Analyticity of the Subcritical and Critical Quasi-Geostrophic
equations in Besov Spaces

Hantaek Bae* Animikh Biswas’ Eitan Tadmor?

Abstract

We establish analyticity of the subcritical and critical quasi-geostrophic equations in critical
Besov spaces. The main method is so-called Gevrey estimates, which is motivated by the work
of Foias and Temam [23]. We show that mild solutions are Gevrey regular, i.e. they satisfy
the estimate

sup [ M0t 2 < o0

t>0

for a suitably chosen o > 0 and a scaling invariant Besov space L.

1 Introduction and statement of main results

In this paper, we study analyticity properties of the dissipative quasi-geostrophic equations. These
equations are derived from the more general quasi-geostrophic approximation for a rapidly rotat-
ing non-homogeneous fluid flow with small Rossby and Ekman numbers. For the case of special
solutions with constant potential vorticity in the interior and constant buoyancy frequency (nor-
malized to one), the general quasi-geostrophic equations reduce to the evolution equations for
the temperature on the two-dimensional boundary. For more details on physical properties and
derivation of these equations, see [12, 13, 35]. Here we consider the initial value problem given by
the following system of equations in two space dimensions:

O, +v-VO+rANH=0, (1.1a)
v = (—%29,%19) s (1.1b)
0(t=0,2) = by(x), (1.1¢)

where the scalar function 6 is the potential temperature, v is the fluid velocity, and x is the
viscosity coefficient. Z = (%1, %>) are the Riesz transforms whose symbols are given by i§;/|£| for
[ =1,2,and A7 is a Fourier multiplier whose symbol is given by |£|7. The cases v > 1, v =1, and
~v < 1 are called respectively the subcritical, critical and supercritical quasi-geostrophic equations.
In this paper, we study the subcritical and critical cases (i.e. v > 1) and for simplicity we will set
k = 1. Formally, we can express a solution 6 in the integral form:

0(t) = et 6, — /0 t [e_(t_s)m(v-VH)(s) ds. (1.2)
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Any solution satisfying this integral equation is called a mild solution, which can be obtained by
using a fixed point argument. An invariant space for solving this integral equation corresponds
to a scaling invariance property of the equation. This can be stated as follows. Assume that
(0,v) € (L, (~% L, %)) solves (1.1) for a Banach space .#. Then, the same is true for
rescaled functions:

Or(t,z) == N0 (Nt Az),  woa(t,x) =N "o (Nt Ax) VA > 0. (1.3)
2 . S22y
Under these scalings, . = L7 (y > 1), H?>™7, and B}, ? are critical spaces for initial data, i.e.,
the corresponding norms are invariants under these scalings. One can find various well-posedness
results for small initial data in these critical spaces in [2, 3, 9, 11, 27, 28, 39, 40]. There are also
2

several well-posedness results for large data; in the Lebesgue space LT for v > 1 ([8]), in the
energy space H' ([18]), and in Besov spaces ([1, 20, 37]).

The goal of this paper is to show space analyticity of mild solutions and to provide explicit
estimates for the analyticity radius as a function of time. In fluid-dynamics, the space analyticity
radius has an important physical interpretation: at this length scale the viscous effects and the
(nonlinear) inertial effects are roughly comparable. Below this length scale, the viscous effects
dominate the inertial effects and the Fourier spectrum decays exponentially ([15, 22, 25, 26]).
This fact can be used to show that the finite dimensional Galerkin approximations converge expo-
nentially fast in these cases ([16]). Other applications of analyticity radius occur in establishing
sharp temporal decay rates of solutions in higher Sobolev norms ([4, 34]), establishing geometric
regularity criteria for the Navier-Stokes equations, and in measuring the spatial complexity of fluid
flow (see [24, 30, 31]).

We follow here the Gevrey class approach pioneered by Foias and Temam ([23]) for estimating
space analyticity radius for the Navier-Stokes equations and which was subsequently used by
many authors ([4, 5, 6, 7, 21], and the references there in). More precisely, we will show that mild
solutions of (1.1) are Gevrey regular, i.e. they satisfy the estimate

1/
Heat W/\19

sup

’ < 00,
t>0 L

where £ is a critical Besov space (which will be specified below) and « is a suitably chosen
parameter (namely, « = 1 for vy > 1 and o = % for v = 1). This approach enables one to avoid
cumbersome recursive estimation of higher order derivatives. We emphasize that the symbol of
A is given by the I! norm [£]; = |1] + |&2| rather than the usual A = /—A.

