¢A18iTk(p)dxdt
0 Q 0 Q

T ——
- /0 /Q dpu - [xtA*IVTk(p)wA*lv(Tk(p)—Té(p)p)v.u}dxdt (4.14)
T —
- / / XPu; [Tk(p)Ria‘(ﬂug’)—ﬂ"ug‘Rz‘ka(p)]dwdt
0o Ja
T T
_ 204 . A-YUT (3t — e
/0 /QX77 V- A7 VTi(p)dxdt /0 /Qxdm Ti(p)dzdt
T . T
+/0 /QXUijai¢A_laka(p)d$dt+/o /g)X(ﬁJijaiA_laka(p)dl'dt
T T
_ A ITT () _ TN
/0 /Q xnVeé - A7 VT (p)dxdt /0 /Q xénTi(p)dadt.

Therefore, by comparing (4.12) and (4.14), we complete the proof. B
Corollary 4.4 Let p be a weak limit of the sequence {p™}. Then,
hm Sup HTk’(pn) - Tk(p)HLWJrl(Qx(O,T)) S C(T) (415)
n—oo
Proof: As z — 27 is convex, T} is concave, and

(=7 = ") (Ti(2) = T(y)) = [Tu(2) = Tu(y) "+,
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we have
limsup/ /|Tk — Ti(p)[ "t dzdt
n—oo

< lm. / (" = )@ T )

(4.16)
< ILm / / Tr(p™) — Tx(p dxdt—i—/ / 7= p")(Tr(p) — k(p))da:dt
~ fim / / (") Te(p") — P Ta(p)dwdt
By lemma 4.3, the last term in (4.16) can be estimated as follows.
T —_
hm/ / (P")Ti(p") — p7Ti(p)dadt
T
= lim / /(V'u”)Tk(p —(V )Ty (p)dxdt
n—eo (4.17)
= nh_}rrgo/ / Ty (p") — Tk (p) + Tr(p) — k(p)} (V- u")dxdx

< 2sup |V - u”|| L2 0,7y lim sup (| Tx(0"™) — Ti(p) | L2 (2 (0,7))-
n n—oo
Since v+ 1 > 2, (4.16) and (4.17) implies (4.15). W

4.3 Proof of Proposition 2.3. (iv)

To show that p and u solve (1.10a) in the sense of renormalized solutions, we regularize (4.10) to
get

| Tip)| + V- |(@low),| + [T (e~ Tu()V | =re, (4.18)
where r. — 0 in L*(R® x (0,T)). We multiply (4.18) by b’ [(T(/)))J and take € — 0. Then,
o (Til0)) + 9 [p(T4le)) ] + [V (Tu(o)) i) = (15001 | (¥ )

= (T(0)) (Ti(p) — T(P)p) V -

in the sense of distributions. By the interpolation,

(4.19)

Tk (p™) _Tl;(pn)anLQ(Qx(O,T)) < || Tk(p™) - Tk( ")p" HLl (Qx(0,T)) 1T(p™) — Tk( ")p" Hm+1 (Qx(0,7))*

where a = 77_1 Since

IT(6") = Tl s @0y S 750 167 0y
and

limsup || Tk (p") = T1.(0™)p" | L+ (0.7y) < C(T)

n—o0
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from corollary 4.4, we have

v (Ti(0)) (T(p) = Ti(p)p) V- u— 0 in L2 x (0,7))

as k — oo. This completes Proposition 2.3 (iv).

