ANALYTICITY AND DECAY ESTIMATES OF THE NAVIER STOKES
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ABSTRACT. In this paper, we establish analyticity of the Navier-Stokes equations with small
3

.39
data in critical Besov spaces By, . The main method is so-called Gevrey estimates, which is
motivated by the work of Foias and Temam [19]. We show that mild solutions are Gevrey regu-

- .31 ~ 341
lar, i.e. the energy bound He‘/zAv(t)HEp < oo holds in E, := L*(0,T; Bf, )NL'(0,T; B,{; ),
globally in time for p < co. We extend these results for the intricate limiting case p = oo in

a suitably designed FEo space. As a consequence of analyticity, we obtain decay estimates of
weak solutions in Besov spaces. Finally, we provide a regularity criterion in Besov spaces.
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1. INTRODUCTION AND STATEMENT OF MAIN RESULTS

It is well-known that regular solutions of many dissipative equations, such as the Navier-
Stokes equations, the Kuramoto-Sivashinsky equation, the surface quasi-geostrophic equa-
tion and the Smoluchowski equation are in fact analytic, in both space and time variables
[4, 14, 18, 36, 49]. In fluid-dynamics, the space analyticity radius has an important physi-
cal interpretation: at this length scale the viscous effects and the (nonlinear) inertial effects
are roughly comparable. Below this length scale the Fourier spectrum decays exponentially
[13, 17, 27, 28]. In other words, the space analyticity radius yields a Kolmogorov type length
scale encountered in turbulence theory. At a more practical level, this fact can be used to
show that the finite dimensional Galerkin approximations converge exponentially fast in these
cases [12]. Other applications of analyticity radius occur in establishing sharp temporal decay
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rates of solutions in higher Sobolev norms [39], establishing geometric regularity criteria for
the Navier-Stokes equations, and in measuring the spatial complexity of fluid flow [24, 31, 32].

In this paper, we study analyticity properties of the incompressible Navier-Stokes (NS)
equations in R3. The system of equations is given by

(1.1a) ve+v-Vo—pAv+ Vp =0,
1.1b V.v=0,
(

where v is the velocity field, p is the pressure, and p > 0 is the viscosity coefficient which for
simplicity we set pu = 1.

Since V - v = 0, we can rewrite the momentum equation (1.1a) by projecting it onto the
divergence-free space. Let P = Id — V(—A)"!div be the orthogonal projection of L? over
divergence-free vector fields. By applying P to (1.1a), we obtain

(1.2) v +PV-(v®@v)— Av=0.

Formally, we can express a solution v of (1.2) in the integral form:
t
(1.3) v(t) = Py — / [e(t_s)AIPV (v ® v)(s)}ds.
0

Any solution satisfying this integral equation is called a mild solution. We can find it by using
a fixed point argument for the function v — F(v),

F)(t) = Py — /Ot [e(t_s)AIPV (v ® v)(s)}ds.

The invariant space for solving this integral equation corresponds to a scaling invariance prop-
erty of the equation. Assume that (v,p) solves (1.1). Then, the same is true for rescaled
functions:

(1.4) oa(t, ) = (A2t \x),  pat,z) = N2p(\%t, \z), X > 0.

3
Under these scalings, L3, H%, W5~ and Bg;l are critical spaces for initial data (t = 0), i.e.,
the corresponding norms are invariants under these scaling. One can find various well-posedness
results for small data in these critical spaces in [6, 7, 9, 21, 29, 30, 40].
The goal of this paper is threefold:

(7) analyticity of mild solutions in critical Besov spaces,
(i1) decay of Besov norms of weak solutions, and
(i17) a new regularity condition in Besov spaces.

More details of these three topics will be presented in section 1.1, section 1.2, and section 1.3
respectively.

1.1. Analyticity of mild solution. Let us begin with analyticity results of this paper. Com-
pared to previous works by [15, 23, 37] (derivative estimations), [4] (I, space on T?), and [25, 26]

(complexified equations), we are able to establish analyticity of the Navier-Stokes equations
.3 1
by obtaining Gevrey estimates in Besov spaces B}, . Namely, we will show that a solution
.31
v(t) € Bp, satisfies sup;s leViru(t)| 31 < 00, where A is the Fourier multiplier whose
prq
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3
symbol is given by |£]; = Z |€;]. We emphasize that here A = Ay is quantified by the ! norm
i=1
rather than the usual /2 norm associated with Ay := (—A)%. This approach enables one to
avoid cumbersome recursive estimation of higher order derivatives.
In order to explain the main idea, we define V(t) = eV y(t). Then, V(t) satisfies the
following equation:

t
V(t) = eVINHA / |:e[\/zA+(t—S)A]]P)v (e VRV (s) @ e_\/gAV(s))}ds
0

t
_ oVitba, / [elOVEVPAHE-NPY Vi (VY (5) @ VNV ()] s
0

Since eVl is dominated by e~te* for || > 1, the behavior of the linear term, e\/zAHAvo,
closely resembles that of v(¢). The estimates of the nonlinear term are similar to those of v(t)
due to the nice boundedness property of the bilinear operator Bi:

By(f.g) = eV} (e7VA f(s)e™ V3 (s)).

As noticed from the above argument, the existence result of v(¢) is crucial in establishing
Gevrey regularity. Thus, in section 3 (for p < oo) and section 4 (for p = 00), we will first show
the existence of a mild solution and then proceed to explain how to modify the existence proof
to obtain Gevrey regularity.