Before stating our main results, let us explain the main idea of the paper for the subcritical
case (7 > 1). The same approach will be used for the critical case. To this end, we define

O =: etlm[“@, V=(W,V) = et/ T (v1,v2). (1.4)

Then, V = (—%20, %1,0) and (O, V) satisfies the following equation:

t
@(t) _ etlmAl_tAweo . / [etl/w\l_(t—s)/w (e_sl/w\lv . Ve_sl/wn @) (s)} ds
ot (1.5)
_ etlmAl_tAweo _ / [e(tl/w_sl/w)Alve—(t—s)[w . esl/WAl (e_sl/wAl Ve_sl/wAl @) (s)} ds,
0

where, we have used the fact that V is divergence free and V commutes with any Fourier multi-
plier in order to obtain the last equality. Since e el is dominated by e tl", the linear term,



et VM —tA] Ay, closely resembles that of 8, namely, et @,. The estimates of the nonlinear term

are similar to those of 8 due to the boundedness property of the following bilinear operator Bi:
Bulf.g) = et (e et g ) (1.6)

(For details, see Section 3.2).

As noticed from the above argument, the existence result of 6 is crucial in establishing Gevrey
regularity. Thus, in Section 3 (for v > 1) and Section 4 (for v = 1), we will first show the existence
of a mild solution and then proceed to explain how to modify the existence proof to obtain Gevrey
regularity. We now present our existence/analyticity statements for v > 1 and v = 1 separately.
For notational simplicity, we will suppress the dependence on p, ¢ and other relevant indices when
we define norms below.

1.1 Subcritical Case: v > 1

1.1.1 Existence in Besov spaces

N . o - el
We begin with the existence result in critical Besov spaces. Let us take initial data 6y in By, n

LPr with
1<g¢g< 2 dp< 2 (1.7)
00, = —— an — .
>q9> b1 N1 p 1
Since the dissipation rate v > 1 dominates the derivative in the advection term, we can follow
Weissler’s idea ([38]) to define a function space £, = Ky 7N Gy 7, with

L LGP TRl COT P §

p.q p.q

10llG, » = sup {H9(t)HLP1 +7)16(t)]| -
0<t<T

We note that the time weights t*/7 and t° indicate the gain in regularity and integrability of the

solution through the dissipation operator A7:

gleete" S 175
The parameters r, & and ( are chosen to satisfy

2 2 2 2
1 <r<oo, —<min{7—1,——(7—1)}, a<l+- andf=1-1/y——. (1.8)
r P r Yy

It is possible to choose r and « as in (1.8) due to the fact that v > 1 and the restriction on the
parameters given in (1.7). With the above mentioned choices, we must have the relations

2 2 2 o'
) 0 < — —1 ) —+1—~v——=>0 142) 0 1——. 1.
(0) 0<—-<7-1, (m)p+ 7= >0, (i) 0<B< S (1.9)

(Since the condition (1.9) (or equivalently, (1.7)) will be used to prove the existence and analyticity
results stated below (Theorems 1.2-1.4), we will assume it for these results.) Condition (i) implies
B > 0, and conditions (ii) and (iii) in (1.9), which lead to the restriction p < % in (1.7), are
necessary to estimate the quadratic term vf in the high frequency part, while, as in [8], the
condition p; = % is required to control the low frequency part. To prove the existence of a
solution in E, 7, we first need the existence of a solution in G 7.



Theorem 1.1 [8] For any initial data 6y € LP* with p1 = 7%1, there exists a global-in-time
solution 0 in G~ 1. Moreover, for any time interval [t,t 4 7],

hH(l] [7‘5”9(75 +7)||zr| =0  wuniformly in t.

We now state our first existence result of this paper.

2241
Theorem 1.2 (Existence) For any initial data 6y € By, "N LP1 | there exists a global-in-time

solution 8 € K., 7 such that

T
1011, 27 0l 3.0 (110

p.q

As one can see in Section 3, the main step is to show

1001, S 1600l 501+ sup [72100)]cr] 161, ;-

sup

p,q 0<r<T
Therefore, Theorem 1.1 is crucial to prove the following result. We note that the size of initial
data is arbitrary.