4.4 Proof of Proposition 2.3. (v)

We introduce a family of functions Lj such that

zlogz for 0 <z <k
- )
Li(2) zlogk—i—z/ Z(Qs)ds for z > k.
k

Setting
Li(2) = Br(2) + br(2), |bk(z)| < C(k), by(2)z — bi(2) = Ti(2),
we have
O Li(p") +V - (Li(p")u") + Ti(p")V - u" = 0.
On the other hand, by (1.10a),
O Li(p) + V- (Lr(p)u) + Te(p)V - u = 0.
21), for ¢ € C°(2)

(4
[ 406 = Leto) (i
/[Lk(/)o) Li(po)] ¢da

By (4.20) and

/ / Ju" — Li(p)u] - Vo + [Ti(p)V - u — Ti(p™")V - u"] ¢dxds

Passing to the limit in (4.22) for n — oo,

/Q Ze(0) — Li(p)] (t) bl

¢ t
= / / [Li(p)u — Li(p)u] - Védzds + lim / / [Tk (p)V - u — Ti(p™)V - u"] pdads
0 Jo Q

n—oo 0

By approximating ¢ to the identity function of €2,

/Q Z2(p) — Li(p)] (t)dz

:/t/Tk(p)(v-u)dxdt—nlggo/ot/QTk(pN)(v-un)d:gds
/ / To(p) — To(0)](V - w)dads.

(4.20)

(4.21)

(4.22)

(4.23)

(4.24)

We approximate zlog z by Lg(z). By corollary 4.4, with v + 1 > 2, the right-hand side of (4.24)

tends to 0 as k — oo. Therefore,

plogp(t) = (plog p)(t), forall ¢ € [0,T]

(4.25)

which implies the strong convergence of {p"} in L'(Q x (0,7)). This completes the proof of

Proposition 2.3 (v). B
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5 Construction of approximate sequences

We now construct an approximate sequence of solutions to the system (1.10) so that we can apply
the compactness argument (Proposition 2.3) to obtain a weak solution. This section consists of
three parts: the regularization of p% + pu -V in (1.10b), nonlinear damping to the equation of p
and 7, and the truncation of p” and 7%. Collecting all these steps, we can prove Theorem 2.2.

5.1 Smoothing p% +pu-V

We consider the following system of equations:

pt+ V- (pu) =0, (5.1a)
(pew)s + V- ((pu)e @ u) — Au— V(V -u) +Vp' + V2 =V -0 — Vi, (5.1b)
fr V- (uef) + Vi (P (Vouer)f) — Arf — Af = 0. (5.1¢)

In Section 5.2 will be shown that there exists a solution {p,u, f,n,0} to (5.1) such that p €
LP(Q x (0,7)),p= %'y. By the energy identity

d e|ul? i
£ +f’+n2+w}dz+4// |vTﬁ|2dex+4// V\/FPdrda
1 0Js2 QJs?

(5.2)
+/ [\WP + |V - ul® + 2|vn\2] dx =0,
Q
we can obtain the following a priori estimates:
p € C(0, T L) N L¥(0,T; L7(Q)),  pelul* € L®(0,T; L'(), € L*(0,T; H(Q))

27 1 1 1

peu € L=(0,T; L1 (Q) N L0, T; L'(Q)), == >+ —
ro 6 9 (5.3)

FeLX0,T; L5 (2 x §2)), 1€ L=(0,T; L*(Q)) N L*(0,T; H'(2)),
o€ LN0,T; L3(Q) N L®(0, T; L*(Q)), Vo € LY(0,T;L?(Q)) N L*(0,T; L3 ().
If w € L*(0,T; H(Q)), (5.1c) has a smooth solution, and the entropy 1 and its equation make

sense. Thus, we only focus on the existence of a solution {p,u,n} under the assumption that f is
smooth. By taking 6 = %'y — 1 in Lemma 4.1, we have

p e IP(Qx (0,T)), p= gv Y (5.4)

5.2 Nonlinear damping

We wish to build solutions of (5.1) as a limit of the following system of equations:

pt + V- (pu)+0p? =0, (5.5a)
(pete + 7 - (pu)e ® ) — A — V(V - ) + V]p7 + 5] + 6[(6)c + (™) Ju = V - 0 — Vige, (5.5b)
fi+Ve(uef)+ Ve (Pro(Vyuer)f) —Arf —Af =0, (5.5¢)
n+ V- (qu) — An+dn™ = 0. (5.5d)

22



where ¢ > v+ 1 and m > 3, with m > ¢, will be determined later. We note that we add a nonlinear
damping to the equation of 7, not the equation of f. We will prove the existence of a solution