Compared to previous works in [19, 39], where they defined Gevrey norms of the form
||e\/zA2v(t) |x with a L? based space Sobolev space X, the use of A instead of As is fundamental
for the estimates of By in LP based function spaces. A similar approach using A in LP-spaces
was taken by [34]. However, our results cover a larger Besov class of initial data in the full
range of p, g € [1, 0], and the same method can be applied to other dissipative equations; see
for example [1, 2].

We now present our existence/analyticity results for p < oo and p = oo separately. For
notational simplicity, we will suppress the dependence of norms (defined below) on gq.

.31
1.1.1. The case p < oo. The existence of global-in-time solutions for small data in Bj, for

p < oo was proved by Chemin [9]. The result indicates a gain of two derivatives from the
maximal regularity of the heat kernel, which is realized in terms of the function space K,

!/
Eyi={ue s fulg, = lul 3, +lul 5. <oc},
L BE, LIBF

t t—P,q
where
1 1
q q
_ (3-1) _ (Gt
bl ame = | o2l | ull = | DO P I Aull
t TPa JEZ tPp.q JEZ

with the usual change for ¢ = cc.
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.31
Theorem 1.1 (Existence [9]). . Let1 < p < oo, 1 < q< oo andvy € By . There ezists a

.31
constant €9 > 0 such that for all vo € B, with ||vol] 3.1 < €o, the NS equations (1.2) admit
B

p.q
3

a global-in-time solution v € E,. Moreover, if ¢ < oo, v € C,B g -

The first result of this paper is showing that solutions of Theorem 1.1 are, in fact, analytic
in the following sense.
.31
Theorem 1.2 (Analyticity). There exists a positive constant eg > 0 such that for allvy € Bp.4
with ||vol] .31 < €0, the NS equations (1.2) admit a solution v € E, such that eViry € E,.
B

p,q
1.1.2. The case p = oo. The case of Bo_Ol’q data, corresponding to p = oo, is much harder
because the Navier-Stokes equations are ill-posed in B_l for ¢ > 2 ([5, 22, 51]). To circumvent

the difficulty in thls case, we prove the existence of solutlons subject to a restricted class of
initial data in B ﬂBs o0 1 < g < 00. The corresponding function space is defined as follows.

/ 3
Ey = {u € u|p, = ”uHi?"Bgm + i%) [”u(t)HBgo{q + t1 ||u(t)||B% }} .

0,9

Compared to the time-integrated gain of two derivatives we had in the case p < oo, here we
have pointwise-in-time gain of regularity of order %, which is realized in F

Theorem 1.3 (Existence). Let 1 < ¢ < oo and vy € Bo_Ol’q N Bgm‘ There exists a constant
€0 > 0 such that for all vy € BZ! N B3oo with HUOHB;}q + ||U0||B§ < €y, the NS equations
(1.2) admit a global-in-time solutzon v € Py

3

Remark 1.1. We note that one can replace 33 o With other auziliary spaces, BY 0y 3P <00
in Theorem 1.1. We choose the former because it is closely related to spaces appearing in the
regularzty criterion [16] with initial data in L3. Also, we choose q < 0o to avoid the embedding
By . C Bl

Once we Show the existence of a solution of (1.3) in E,, we can show the following analyticity
result along the lines of the proof of Theorem 1.2 and Theorem 1.3.

Theorem 1.4 (Analyticity). There exists a positive constant ey > 0 such that for all vy €
B! N B3 oo With HUO”B;}q + HUOHBQ < €p, the NS equations (1.2) admit a solution v € Eu

such that eVt € E.

1.2. Decay of weak solution. As an application of analyticity of solutions addressed above,
we will estimate decay rates of weak solutions. Most of decay results have been based on L?
estimations as one can see in [38 39 42, 41, 43, 44, 45, 50]. Here, we obtain the decay of

weak solutions in Besov spaces Bp q for all p. Before presenting our result, we recall the usual
notion of a weak solution, v(t) € L{°L? N L7, satisfying (1.2) in the sense of distributions
and the additional energy inequality,

t
()2, + /0 1V0(8)|2ads < [Jvo]| 2.
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The fundamental theorem of Leray [35] states the existence of such weak solutions for initial
data vy € L? with V - vg = 0.

We now briefly explain the main idea of the decay estimates: (i) The energy inequality
implies that litrg(i)gf lo(t)|| ;1 = 0. If we show that Besov norms ||1)(75)||B%71 can be controlled

. P,q
by H! norm, then ||v(to)|| s, becomes sufficiently small after a certain transient time #. (ii)
BP

p,q
Theorem 1.2 and Theorem 1.4 tell us that if initial data are sufficiently small in critical spaces
3

.21
Bj g , then the solution satisfies the estimate ||e\/ZAv(t) _, globally in time. Combining

| s
Bfg
these two observation, we will show the following decay estimates of weak solutions in section
5.

Theorem 1.5 (Decay). Let v be a weak solution of the three dimensional Navier-Stokes equa-

tions, subject to initial data vo € L? and, in addition wg = V x vg € L' in case 1 < p < 2.

Then, there exists a time tog > 0 such that ||v(to)|| 3 becomes sufficiently small so that The-
B

p,q
orem 1.2 or Theorem 1.4 hold for p < oo and , respectively, p = oco. Moreover, the following

decay estimate holds for > 0,

. R ACA q=>2 for p>2,
IASo D30 < Celloteol gs 6= 10)5, - G = 1Ae s, { 0 L p<

Remark 1.2. By the Sobolev embedding, one can easily extend previous L? decay results to
obtain decay rates in LP spaces, p > 2. However, the decay rates for p < 2 are new.

Remark 1.3. This decay rate satisfies the Petrowsky parabolicity condition [48].