1.1.2 Analyticity in Besov spaces

As we use the existence of 6 in G, 7 to show the existence proof of § in K, r, the proof of analyticity
of the solution of Theorem 1.2 exactly consists of two parts. We first show the existence of © in
G (Theorem 1.3) which provides the smallness of 7°||©(t + 7)||1a as 7 — 0. Then, we show the
existence of © in K, 7 (Theorem 1.4) by obtaining

1811k, <160l 30+ sup [7716() 2] 1], -

sup

D.q 0<r<T
We note that the proof of these results is based on the boundedness property of the bilinear
operator By defined in (1.6).

Theorem 1.3 (Existence) For any initial data 6y € LP* with p; = 7%1, there exists a global-in-
time solution ©(t) € G-, . Moreover, for any time interval [t,t+ T],

hH(l] [7‘5”@(75 +7)||zr| =0  wuniformly in t.

- o 2+l , i
Theorem 1.4 (Analyticity) For any initial data 0y € Bj4 WﬂLf”l, there exists a global-in-time
solution © € K., r such that

T
1Ok, , 52 HQOHB%“’”' (1.11)

p.q

Remark 1.1 Theorem 1.8 provides a new proof of the results in [19], where they prove analyt-
icity of solutions of the subcritical quasi-geostrophic equations by recursive estimation of higher
order derivatives which involves a sophisticated combinatorial argument. By contrast, we provide
analyticity directly from the mild solution setting and the proof is significantly reduced. Moreover,
our method is more flexible and can be applied to other function spaces as Theorem 1.4.



1.2 Critical case vy =1
1.2.1 Existence in critical spaces

We now consider the critical case. Unlike to the subcritical case where the dissipation is strong
enough to overcome the derivative in the advection term, main ingredients for proving the global
well-posedness for the critical case are the commutator estimates and the modulus of continuity
argument ([1, 18, 20, 37].) However, we cannot apply Gevrey regularity approach to these work
because the exponential operator e®™M does not commute with the advection term v - V. Thus,
we need a result which does not rely on commutator estimates, which is the case of [3]. We will
use this result to establish Gevrey regularity.

Theorem 1.5 (Existence [3]) There exists a constant ¢y > 0 such that for all initial data 6y €
LN HY OBEq and vg € L, with
160l Lo + [lvoll oo + [1€0ll g1 < €0,
there exists a global-in-time solution 6 € L{°(L® N HY) N L?H% N Ey, where
101l z, == ||9|| .2+ ||9|| ey (1.12)
b b

The proof of Theorem 1.5 consists of two parts. We first show the existence of small solutions
in L(L®NH") OL2H2 with small initial data in LN H'. Since the Riesz transforms % defining
v do not map L to L*°, we thus need to assume vy € L™ as well. To estimate v in L, we will
use the Oseen kernel representation. (The definition of the Oseen kernel and its property will be
presented in Section 4). Then, using this smallness condition in L> N H', we prove the existence
of a solution in Fj. We note that depending on the ranges of p and ¢, we have different restrlctlons

on the size of §y in B;n,q. If Bp7q C H', the size of ||6o]| .2
prq

can be arbitrary, while if H' C Bp g

the size of ||fy]| 2 need to be small.

2
P
Bp.q

1.2.2 Analyticity in critical spaces

To show that solutions in Theorem 1.5 are analytic, we need to define the Gevrey operator more
carefully because A and A; are equivalent as a Fourier multiplier. Let

O = e4tA19( t), V= etthiy (t).
Then, © and V satisfy the following equation;

t
o(t) = eathi—tAg, / [e%ml_(t_s)[‘ (e‘iSAlV Ve 15 @> (s)} ds. (1.13)
0

As we will see in Section 4, the fact 1|¢|; < £|¢| allows that (1.13) is equivalent to the integral
equation of #. Therefore, we can prove the following result along the lines of the proof of Theorem
1.4 and Theorem 1.5.

Theorem 1.6 (Analyticity) There exists a constant ¢ > 0 such that for all initial data 6y €
2
L*NH'NBY, and vy € L, with
160l oo + [lvoll oo + 160l 72 < €0,

there exists a global-in-time solution © € L°(L®° N HY) N L%H% NE;.