{p,u, f,n,0} to (5.5) satisfying
we DO, T; W), w e O,T;W (@), pael(0ThIQ), 1<s< o

pe € CH0,TECHQ),  (pu). € C0,T):CHQ)), k>0 >0

in Section 5.3. From (5.5), we have the following energy identity:

2
jt/ [“'“' // V. |d7-d1:+4// \V /[ 2drdzx
+5/ / )elul dxdt—l—é/ / q+”f—1d:cdt+5/ / Velu|?dadt (5.7)

+ 5/ / 0" dadt +/ UVUP +1|V- u\Q + Q\Vnﬂdm =0.
0 Q Q

Therefore, we have

p e C(0,T); LX) N L>®0,T; L7()), pelul? € L=(0,T; L*(Q)), we L*0,T;HY(Q))

/ / )elu|?dzdt < C, / / - dzdt < C,

1 1 1
peu € LX(0,T; L1 () N L*(0,T; L'(Q)), — =+~

ro 6 9 (5.8)
Fe L0, T;L5(Q x S2), ne L=(0,T; L2(Q)) N L*(0,T; H(Q)),

6// )elu|?dzdt < C, 5//m+1dxdt<c

o€ LY0,T; L3(Q) N L=(0,T; LA(Q)), Vo € L'(0,T;L2(Q)) N L3(0,T; L3 ().

Moreover, for a sufficiently small 9,
1 _
Pe > oo Q x [0,7] (5.9)

holds. To prove this, we integrate (5.5a) over €.

/ ()dx—/p()edx—é// dacds>/ odx—é/ / t)dxdt
Z/podaz—5/ /pq+aﬂ{p>1}dmdt—5/ /Qp]l{p<1}da;dt
qta
/ podz — STV T / / R R / podz
Q

> / podx — C((ST)qﬂ*l —5T/ podx
Q Q

where 0 < a < v — 1. By taking a sufficiently small §, we have

1
/p(t)dx> /,oodx
Q 2 Ja
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from which we have

1
dy > —. 1
vz 5 (5.10)

Since pc|ul? € L°°(0,T; LY(2)), u € L>(0,T; L*(£2)). Moreover, from p € L>®(0,T; L*(Q)), pe
L>®(Q x (0,7)).

pel,t) = /Q oy, kel —y)dy > inf ke(2) /Q o(v)

z€2()

Next, we obtain higher integrability of p by using (3.9), with replacing the multiplication of p
by p? to (3.8). We also have additional terms from the damping terms

w+9:i

=P (=27 (pew)| + V- [up (=) 7V - (pew)| +2(V )
+(6—1)(V-w)p’(~A) 7'V - (

p

pe) = (=) - (V-0 — V) (5.11)
o [RiRy((pui)eus) — usRiR(pew)]| + o
+0p"(—A) IV - ((pT)eu) + 06T (—A) IV -+ (

peu) +8p"(=A) 7'V - ((
Integrating (5.11

n")eu).

) over Q x (0,T), we have

/ / " dadt S C(T / /\v u)p \dxdt+/ /|v u)p’(=A) 7'V - (peu) |dadt
/ /}p )7V (Vo — Vne)dxdt+/ /|p9n2\dxdt

+/O /Q)pg Rz'Rj((Puz')er)—UjRiRj(Peuz‘)devdt
T

5 /0 /Q (=) 71V - (o)) | daclt

vo [ ] W27 (rafasa

+5/0T/Q’pq+0_1(A)_1V~(p€u)‘dxdt.