Remark 1.4. The case p = q = 2 corresponds to the upper bound of decay rate in [39]. In
that paper, however they assumed the following two conditions to the solution itself: (a) there

M
exist positive real numbers My and ~y which may depend on vg such that ||v(t)||72 < m

for allt > 0 and (b) for r > g, litrg(i)glf lv(t)||gr < 0co. By contrast, we do not need these two
conditions to obtain the decay estimate asserted in theorem 1.5.

1.3. Regularity condition. As a related subject, we will provide a Serrin-type regularity
criterion in Besov spaces. The Serrin criterion [46] says that the Leray weak solution v is
smooth for ¢t € (0,7T] if v € L"(0,T; L®), with 2 + 3 1. We would like to show a new
regularity criterion in Besov spaces with less reguiqarit;.

Theorem 1.6. There exists a smooth solution of the Navier-Stokes equation on the time in-
terval [0, T] for smooth initial data vy if on any time interval [T —t,T],

) <C, t<T, 9 3
(L5) (T =t)av(@®)ll 5, —+-—0=1 3<p<oo, 2<g< 0.
"l -0, teT, a P

Remark 1.5. Theorem 1.6 generalizes the Serrin’s reqularity condition and other related results
in two aspects: (i) o can be negative and (ii) for o =0, |[v(t)|| 50 < |lv(t)| e
p,00
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21
Remark 1.6. Compared to a new regularity criterion obtained by [10] in L1(0,T; Bé,) for
2 p—

2 < q < 00, where their result is better than our result in the spatial variables by Bgo_oo C B&%,so
for a negative regqularity index %—1, our result improves the criterion in the time variable because

1
the time singularity (T —t)" < is in the weak L7 space, which contains the L1 space. Moreover,
our proof is much simpler. However, our method cannot cover several known results due to the
missing end point q = oo: for example, L>(0,T; L?) in [16] and C((0,T]; By!,.) in [10].

2. NOTATIONS: THE LITTLEWOOD-PALEY DECOMPOSITION AND PARAPRODUCTS

We begin with some notations. LP(0,T; X) denotes the Banach set of Bochner measurable
1

T 1
functions f from (0,7") to X endowed with either the norm (/ lf (s t)||§(dt> "for1<p<oo
0
or sup ||f(-,t)]|x for p=oo. For T = oo, we use L' X instead of L”(0, 0c0; X). For a sequence
0<t<T
1
{aj}jez, {aj}a = (Z la;|?) ¢, with the usual change for ¢ = co. Finally, A < B means there
JEZ
is a constant C such that A < CB.

We next provide notation and definitions in the Littlewood-Paley theory. We take a couple of
smooth functions (x, ) supported on {¢; |¢| < 1} with values in [0, 1] such that for all £ € R,

+Z¢ T =1, P =9(Z) - e©)

and we denote ¢(277¢) by ;(€). The homogeneous dyadic blocks and lower frequency cut-off
functions are defined by

e =2t [ @iyl Su=2 [ Wty

Rd Rd
with h = Z 14 and h = Z~1x. Then, we can define the homogeneous Littlewood-Paley
decomposition by

(2.2) u= Z Aju in Y,;,
JEZ
where y,; is the space of tempered distributions « such that lim Sju =0 in %/ ". Using this
j——o00
decomposition, we define stationary/ time dependent homogeneous Besov spaces as follows:

. 1
Ba= S €05 Wlag, = (S 27107 1)" < o0},

23) UOTE) = {1e s o, — | (2 12:05)"

JEZ

< oo},
L7(0,T)

1
L"(0,T;B, ) = {f SIS HinT(O,T;B;’q) = <Z2jsq||Ajf”qT(0,T;LP)> 7 < oo}
JEZ
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with the usual change if ¢ = co. According to the Minkowski inequality, we have

(2.4) ||f||ir(07T;st)’q) < ||f||Lr(07T;st)’q) if r<gq,
||f||ir(07T;st)’q) > HfHLT(O,T;B;’q) it r>gq.

The concept of paraproduct enables to deal with the interaction of two functions in terms of
low or high frequency parts, [8]. For two tempered distributions f and g,

(2.5) ng = Z AifAjg = Zsj—lfAjga R(fv g) = Z Aijj/g'

=2 jeL l5=5"1<1

Then, up to finitely many terms,

(2.6) Nj(Trg) = Sj1fDj9, DjR(fg)= Y Diflig.
k>j—2

In section 3, we will use the following decomposition:

(2.7) F9=> SifNjg+>_SifAg.

JET JET
Again, up to finitely many terms, we have

(2.8) Ni(fg)= D Skflrg+ D DrfSkg.

k>j—2 k>j—2

We finally recall a few inequalities which will be used in the sequel.

Bernstein’s inequality [8]. For 1 <p < g < oo and k € N,

. sl 1
(2.9) sup 0“0 flle =~ 27518, Fllee, 185 Fllne S 27918, f| o

laf=k

Localization of the heat kernel [9].

1927
(2.10) e 2 fllr < e A fll e

3. THE CASE p < co: PROOF OF THEOREM 1.1 (EXISTENCE) AND THEOREM 1.2
(ANALYTICITY)

In this section, we prove Theorem 1.2, analyticity of the Navier-Stokes equations with small
3

.39
initial data in B}, , with p < co. The proof is based on an adequate modification of the proof
Theorem 1.1. Therefore, we begin with the detailed existence proof of [9].
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3.1. Proof of Theorem 1.1. We recall the definition of the function space E,,

(3.1) By={ues slule, = lul__ s+l s <oo}.
eon) I1BP,

t p.q

We construct a solution in the integral form: v(t) = e*®vg — %B(v,v), where the bilinear form

B is

(3.2) PB(u,v) = /Ot [e(t_s)AIPV (u® v)(s)}ds.