Theorem 1.6 in fact provides the decay estimates of the solution in Theorem 1.5.
Corollary 1.1 The solution in Theorem 1.5 satisfies the following decay rate of the solution;

Hvkﬁ(t)H L <O, ko
L>*nH'NBY,
. .2
The proof is rather simple so we provide it here. Since L> N H! N B}, is translation-invariant

and the operator VFe~*A1 is L'-bounded,

Hvke(t)u , — Hvke‘tlm\let””“@(t)H )
LenH'NBE, LenH'NBE, (1.14)
<[t el s <Rt
Lt LenHNBY, Lt
where C' = ||O(t)|| 2 S 6ol ~ 2 . Then, by rescaling ¢ as & — t£,
L>*nH'NBE, L>*nH'NBE,
Hv’fe‘“\l < th_k, Cr = Hvke_Al .
Lt Ll

Remark 1.2 (1) In [20], the global well-posedness of the critical quasi-geostrophic equations is
2

proved for large data in Bﬁq. However, analyticity of the solution was not proven; also the decay
estimates provided there were for short times only.

(2) In [12], they proved that for initial data 0y € H?(T?) with the smallness condition to ||0| L
there exists ty > 0 such that the solutions of the critical quasi-geostrophic equations are analytic
for t > to. Along the proof in [12], Dong proved in [17] that there exists a time tg > 0 such that
the solution of the critical quasi-geostrophic equations is analytic for all t > tg for large data in
HY(T?). Although we need smallness condition in L% N H', the solution of Theorem 1.5 becomes
analytic instantaneously and it covers more spaces for initial data due to the range of p and q.

2 Notations: Littlewood-Paley decomposition and paraproduct

We begin with some notation.

(1) Let X be a Banach space. LP(0,7T; X) denotes the Banach space of Bochner measurable

1

functions f from (0,7") to X endowed with either the norm (fOT £, t)||§(dt> " for 1 < p < 00

or sup ||f(-,t)||x for p = oco. For T = oo, we use the notation L} X instead of LP(0, c0; X).
0<t<T

1

q

(2) For a sequence {a;}jez, {a;}i = (Z |aj|q)
JEZ

, with the usual modification for ¢ = co.

(3) A < B means there exists a constant C' > 0 such that A < CB. Similarly, A ~ B means that
there exist two constants C7,C > 0 such that A < C1B and B < (L A.

We next provide notation and definitions in the Littlewood-Paley theory. We take a couple of
smooth functions (, ¢) supported on {¢;[¢| < 1} with values in [0, 1] such that for all £ € R¢,

X&)+ Y v(2776) =1, (&) = ¢ (£/2) — (&)

J=0



We set (277€) = 1;(€) and define the dyadic blocks and lower frequency cut-off functions by

Bju=2 [ wigute —ydy. Sju=2 [ Ryt - y)dy, (2.1)
R4 R

d
with h = .Z 1 and h = .Z1y. We define the homogeneous Littlewood-Paley decomposition by

u=> Aju in %, (2.2)
JEZ

where y,; is the space of tempered distributions u such that lim S;u = 0 in & ". Using this

j——o00
decomposition, we define homogeneous Besov spaces as follows:

By = {1 e s 118, =3 2114, < oo},
' JEZ

We also define time dependent homogeneous Besov spaces ;

LO.T:By) =3 £ € 70 oy, = ||| 2187 1% <00,
JEZ

L7(0,T)

Q=

L"(0,T;B5,) = fes Mlprors;,) = Z2jsq||Ajf||qT(0,T;LP) < 0
JEZ

with the usual modification for ¢ = oc.
The concept of paraproduct enables to deal with the interaction of two functions in terms of
low or high frequency parts, [10]. For two tempered distributions f and g,

f9=Trg+Tyf + R(f,9),
Trg= > AifDjg=>_ Si1fAjg, R(f,g9)= > AjfAug. (2.4)

i<j—2 JEZ li—j'I<1

Then, up to finitely many terms,

Nj(Trg) = Sj-1fBjg, DjR(f.9)= Y ApfArg. (2.5)

k>j—2
We finally recall a few inequalities which will be used in the sequel.