(5.12)
Let 0 = 5. We only provide estimations involving . The rest of them are easily by the regular-
ization. First,

817 (=A) 'V - (0 ew) | 11 ex (0.1))
S 1ol %e (0 727 2y |V (Pq)e”

<5HPHLO°0Tm(Q) aH\FH 2(q+'y—1)
Se 66

2(q+v—1)

U .
07T;LOQ(Q))|| pell 200,122 (0)

)

(5.13)
o) Ivpeull L2 0,m;22(0)

Wt D65 -0 as 0 — 0,
where 0 < 1 5+

W < 1. Slmllarly,

_ m CBee_l 1
30" (=A) 7'V - (™)) |y w0y S € P86 m6TE =0 as 6 — 0 (5.14)
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where 0 < 2 + 1 < 1. Next, we want to estimate §pPT?~1(—A)~1V - (p.u). Since pou €
L>(0,T; L*(Q)) N L(0,T; L® (Q)) and
i [ < 0,
Lato=1 (Qx(0,T))
we have
3l p 0 (=A) TV - (pew) | Lix o,y = O as § — 0 (5.15)

by taking g > v + 1, which is close to v 4+ 1. Therefore, as 6 — 0,

% is bounded in L%°(0,T; L7(Q)) N LP(Q x (0,T)), p= 27 (5.16)
% is bounded in L*(0,T; L*(Q)) N L(0,T; H'())

so we can pass to the limit to (5.5) to obtain a solution of (5.1) by the compactness argument in
Section 4. Indeed,

(P°)e = pe € L"(QA % (0,T)), w® —wueL'(0,T;L*) 1<r<oo

so the analysis is easier than the case without e.

5.3 Truncation of the pressure

In this section, we construct a solution of (5.5) by

pe+ V- (pu)+0p? = (5.17a)
(peu) + V- ((pu)e @ u) — Au— V(V - u) + VT(R) + 6[(p?)e + (0™)Ju =V - 0. — Vne, (5.17b)
fi+Ve(uef)+ Ve (Poo(Vouer)f) —Arf —Af =0, (5.17¢)
e+ V(nu) — An+ én™ = 0. (5.17d)

where T(R) = (p AR)Y + (n A R)? and f A R = min{f, R}. We will show at the end of this section

that there exists a smooth solution to (5.17) such that
p,n € C[0,T); WH(Q)), we L0, T;W?5(Q)), wu € L*(Qx (0,T)), 1<s<oo. (518)

We begin with the energy identity of (5.17).

dt 2

+4// VT2 dea:+5/ / Jelul d:vdt~|—5/ / P9 A (p)dadlt -
+5/ / |u]2dxdt—|—5/ / p" B (n)dadt

+/ (V6 + 9 - uf? + 209y A B < 0,
Q

2
Ll [Mu' +AR(P)+BR(77)+1/1+77}d$+4// Ve Pdrda

where

1 2
AR(P):P/Op (MtR) dt, Ap(p) = (’),YA_RF, BR(n):n/O?7 (t/;R) dt, Bg(n) =2(nAR).
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From (5.19), we have

pe 0([0 T);LY(Q), pelul® € L2(0,T; LN(Q)), we L*(0,T; H'(2))
) € L®(0,T; L' (), Agp(p)p? € L' (2 x (0,7)),

5/ / YeluPdzdt < C, 5/ / - Lazdt < C,

11 1 (5.20)
peu € LX(0,T; LT () N L0, T: L'(Q)), = -
r v
fePO.TiLE(@Q x 8%),  Br(n) € L®(0.T:L(Q), AR e L*(0,T: H'()),
o€ LN0,T; L3(Q)) N L®(0,T; L*()), Vo € L'0,T; L2 (Q)) N L*(0,T; L3 ().
We still have pe > & uniformly in R > 1 as for sufficiently small § so that u € L*°(0,7T; L?(Q2)) and

(pu)e € LP(0, T C’k(Q)) We are going to prove
p € L®0,T;L*(Q)), weL0,t; WH(Q)), wu € L0, T;W15(Q)), 1<s<oo. (521)

For any 1 < r < o0,
d
TPV (") brpTT = (r = 1)(V - w)p”

d
: _ gtr=1
By taking s = %7
o110 0,72 (02)) + 167 M s @x o1y S IVullLs@x0.1))- (5.22)
We can estimate 7 by using the same method. We set a = m+r L. For m > ¢, s > a. Therefore,
||7l||ioo(0,T;Lr(Q)) + ||77m_1HLa(Q><(0,T)) 5 ||vu||LS(Q><(O,T))- (5'23)