We only need to show that % maps E, x E, to E,. We first decompose the product u ® v as

paraproduct (2.7). Then, % can be decomposed as

B(u,v) = Br1(u,v)+Ba(u,v), Hi(u,v) Z% (Sjuijv), HBa(u,v) Z% (SjveA u).
JEL JEZ

We now estimate % in E,. We apply A; to %; and take the LP norm. By Bernstein’s
inequality (2.9) and localization of the heat kernel as (2.10), we have

181 (u,0) | S 3 2 / [ 92 Su(s) B (5)] 20 ds

k>j—2

< 3 2 [ [ sl Al s

k>j—2

(3.3)

By Bernstein’s inequality (2.9),
3 3_
ISkullze < 37 NAwllzs £ D7 27 Al = Y7 2207V A .
1<k—1 1<k—1 1<k—1
Therefore, we can replace the right-hand side of (3.3) by
_ 2k 3
(B4) 182wl S Y ga/ =92 (32 226 Apus) 1) 10 (5) 1] .
fe>j— 1<k—1

By taking the L® norm of (3.4) in time with the aid of Young’s inequality in time, we obtain

, 3_

18581 (w0l S0 2] 3 226 Al o] 1 Ak0) 130
k>j—2  1<k—1

< |lu 3 299K Agwll 1
(3.5) Sl IIitmj_ﬁ;ngg;2 [Akvll e

C k(3 k(2
<lullg, Y 227G ALl .
k>j—2

We multiply (3.5) by 9/ =1), Then,

(3 _ (b—i\(3 3
3.6) 25 VNAB () |err S Hlullp, > 27 FERETY Al .
k>j—2
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Since % > 0, we can use Young’s inequality to estimate the right-hand side of (3.6) with respect
to 9. Namely, we let a; = 277) and bj = 2J(5+1)||Ajv||Lt1Lp and apply Young’s inequality to

Z ar—;bg to obtain
k>j—2
<
(3.7) II%(u’v)lli?oBE;l N IIUIIEPIIUIIE 3o < [lullg, lv]|&,-

Similarly, we can obtain the L! in time estimation of % (u,v). By taking the L' norm in time
to (3.4) and applying Young’s inequality in time,

. . (8 3
(3.8) 18,21 (w, 0) | e < lullp, 27 Y 2727 DG Ay 1.
k>j—2

We multiply (3.8) by 2j(%+1). Then,

(241 —(k—) () nk(2+1
262,81 (u,0) | 1 S Nullg, > 27 DL A,
k>j—2
from which we have
<
(3.9) H%(u’v)nit@ff S lullz, vl 5,
Therefore, we conclude that || %1 (u,v)||g, < [|ullE,|v] £, By the symmetry of the paraproduct
of B(u,v), we finally have
(3.10) 1B (u, )|, S llullz,lv]e,,
which completes the proof.

Remark 3.1. We will need to apply Young’s inequality to sequences several times to estimate
sequences having the convolution structure. Since the structure of sequences appearing later
(for example, (4.5), (4.9) , (4.10) and (6.3)) is exactly of the form used to obtain (3.7), we will
apply Young’s inequality to sequences without defining {a;} and {b;} each time.

3.2. Preliminaries. The proof of Theorem 1.2 in this section and likewise, Theorem 1.4 in
section 4, requires a couple of elementary inequalities which are summarized in the following
two lemmas.

Lemma 3.1. Consider the operator E := e~ VI=s+V/s—ViA for0 < s <t. Then E is either the
identity operator or is an L' kernel whose L' norm is bounded independent of s,t.

Proof. Clearly, a := v/t — 5 + /5 — v/t is non-negative for s < t. In case a = 0, E = e~ g
the identity operator, while if @ > 0, E = ¢~%" is a Fourier multiplier with symbol E(¢) =
H?Zl el Thus, the kernel of E is given by the product of one dimensional Poisson kernels

H?Zl m The L' norm of this kernel is bounded by a constant independent of a. O

Lemma 3.2. The operator E = e39A+HVaA s o Fourier multiplier which maps boundedly

LP+— LP, 1 < p < oo, and its operator norm is uniformly bounded with respect to a > 0.
Proof. When a = 0, E is the identity operator. When a > 0, then E is Fourier multiplier

with symbol E(£) = e~ 3IVagP+Ivagl | Since E() is uniformly bounded for all £ and decays
exponentially for || > 1, the claim follows from Hormander’s multiplier theorem, e.g., [47]. O
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3.3. Proof of theorem 1.2. We are now ready to prove Theorem 1.2. For the notational
simplicity, we define a function space F), such that

F, = {v(t) €E,; e\/zAv(t) € Ep}.

We only need to show that % in (3.2) is bounded from F, x F}, to Fj,. To this end, we first
apply eViA to % in (3.2).

(3.11) e\/z[\@(u, v) = eViA /Ot [e(t_s)APV (u® v)(s)}ds.

Let U(s) = eV, V(s) = eV*Mv, with U,V € E,. Then,

(3.12) e\/z[\@(u, v) = eVin /Ot [e(t_s)APV (e VAU ® e_\/gAV)(s)}ds.

We rewrite (3.12) as

(3.13) VA B(u,v) = /0 t [e(ﬂ_ﬁ)Ae%(t_s)Ae%(t_s)Ae\/gAIP’V (e VU ® e—ﬁAV)(s)} ds.
We apply A; to (3.13) and take the L” norm. By Lemma 3.1 and Lemma 3.2, we have
(3.14) |26V B(u, )| 10 S /0 t [e—%@—sﬁ”gﬂ' [eV*2 A4 (™Yo ® e—ﬁAV)(s))HL,,}ds.