Lemma 2.1 (1) Bernstein’s inequality [10]: For 1 <p < q< oo and k € N,

. id(i_1
Sup 1078y = 2 N85 flss 185z S 2072 185 £l (2.6)

(2) Localization of the fractional heat kernel [27]:

e ast]l,, < 1A s (2.7)



3 Proof of Theorem 1.2, Theorem 1.3 and Theorem 1.4

In this section, we prove the existence and analyticity of the subcritical quasi-geostrophic equations

L2471
with large initial data in By, "ALP As we already mentioned in the introduction, we need
Theorem 1.1 to show the existence of a solution in K, 7. We recall the definition of the norm of
G, and K, T;

2
10,z = sup [10E)m + P 10@er |, B=1-1/7== >0,
0<t<T Yy

(3.1)
0|k = su |:97f gf—l—ta/ﬁfet ga:|.
101 5, 7 P, 16( )IIBﬂl 5 16( )IIBﬁl v+
In addition, we will use the following lemma repeatedly in the proof of Theorem 1.2.
Lemma 3.1 Forany0<a<1and0<b<1,
¢
/ [(t — s)_as_b} ds < ¢t b,
0
3.1 Proof of Theorem 1.2
We first show that a priori estimate
1605, S 16001l 30+ sup [+P10)]2] 611, 0 (3.2
Bl 0<7<T

is enough to prove Theorem 1.2. The proof comes as follows. We take T} such that on [0, 7]

~

1
6(7) |- < 5 = I0llx,. S 2||90||B%+H-

p.q

By Theorem 1.1, we can take the next step by taking 75 = 277. Then, (3.2) implies that

0O 3.2, S 40l 20 s

p.q p.q
on [T7,2T1]. Inductively, we can obtain that for ¢ € [nT}, (n+ 1)T1]

1
HQHK%t 5 2(n+ )||90||B%+17W

p.q

which leads to (1.10). To prove (3.2), we express a solution # in the integral form:
t
O(t) = e N0y — / [ve—ﬁf—sw - (v0)(s)|ds := e "0y — B(v, 0). (3.3)
0

We note that the definition of the space K, 7 is based on the linear behavior of the solution. So,
it is easy to show that

He_tMOOHK%T < HHOHB%H*W' (3.4)

p.q



Therefore, it is enough to estimate #(v,#) in K, 7. Let us decompose vf as a paraproduct:
v0 = T,0 + Tyv + R(v,0). Then,

t
B(v,0) = / [Ve =N (uh)(s)] ds
0
t
= / [Ve‘“‘s)“-(Tv0+T9v+R(v,9)) ds
0

= %1 (v,0) + Ba(v,0) + AB3(v,0).

In the sequel, we will treat v as # in the estimations of %;(v, 0)’s in K, 7 because v = (—%20, %#16)
and the Riesz transforms are bounded in LP for all p € (1, 00).

3.1.1 Estimation of %;(v,0) and %(v, )
We take the dyadic operator A; to % (v, #) and take the LP norm. By (2.5) and (2.7), we have

t .
18520, 00 5 [ [ 1S, 0006) e 18,0000 s (3.5)

We first estimate [|S;_10||; «:

j—1
2k 2 _
1S;-10(s) |l 1o S D 27 [AkO(s)| e S 27 57757 0|, (3.6)

k=—o0

where we use (2.6) for the first inequality. Thus, the right-hand side of (3.5) can be bounded by

3 .
1A;%1(v,0)(t)| L S/O [236_“_3)2W 155-160()l[ oo [12;0(5) [l 1 | s

t ‘ (3.7)
< s [P10(r)1sr] [ Pt s o] s
o<r<t 0
Since )
9i(1+2) ,~(t=)27 < (t— s)—l/v(1+%)7
we have

t
121(0,0) 1)1, S sup |77l /0 (6= 5) O 200 ds. (39)

(2
We multiply (3.8) by 23<5+1_ﬁ/> and take the 9 norm. Then,

1%1(0,0) (D] 241,
BP

p.q

r T ¢ 2y _
< sup _7-5||0(7')||Lr sup [HH(T)HB%HW]/O [(t—s)—l/v(Hr)s 8l ds

0<r<t S 0<T<t b.q

(3.9)

[ T ! 2y _
< sup |77)6(7)] L ||0||K%t/ [(t—s)—l/v(Hr)s 6} ds
o<r<t - e 0

< sw [P100)]e] 161,

~

o<r<t



where we use f=1—1/7y— % and Lemma 3.1 to bound the time integration.
We next estimate || %1 (v, 0)]] 241 tar From (3.8),
B

p.q

7 (5+1772) 2,2, (0, 0) D)1,

t - 3y i2alia
< sup [Tﬁne(f)ny}/o (£ = )10 G5 g s |, | ds (3.10)

0<r<t

o

t .
= sup [7-5”9(7—)”“} /0 [(t — s)—l/“/(l—ir%)s—ﬁs_VSVQJ(%—i—l—v—i—a) HAJH(S)HLP} ds.