We now estimate u by using the estimation of the heat equation ([13]). By writing (pu)e - Vu =
V- ((pu)e @ u) = (V- (pu)e)u,
el ns 0, mw 15 )) + 1wl zs 0,15 @)
S C(T) + l(p A R) [ s (ax(o,r)) + Il (pw)e @ ull Ls(ax o,r)) + 1V - (pu)e)ull s (x 0,1))
+ lloellLs@x ) + el L= (@x(0,1)) + ”UH%% (Qx(0,T))
S CT) + ol s @xory) +

(5.24)

el 220,755 () + 111720 (@ 0.2

(0,T:L1())
for any s <1 < oo. Since ¢ > y+1and m > 3, (m—1)a > 2s and (¢—1)s > s. Therefore, we can ob-

tain (5.21) by (5.22), (5.23), and (5.24) provided that we can bound Hpu” 5 oL () lwll e 0,720 (2))

n (5.24). This can be done by a bootstrap argument. First, we take s = 2 [ = . Then,
p € L>®(0,T; L97HQ)), thus pe L>(0,T;L7(Q)). (5.25)
If v > 2, then pu € L>(0,T; L' (2)) so that

Juell s o,m;w 15 @)y + 1wl Lo o, )y S C(T) + ”PHm @x(0,1) T [ull s (x (0.1)) (5.26)

+110172¢ (x (0.7
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We note that we do not have V- o, — V7, in the right-hand side of (5.26) due to the regularization.
If v < 2, then we take s = 0Lk = 1% g6 that ¢ = k_ss. Then,

3q+4° 3q—6 k
-1
p € L¥0,T; L%(Q)), w=" -
q_

(5.27)

Since w > 2, pu € L>=(0,T; L*(R)). Therefore, we can conclude as the previous case.
Now, we want to pass to the limit in R — co. Since

T T
1 1

9 o+ o+ O+~y—1
0" (p AR = p" | L1 ax (0,1)) S/O /QP Myp>ry < R/o /QP Tdzdt S =

we have Hpe(p/\R>7_p9+’YHLl(QX(QT)) — 0. Similarly, Hpg(n/\R)2_p97/]2HLI(QX(OJ”)) — 0. Therefore,
we can recover a solution of (5.5) satisfying (5.6) in Section 5.2.
It remains to show (5.18). First, we show that p € L*°(Q x (0,7")). From the equation of p,

d
%(logp)—l—u-ngijV-u%—&pp_l:0 (5.28)

Moreover,

1 11 1 11
V- u=—- T gl Z 2_ - _— 2
u 2(p/\R) 270 Q(p/\R) dm+2(n/\R) 270 Q(77/\1%) dx

+ (=A) IV (Vo 0e = V) — (=A) IV - (3(pD)eu) — (—A) IV - (6(n™)eu) (5.29)
— Ry ((p)es) = 5 (=8)719 - (p)
Let ® = (—A)7'V - (peu). By (5.28) and (5.29),

d
S(logp+ @) +u-V(ogp+ @)+ SpP =W e L®(Q x (0,7)). (5.30)
By the maximum principle, log p + ® < C. Therefore, p € L>®(Q2 x (0,T)). Next, we estimate Vp.

For any 1 < r < o0,

d A T r r—

£!VP! + V- (uVpl") S IVul|Vol" + [V2ul[Vp[" ! (5.31)
which implies that

d

— Vol S IVullpe@ Vol + 1Vl ro)- (5.32)

dt
Similarly,

d

%HVUHLT(Q) SNVl oo IVl ) + 1Vl o) (5.33)

We need to estimate derivatives of u. From standard parabolic estimates,

IV?ull zrax 1) S C(T) + IV (p A R) || rxo1)) + IV A R)?| e @x(0.1))