To deal with the right-hand side of (3.14), we decompose the product e~ VAU @ e~ VAV ag
VT @ e VY =3 (VIS U) @ (VA V) + D (VA U) @ (e7VEAS, V).

JET JEL
Then,
(3.15)
876Y™ B, v) 10 < /0 >o | Y e e VRS © eV AKY)(9)]| ) ds
k>j—2

t |
+ / S [V (VAL @ e VRSV (5)]|, s
0 k>j-2

To estimate the right-hand side of (3.15), we introduce the bilinear operators By of the form

Bi(f,g) = e\/ZA(e—\/ZAfe—\/ZAg) _ / / eim'@"’")e\/mg"'"'1_|§|1_|77|1)f(£)§(77)d§d17.
R3 JR3

3
Recall that for a vector £ = (&1, &2,&3), we denoted ||£]]1 = Z |€i|- As one can see below,
i=1
this 1! version of A instead of the usual {? version of A is crucial to estimate B;. For £ =
(&1,&2,&3),m = (n1,m2,m3), we now split the domain of integration of the above integral into
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sub-domains depending on the sign of §;,7; and &; + ;. In order to do so, we introduce the
operators acting on one variable (see page 253 in [33]) by

1 [~ . I

Kif =5 [ et i@ds Kaf=oo [ e a
T Jo 21 J_

Let the operators L, 1 and L, 1 be defined by

Loaf = . Locaf = 5= [ e 147 e

For a = (a1, ag, a3), B = (B4, B2, B3) € {—1,1}3, denote the operator
Za,ozg = KﬁlLtvalﬁl ® o ® K63Lt7a3ﬁ3 and KO? - Ka1 ® Kaz ® Ka3.

The above tensor product means that the j—th operator in the tensor product acts on the
j—th variable of the function f(z1,z2,23). A tedious (but elementary) calculation now yields
the following identity:

(316) Bt(f7 g) = Z Kal ® Kag X Ka3 (Zt7a*7gfzt,&,“79)7
(@B4)e{-1,1)3x3
We now note that the operators Kg, Z_ - Fi defined above, being linear combinations of Fourier

multipliers (including Hilbert transform) and the identity operator, commute with A. Moreover,
they are bounded linear operators on LP,1 < p < oo and the corresponding operator norm of
Z, - = is bounded independent of ¢ > 0. By taking the LP norm to (3.16), we have

t7a76
1B f. )l S 12, 5.5 Ze.cza |

We now apply this argument the right-hand side of (3.15). Then,

t P
Il 5 [ [ D 2540 © 2047 10

0o =
(3.17) k22

t o
+/ > [e—%“—S)?”wHZAkU@Zskvnm}ds,
0 k>j-2

where we denote Z without indices ¢, @, ﬁ for the notational simplicity. By Bernstein’s inequality
(2.9), we have

1ZSkullze < D 1280l S D 1M Zul

1<k—1 1<k—1
3 3_
S > aZulw S Y 2267V Al
1<k—1 1<k—1

where we use the fact that Z commutes with /\; and the boundedness of Z on LP. Therefore,
we can follow the lines from (3.4) to (3.10) in proof of Theorem 1.1 to obtain

(3.18) 12 (u, v)| 5, S UllE, Vg, <llullg,lvlz,

which completes the proof.



12 HANTAEK BAE, ANIMIKH BISWAS, AND EITAN TADMOR

4. THE CASE p = co: PROOF OF THEOREM 1.3 (EXISTENCE) AND THEOREM 1.4
(ANALYTICITY)

We now show the well-posedness and analyticity for the Navier-Stokes equations of the
limiting case p = oco. To this end, we recall the definition of the space Foo

’ 3
Bro = (u € ullp = ullpepg -+ sup o)z, + o]y |+
, 3

As one can see below, we need to obtain two additional estimates t1 l|lv(t) HB*% and t2 o)l go -
0,q

0,9
(See (4.10), (4.14) and (4.18)). These terms can be obtained by interpolating HU(t)HBgolq and

t1 lo(®)]l , but we proceed the proof by establishing bounds in K, whose norm is given by

.1
B

8[\>|>—A

1 1 3
(4.1)  vllg, = sup [llv(t)llggolq +tiflo@l, 3+l gy + @],
t>0 ! Boo,q ©0:9 B

»q

to avoid complicated expressions coming from the interpolation. The time weights appearing
in (4.1) will be introduced below through the Gaussian bound,

(4.2) jg|7e I < 5
In addition, we will use the following lemma repeatedly in the proof of Theorem 1.3.

Lemma 4.1. Forany0<a <1 and0<b <1,

/Ot [(t - s)_as_b} ds < ttma7b,

The result follows by decomposing the time integral into two parts,

/Ot [(t — s)—as—b} ds = /0% [(t - 3)_“3_1’} ds + /%t [(t B s)—as—b} ds

< 4—a 2 b —b ! _ \—a
<t sVds+t (t —s)~%ds.
0 t

2

4.1. Proof of theorem 1.3. As we did in the proof Theorem 1.2, we need to show that %
maps Fy X Eo to Fs. Since we already estimated the bilinear term % in Bg,oo in Theorem

1.1, we only need to show that % maps from Fo, X Ey to K. We decompose u ® v as (2.5).
Then,

t
B(u,v) = / [Ve(t_s)AIP’(Tu Qu+T,@u+ Ru®wv))|ds
0
= B (u,v) + Ba(u,v) + Bs(u,v).

(4.3)
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Estimation of %#5(u,v). We estimate A3 first, where we need the auxiliary norm ||u| LBy -

By Bernstein’s inequality (2.9) and localization of the heat kernel (2.10),
185 (u, 0) ()| 2o < 2712 B3 (w, 0) (8)| 15

t .
< / (22067092 57 [ Agu(s) | o Awv(s) | o< | ds
0

k>j—2

3 ; . .
(4.4) SIIUHLgoBgm/ [2%6—@_3)221 ) 2%2§||Aw(s)||po}ds
Tl k>i—2
t 37 —(t—s)2% ik _k
< |lulles [226 > 2% 22||Akv(s)||Loo}ds.
0 k>j—2

We will repeatedly use (4.4) to estimate %3(u, v) in K. To estimate %3(u, v) in L?"Bgo{q, we
multiply (4.4) by 277. Then,

to , .
27710 (u, v) ()| e S IIMIIEOO/ [2%6—@_5)22] 3 Q%ﬁIIAkU(S)IILw}dS
0 k>j—2

¢ _1 _3 i—k 3 k
S uls. | (1= 5) 78578 37 27" 5% 28 | M) e ds.

k>5—2

(4.5)

By taking the [? norm to (4.5) with the aid of Young’s inequality (as mentioned in Remark
3.1), we have

3 ! 1 .3
a0 s, S Il [sup o]y ] [ [6=9)7HsH]as
o0 t>0 Boo,q 0
Therefore, Lemma 4.1 implies that
(4.6) 123 (u, v) (D) g1, < l[ullEll0]l B
We will do the same calculation to estimate %3 for the next two terms in (4.1) without details.

t
@) 10Ol S lulls. st lo] ] [ (= st as g Leftlee
Bo? >0 B% .44 Jo tx

t
(48) 1#s(0,0)Olg, S Nl [sup e loto)] 1y ] [ (6= o) 7¥s ¥ as g Lol
0,9 t>0 BZ .1 Jo

L
oo, t2

To estimate ¢1 |85 (u, v)(t)|| , we need to divide the time integration into two parts.

q

1
BZ,,

|~

24250, 0) Ol $2% [ 2075 ) el o) ] ds

0 k>j—2
ot ‘
+2%ﬁ |:23e_(t—s)221 Z ||Aku(s)||L°°||Akv(8)||Loo}ds
2 k>j—2

= I +1I;
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We begin with I;. By Bernstein’s inequality (2.9),

. .
I; = /0 [22ye—<t_s>22]2% > ||Aku(s)||L3||Akv(s)||Loo}ds

E>j—2
/ [ S k()2 28 | Ao (s)] o] ds
k>]2
:
<lliesy [ 725 2 2T 2w s
' k>32
< [lulle. / [ S0 20 Al s
k>]2

Using Young’s inequality, we obtain that

t
3 2 _3 ull g ||v]| B
(49)  {L}y S lule. [supti o)y | / (65715 Has 5 vl
t>0 B% g 0 t4

Next, we estimate I1;.

t
15 [ =578 Y 2T 2 A o= Sl = ds
2

k>j—2
:ﬁ (6= )7 2s7Hs78 30 2% 3 Agu(s)l| s T2 | Bpo(s) 1 | ds
2 k>j—2

from which we have
1 3 ¢ 1 3 1
(1 S [swpth ol ] [supetioy | [ [ 57 bsisHas
£>0 ol Ly B2, )y

< ||U||Em3||v||Eoo'
ta
By (4.9) and (4.10), we have

(4.10)

[ull e 0]l o
(4.11) 1Bs )@, S %
0,q 4
Therefore, by (4.6), (4.7), (4.8), and (4.13),
(4.12) [#3(u, 0) [ koo < Nlull B [[0]] Eec -

Estimation of %;(u,v) and %(u,v). Now, we estimate %;(u,v). By applying A; to
%1 (u,v) and taking the L> norm, we have

t .
1250 Ol S [ [ )l g0 s

We note that we used the auxiliary norm HUHBQ to replace || Agul|Le by ||Agul/ s to gain one

derivative to estimate %3(u, v). Here, we can gain one derivative from Sju to estimate %4, and
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P (u,v) as follows.

J J
(413) [[Sjullze S Y Qwle = Y 227 Awulre S Vfull g < 2 ull...

l=—00 l=—00

We will use this property to estimate % (u, v) for the first three terms in (4.1). We begin with
the estimation of || % (u, U)HLtOOBgolq'

t - .
279251, ) Ol Sl | (2600010 ] ds
0 L

tr _1
Sl [ (6= 418500 1 Jas

tr 1 1 1
—Nulle. [ (6= 9 Es s A 000) o] ds
0 L

which implies, by lemma 4.1, that

1 t 1 1
(4.14) ||%1(u,v)(t)||3w%q§||u||Eoo[iggﬁnv(t)HBgM}/0 [t = 9)7%57%]ds S ull . o] e

Again, we will use the same calculation to estimate % (u, v) for the following two terms without
details.

t
(@15) |11 o) O,y < e [supedool 3 ] [ [ =02 Has g Plemtle,

005 50,9 t1

: t s 11, o ulefole
(1.16) |10, 0)(Oll gy, S lulle [sup et ool 3 | [ [0 st H]as g Ll e
©0:9 t>0 BQ_q 0

L
oo, t2

To estimate ¢ |1 (w, v)(t) HB% , we need to divide the time integration into two parts.