(5.34)
S C(T) + Vol @x o,y + VIl r@x o)
By taking r > 3,
[Vu(t)|| o) < log [C(T) + max, (Vo) L) + ||V77(7—)HL?"(Q))HL‘I(Q)] (5.35)

By the Gronwall’s inequality, [|Vpl|ze 0107 )) + V0L (0,707 @) < C(T), which implies that
Vu € L®(Q x (0,T)) and V?u € L™ (2 x (0,T)). Therefore, from the equation of u, u; € L" (2 x
(0,7)). This completes the proof. B
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6 Appendix

6.1 Appendix 1: derivation of the equation of
We take the time derivative to 1) = [q» f1In fdr. Then,

Yy = /2 feln f + fedr = (I) + (11).
S
We obtain (I) and (II) by using the equation of f (1.10c).

(I) = —/S2 [V-(uf)—l—vf-(PTJ_(vqu)f) —Arf—Af} In fdr = (a) + (b) + (¢) + (d).

@=-[ V-wpmpar=- [ V@ [ wVagar
52 52 52 (61)
= —V-(uw)-l-u'v/ fdr.
SQ
(b) = — Vi (P (Vyur)f)In fdr = Vm—f.wzvu;/ TRV, fdr=Vu:o. (6.2)
§2 S2 f 52

The proof of last equality in relation (6.2) requires the expression of these quantities in spherical
coordinates. We refer the reader to [19] for further details.

(c):/SQATfde:/SQ [AT(flnf)—2VTf'VTlnf—fA(lnf) dr

2
L[ NP [ o Vel
2 2 :
= -2 V-] dr — A fdr + V-1 dr
sz f 52 sz f

= — 2dr.
4 [ 9 FRa

@)= [ Actfir= [ [Adfinp)=2Vaf - Volnf = A0 ) ar

[V f]? Vo fI?
— A2 dr— [ A, d 6.4
v sz f ! 52 f+/52 sz f ’ (6.4

= Agth — 4/ IV f2dr — Ay
S2

Now, we calculate (II).

(D) == [ [V )+ Vo (Pa(Vaur) ) = Acf = Auflar ==V - (un) + A (65)
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Collecting all terms in (6.1) - (6.5),
Y = —V-(u¢)+u-V77+Vu:a—4/S2 Vo fI2dr — At
—4/52 \Var/f|2dr — An =V - (un) + An (6.6)
= V() + Ay — 4/52 IV fPdr — 4/52 \Var/f12dr +Vu:o— (V-u)n.

6.2 Appendix 2: verification of the formal proof in Section 3.4

In this section, we provide a rigorous proof of the formal proof in Section 3.4. First, we verify (3.6).
From the equation of the density,
pt+ V- (pu) =0,

we can obtain

d /
ZB(p)+ V- (wB(p)) + (V- w) |8 (p) = Blp)]| =0, (6.7)
where 3 is a C'! function from [0, 0o] to R such that
F<cae), a=122

We note that (6.7) makes sense because u € L?(0,T; HL. (2)). We approximate plog p by Bs(p) =
plog(p+ ). Then,

pBs(p) — Bs(p) = 0 in LY,

which verifies (3.6) in the sense of distributions.
Next, we want to verify (3.8) by showing that each term in the right-hand side of (3.7) can be
multiplied by p to be in L'(Q x (0,T)).
e px plis from p € L7THQ).
e Since p € L>=(0,T; L), s > 3 and n? € L*(0,T; L3), the product pn? is in L(2 x (0,7)).
e p(—A)IV (V-0 —Vn) ~ p(c—nl) € L>(0,T; L*(Q)) x L(0,T; L3()). Since s >3, 1+ 1 < 1.