0,9

, o ,
242510, 0) Ol S [ (282 Sjus) = 185005 = s
0

t .
L7 —(t—s 2j
+ / (28276928 () | e[| 8 0(5) 12 | s

e

— I1I;+ IV},
We begin with I11;. By (4.13),

|

171, < Julls /0 [ (o

Thus, we have

. o, <l ol
(@10 {5, S el [swp ey | [ [ o5 as g B E
t>0 50,97 J0 ta
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To estimate IV}, we slightly change the estimation of ||.Sju||z~ as follows:

J J
<3 o)l = Y 2857127551 | Aguls) |
V| <2 T ull

S 285 i [supstuls)ll | <
s$>0 oo,zq

[Sjuls)llze <

Therefore,

t . .
1 & lulls. [ [2Fe 9 k8 20 ds

2

! s 1.4
Shulle. [ [(6= s ts 28 145000) 1] ds
2
which implies that
t
(419) {1V}, S lulls. [ swpti o]l }/ [6— s Hsts1]ds [l
>0 BX,qd J1L t1

By (4.17) and (4.19), we have

u o0 ,L) o0
(1.20) B0l < el

~

50,9 t

o

Therefore, By (4.14), (4.15), (4.16), and (4.20),
(4.21) 181(u, 0) [ oo < Null B l[0]] Eec -

Since $s(u,v) is of the form of % (u,v) by changing the role of u and v, we have

(4.22) [B2(u, v) [ oo < Nlull B 0] £oc -
Combining (4.12), (4.21), and (4.22), we finally have
(4.23) 1 (u, v) || ko < llull s V]l £a

which completes the proof of Theorem 1.3.

4.2. Proof of theorem 1.4. We can prove Theorem 1.4 along the lines the proof of Theorem
1.2 and Theorem 1.3. We define a function space F,, such that

Fy = {v(t) € B ; e\/zAv(t) € EOO}.

We only need to show that % in (3.2) is bounded from F,, x Fy to Fo. Let U(s) =
eVihu, V(s) = eV*Mv, with U,V € Es. By replacing the LP norm by the L norm in (3.14),
we have

t .
(424) 85" Bu )= $ / [e7HEIP VRN (VA © VIRV ) (5)]| s
0

Then, we decompose (e_\/gAU ® e_\/gAV) as
T,y @€ VAV 4+ T, sy @ e VAU + R(e™VAU @ e V3MY)
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and follows calculations in the proof of theorem 1.3. In general, Kz and Z, . do not map L*

to L°°. However, these operators are bounded in L*> when localized in dyadlc blocks in the
Fourier spaces. Therefore,

(4.25) eV B, 0) |0 S NV 2V | e < el 0] e

Since we already obtained ||V % (u, v)|| LBy in section 3, we finally have

1 (u, 0) || Fae S Ml 0] Fic -

This completes the proof of Theorem 1.4.

5. PROOF OF THEOREM 1.5: DECAY OF BESOV NORMS

In this section, we will obtain various decay estimates of weak solutions of the Navier-Stokes
equations in Besov spaces. We need the following lemma to proceed.

Lemma 5.1. The Fourier multipliers corresponding to the symbols m(§) = |£|Ce_\/Zlgll are
given by convolution with corresponding kernels k which is a L' functions with ||k||p: < tC_/CZ

Proof. For a proof of the L' bound on k, we apply lemma 2.1 in [33] under the scaling: ¢ +—
1
t2€. O

Theorem 1.2 and Theorem 1.4 tell us that if initial data are sufficiently small in critical
3

.21
spaces Bj 4 , then the solution is globally in the Gevrey class. Then, lemma 5.1 allows us to
obtain the following time decay of (homogeneous) Besov norms:

IASv(8)]]

= [A§e™V R o()| 5o, < CetTE e o(t)] 5, ¢ >0,
B B

q p.q p.q

e
|

where we recall that Ay = (—A)%. If we can show that a solution v(t) satisfies

1 =0,

q

(5.1) lim inf [|v(¢)||
t—o0 B

T

then due to Theorem 1.2 and Theorem 1.4, after a certain transient time ty, we have

sup eV ()] a_, < oo
t>tg B,?’q

Consequently, we obtain

(5:2) AU < Cellotta)ll 5 1 (= t0) 5, ¢ >0,

»q

where ||v(to)]| . gy I sufficiently small to apply Theorem 1.2 or Theorem 1.4.
B

p.q
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5.1. Proof of theorem 1.5. We only need to show (5.1). For vy € L?, we have the following
energy inequality:

t
()2, + /0 1V0(8)|2ads < [Jvo]] 2.
This implies that

(5.3) sup [[u(t)[172 < [lvollZ2, lim inf v (#)] ;1 = 0.
t>0 —0

In order to obtain the second relation in (5.3), for ¢ > 0 arbitrary, choose ¢ large so that

1 € 1 [ 1 ,
;||v0||%2 <7 We note that the energy inequality yields ;/0 [Vu(s)|32 < ;||vo||%z. This
immediately implies that there exists tg € (0,¢) such that |[Vo(to)[|3, < e. Due the uniform
bound on ||v(t)|| 12, it also follows that litm inf [[u(t)]| ;5 =0 for 0 < 3 < 1.

—00

1 )
Forp=q=2, B, = 3. Thus by (5.2), we have

_s
(5.4) IASo()l] < Cellv(to)ll 3 (¢t —t0)"3, (>0,
where ||v(t0)||H 3 is sufficiently small to apply Theorem 1.2.

. .31
For p > 2 and ¢ > 2, the embedding s c B}, implies that ||v(t)]| e 0 as t — oc.
B k)
Therefore, e
_S
(5.5) IASV()]] a0 < Cello(to)ll 5 (t—t0)"2, ¢ >0,
Bpq Bpq

where ||[v(to)|| a_, is sufficiently small to apply Theorem 1.2 for p < oo or Theorem 1.4 for
BP

p,q
p =00 and ¢ < 0.

To deal with the case p < 2, we will use the vorticity w = V xv. From the vorticity equation,
wt +v - Vw — Aw = wVv, we have ([11])
(5.6) lo(®)llz1 < llvollZ2 + lwoll -
We will use this L' vorticity bound to estimate the decay rate in Besov spaces. By the inter-
polation of L' norm and L? norm of A;v(t), we have
2p — 2

P

(5.7) 18O e < ClA @1 Al 7% o=

We multiply (5.7) by 2j(%_1+o. Then,
(3 (L o : 11—
2G| Ao (t) || e < C27GTO o) |52 (27] Aju(t) | 1)
1 —Q
(5.8) < PG A% (|40 | 1)
< 0250 A4,
where we use the fact that

AVl < CllAw|pr < C|lw||pr, C independent of j.
J J
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By taking the [ norm to (5.8), we have
1
(5.9) ||Agv(t)||B%,1 < 0( 3 294G+ IIAjv(t)IIL‘%) g
P,q ‘7

We take qp such as agy = 2. Then for ¢ > qp = p%l > 2, we have

2

(5.10) IASo )] 5 < Cllo@)]”

. 1 .
b F3E+O
Since %(% +() = 2(p1_1) + 42_4 > 1 for p < 2, the right-hand side of (5.10) goes to 0 as t — oo
by (5.4). Therefore,
_S
(5.11) IASV()] 21 < Cello(to)ll 5 (¢ —t0)"2, ¢ >0,
Bpg Bpq

where ||v(to)]| .3_, is sufficiently small to apply Theorem 1.2. This completes the proof of
p
Theorem 1.5.

p.q

Remark 5.1. By using the relation between Besov spaces and Triebel-Lizorkin spaces inq
we can obtain decay of weak solutions in Sobolev spaces WP with p < 2. (For the definition
of Triebel-Lizorkin spaces and embedding properties, see [20]). By taking p = q < 2,
A
leV ™ o@)l 51 S ot

3_ 3_1-
HFp’?p BE,

p
Since IP C 12 forp < 2,
A
eV o@)|| sy S llolto)]] s,
FP BP

p,2 p;p

which is equivalent to the estimate solutions in the potential function WP such that
VA < _3_
[0 (@)l yys0p S IIU(to)IIBz%;l’ so=——1>0.
Therefore,

_¢=s0
IA50 @)1z < Cello(to)| 5t —t0) "7, > s0,

p,p

where ||v(to)|| 31 18 sufficiently small to apply Theorem 1.2.

p,p

6. PROOF OF THEOREM 1.6: REGULARITY CONDITION IN BESOV SPACES

In order to prove Theorem 1.6, we only need to show that ||[Vv(t)|L~ appearing in the
blowup criterion ([3]) can be controlled by (1.5). To this end,we will estimate Vv in Besov
3

spaces B; 1 which is contained in the L>°. As before, we express v in the integral form:

(6.1) v(t) = ePuy — /0 [e(t_s)AIPV -(v®@wv)(s)|ds.
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By applying A; to (6.1) and taking the L” norm , we have
, t o ,
Av()|ee S e_t22]||Ajv0||Lp —I—/O [2%‘“‘5722] |Aj(v®@wv)(s)|| e |ds

Se_wz]”AjU(]HLP +/0 9J |:e—(t—s)227 <||Sjv(s)||Loo||Aj’[)(8)||LP

£ 3 2 Aol Axe(s)] 20) ] ds

k>j—2

= e 2gv0ll e + 1+ 11,

where we use the decomposition v ® v = 2T, ® v + R(v ® v) at the second inequality.

Estimation of I. By Bernstein’s inequality (2.9),

J
3 —0oloyo (2o
ISju)liz= S D 27272 Al S 25 o(s) 5,

~

l=—00

where we use the condition % —o=1- % > 0 for ¢ > 2. Then,

t }
I(t)S/ [2’(1+%_U)e_(t—s)22]||v(s)||Bc, ||Ajv(s)||Lp}ds.
p,OO

0
Therefore,
t Cl(143_g) 1 1
DI a1 S [(t—s) 2T s asallu(s)] o ||U(3)||.3+1}d3
Bp 0 p,o0 BP
p,1 p,1
1 ¢ 148 _g) _1
(6.2) < sup [rHo(r)ll ||u(7)||_%+1}/ (= o) 402054
o<r<t p,o0 Bp’1 0

1
S | rrllo(m)lsg llv( )IIngl :

1 3 1
Whereweusethecondition1—1—2—0:2—3<2f0rq<oo, and 5(1—1———0) +-—=1to
p q
apply Lemma 4.1.

Estimation of II.

t .
II(t) < / [zje—@—sﬁ” > 2—k2—k02k0|mkv(s)||Lp2'f<%+1>||Akv(s)||Lp}ds
0 E>j—2

t ) .
S / 277 o(9)ll 5y D0 202G () e s
0 s
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from which we obtain

t _l(143_g) 1 1
TP A (G e s R O Py LTI

P
p,1 Bp,l

1 ¢ 143 gy _1
(63) S swp [ri o)l o) 3] [ [0 9705057 as
o<r<t P, B[;’l 0
1
< sup [7'51)7' ae |lU(T 3}.
o, [l 1ol g

By (6.2) and (6.3),

1
(6.4) o g0 S looll g0+ sup |73 o)l o 30
By, BY, 0<r<t P By,

We translate the time interval from [0, ¢] to [T'— a,T]. Then,

1
(6.5) IIU(T)IIB%H S IIU(T—G)IIB%HJr sup [(T)qIIU(HT)IIBgmllv(HT)IIB%H}-

o<r<a

p,1 p,1 p,1

Therefore, [|v(t)]] .341 does not blow up at T" as long as (1.5) holds. This completes the proof
B

p,1

of Theorem 1.6.
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