)
e p(—A)718,0;(puiuj) ~ ppu ® u: Since u® u € L*(0,T; L3(Q)),
1 1 1 1 1 1
LY0,T; L7 ()N LP(0,T;LYR)), - =-+-<1, —=—+41--
pusue DOTI@)NPOTI®), t-trg<l To
Since p € L>®(0,T; L%), ppu®@u € LY(Q x (0,7)), with 2 +1 =241 <241 -1

e We rewrite p4 {(—A)_IV . (pu)] as

P% [(—AWV : (pu)} = %[p(—A)—lv : (pu)} — p(—=A)"IV - (pu)
:%VFNAV%WH+VMMGAVW«w>
- %['O(—A)—lv : (pU)] +V- [(PU)(—A)_lv : (,Ou)} — (pu)V(=A)"IV - (pu).

First, (pu)-V(—A)"1V - (pu) ~ ppu®u which is already done. Next, we estimate p(—A)~1V - (pu).
2 6
Since pu € LOO(O,T;LTL(Q)), (—A)"IV - (pu) € L‘X’(O,T;LTJB(Q)). Therefore, p(—A)™1V - (pu) €
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L>(0,T; LY(Q)) because 1 + 76;;3 <3+ 767+73 < % < 1. Finally, (pu)(=A)~1V - (pu) makes sense

6
because (—A)~V - (pu) € L=(0,T; L35 (Q)), p € L=(0,T; L3(R)), and u € L2(0, T; L5(R)), with
1,1 943 1, 1, 7+3
stet e <ztgt <Ll
Finally, we verify (3.11) by passing to the limit in (3.10).

e p"log p"u": We take g" = p"log p™ and h™ = u™. To verify the condition of ¢g", we can use (4.6).
o )" (=A)"IV(V 0" — Vn"): We take g" = p", k" = (—=A)"IV - (V- 0" — Vn"). This is possible
because V - ¢", Vn™ € L*(0,T; L3(2)) and p" € L>(0,T; L*(Q)), s > 3.
e We already show that p™(n™)? converges to pn? in the sense of distributions.
o p"(—=A)"IV - (p"u™) and p"u(—A)TIV - (p"u™): Since

1 1 1 1

n n oo . Tq 2 LT - = _ R
Pt e LT L) N POTL@), =54

IN

®w |
N =

| =

we have

(=A)7IV - (p ™) € L0, T; W,2%(Q)) N L0, T; WE" ().

loc loc
Therefore, we can take g" = p", p"u" and h" = (—=A)~1V - (p"u").

o (—A)*lﬁiaj(p”u?u?) —u"-V(-A)"lV. (p”u")} = p"[u}, RiR;](p"u™): First, we control the

commutator. Since Vu™ € L2(0,T; L*(2)) and p"u™ € L?(0,T; LP(52)), with % = é +i<l

n n, ny : . 1 1 1 1 1

[uj, RiR;](p"u") is bounded in L°(0,T; W(Q)), - = 3 + -

q p

Let g" = p"u;® and h™ = u}. Then,
n n n, n 1 1 1 2
U = [uj, Rl (p"e) = U = [uj, Rl (pui) € L7(0, T3 L)), - <14 2 =3
2

in the sense of distributions. Now, let g" = p™ and A" = U™. Then, p"U"™ converges to pU in the
sense of distributions. This completes the proof of the formal argument in Section 3.4. B

Acknowledgments

H.B. gratefully acknowledges the support provided by the Center for Scientific Computation and
Mathematical Modeling (CSCAMM) at the University of Maryland where this research was per-
formed. H.B is partially supported by NSF grants DMS10-08397 and FRG07-57227. K.T. acknowl-
edges the support by the National Science Foundation under the awards DMS 0807815 and DMS
1109397.

References

[1] H. Bae and K. Trivisa, On the Doi model for the suspensions of rod-like molecules: Global-
in-time ezisence, To appear in Commun. Math. Sci. (2011) .

[2] J. A. Carrillo and T. Goudon. Stability and Asymptotic Analysis of a Fluid-Particle Inter-
action Model. Comm. Partial Differential Equations, 31:1349-1379, 2006.

[3] J. A. Carrillo, T. Goudon, and P. Lafitte, Simulation of fluid and particles flows: asymptotic
preserving schemes for bubbling and flowing regimes. J. Comput. Phys. 227:7929-7951, 2008.

30



[4]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

J. Carrillo, T. Karper and K. Trivisa, On the dynamics of a fluid-particle interaction model:
the bubbling regime, Nonlinear Analysis: Theory, Methods & Applications 74 (2011) 2778-
2801..

P. Constantin, Nonlinear Fokker-Planck Navier-Stokes systems, Commun. Math. Sci., 3
(2005), no.4, 531-544.

P. Constantin, C. Fefferman, E.S. Titi and A. Zarnescu, Regularity of coupled two-dimensional
nonlinear Fokker-Planck and Navier-Stokes systems, Comm. Math. Phys., 270 (2007), no.3,
789-811.

P. Constantin and N. Masmoudi, Global well-posedness for a Smoluchowski equation coupled
with Navier-Stokes equations in 2D, Comm. Math. Phys., 278 (2008), no.1, 179-191.

M. Doi and S.F. Edwards, The theory of polymer dynamics, Oxford University press, (1986).
E. Feireisl. Dynamics of viscous compressible fluids. Oxford University Press, Oxford, 2003.

E. Feireisl, On compactness of solutions to the compressible isentropic Navier-Stokes equations
when the density is not square integrable, Comment. Math. Univ. Carolin., 42 (2001), no.1,
83-98.

Th. Goudon, P.-E. Jabin, and A. Vasseur. Hydrodynamic limit for the Vlasov-Navier-Stokes
equations. I. Light particles regime. Indiana Univ. Math. J., 53(6):1495-1515, 2004.

Th. Goudon, P.-E. Jabin, and A. Vasseur. Hydrodynamic limit for the Vlasov-Navier-Stokes
equations. II. Fine particles regime. Indiana Univ. Math. J., 53(6):1517-1536, 2004.

P.L. Lions, Mathematical topics in fluid dynamics, Vol.2, Compressible models, Oxford
Science Publication, Oxford, (1998).

P.L. Lions and N. Masmoudi, Global solutions for some Oldroyd models of non-Newtonian
flows, Chinese Ann. Math. Ser.B, 21 (2000), no.2, 131-146.

P.L. Lions and N. Masmoudi, Global solutions of weak solutions to some micro-macro models,
C.R. Math. Sci. Paris, 345 (2007), no.1, 15-20.

N. Masmoudi, Global Existence of weak solutions to the FENE Dumbbell model of polymeric
flows, Preprint (2010).

A. Mellet and A. Vasseur. Asymptotic analysis for a Vlasov-Fokker-Planck/compressible
Navier-Stokes system of equations. Comm. Math. Phys. 281:573-596, 2008.

A. Mellet and A. Vasseur. Global weak solutions for a Vlasov-Fokker-Planck/Navier-Stokes
system of equations. Math. Models Methods Appl. Sci. 17:1039-1063, 2007.

F. Otto and A. Tzavaras, Continuity of velocity gradients in suspensions of rod-like molecules,
Comm. Math. Phys., 277 (2008), no.3, 729-758.

J. Simon, Compact sets in the space LP(0,T; B), Ann. Mat. Pura Appl., 146 (1987), no.4,
65-96.

31



	Introduction
	Definition of weak solution and main results
	A priori estimate
	Definition of weak solution, main result

	Proof of Proposition 2.3 (i), (ii), (iii), formal proof of (v), and (vi)
	Proof of Proposition 2.3. (i)
	Proof of Proposition 2.3. (ii)
	Proof of Proposition 2.3. (iii)
	Proof of Proposition 2.3 (v): formal proof on the whole spaces
	Proof of Proposition 2.3 (vi)

	Proof of Proposition 2.3 (iv) and (v)
	Higher integrability of 
	Limit of the effective viscous flux
	Proof of Proposition 2.3. (iv)
	Proof of Proposition 2.3. (v)

	Construction of approximate sequences
	Smoothing ddt+u
	Nonlinear damping
	Truncation of the pressure

	Appendix
	Appendix 1: derivation of the equation of 
	Appendix 2: verification of the formal proof in Section 3.4

	References