0<r<t

By taking the [9 norm, we have

%1 (v, 0)(t) ||B%+H+a

p.q

- t

o —1/v(1+2) g -2

< sup [110(r) || sup [ ||9<7>||.zm+a] / (£ — )0 D570575 | s
o<r<t - 0<r<t Bl 0

(3.11)

- t 2 a
< sup [72)0(7)]le] ||9||KM/ (6= 510+ Ds575] s
o<r<t - ~Jo

S swp [P0l | 100, 5
o<r<t -

where we use 3 + % < 1 to apply Lemma 3.1 to bound the time integration by £ By (3.9) and
(3.11), for any time interval [0, T"] we have

121 (0.0) e, S sup_[2067) 1] 101 - (3.12)
’ o<r<T
Since %(v, 0) has the same structure as %, we also obtain that

1Ba0.0)lx,0 S sup_ [P10(0)1] 161k, - (313)
o<r<T

3.1.2 Estimation of %;3(v,0)
We take the LP norm to A;%3(v, ).

t [ )
18 B3(v, 0) (D)l 0 S / 276~ (=927 N ALO(3) || o | ARO(S) || oo | s
ol k>j—2
t )
S N D S INUET L NP P (314)
0 k>j—2

t .
S s [P10ls] [ 2 ST 2 A e | ds
0<r<t 0 E>j—2

10



where we use (2.6) to replace ||A8(s)|| ;o by k7 |ARO(s)||;~ at the second inequality. We multiply
(2
(3.14) by 2J<5+1_ﬁ/>. Then,

PG 18,2500, 0)0)],
< sup [TQHQ(T)HLT}
0<r<t

t . .
« / 2i(1+8) (=027 =8 5 90 GHT=2) Pk GH0) yasps))1, | ds
0 k>0 (3.15)

< sup [Tﬁnemny}
0<r<t

t
o R I RO S e A G IN/E 8 P
0

k>j—2

We take the [? norm to (3.15). Since % +1—v-— % > 0, by applying Young’s inequality to

Z ai—;by, where a; =27’ ( Hl=y- T> and b; :2j<%+1_ﬁ/> | AkO(s) | o,
k>j—2

we have

1%3(0, ) (D] . 241
BP

p.q

< sup |:7'6||9(7')||Lr} sup |:||0(T)||B%+1’7:| /Ot |:(7f—5)—1/“/(1+%)s—5} ds (3.16)

0<T<t o<r<t L

t
2y _
S sw [100) 1] 191, /0 [t =)0 ds < sup [rP)16(r) 1o ] 161,

0<r<t 0<r<t

2 - 1—y+a
We next estimate %3 (v, ) in B2, -

calculation in (3.15), we have

(2
. By multiplying (3.14) by 2J<5+1_ﬁ{+a> and following the

7 (1) 8,250, 0) 1)1,

< sup [Tﬁnemny}
0<r<t (3.17)

t
/ (t— ) 0+8)570 30 QU Do Eea) g (B=r) yaggo) ), | s
0

k>j—2

: 2 2 : , .
We take the [? norm to (3.17). Since stl—y—24+a>0, by applying Young’s inequality to

Z ar—jbg, where a; =27 ( Lt +a> and b; —2J< i ﬁH—a)HA 0(s)l v,
k>j—2

11



we have

1#3(0,0) (D] . 241 1a
BP

p.q

- - t
< s [10) ] s P10 3| [ (0= 9050575 as
o<r<t b S 0<T<t qu 0
) ] ; i (3.18)
,S sup 7'6||9(7')||Lr HeHKwt/ |:(t — s)—l/“/(l-i-;)s—ﬁs_V} ds
o<r<t - - 0
< sup [P0 or| 116] k.t
o<r<t - -
By (3.16) and (3.18), we conclude that for any time interval [0, 7]
150, 6) i, 5 sp_ |16 e el - (3.19)
In sum, by (3.12), (3.13), and (3.19), we finally have
120,0) i, S s |10 s 10l - (3.20)

This completes the proof.

3.2 Proof of Theorem 1.3 and Theorem 1.4

The proof of Theorem 1.3 and Theorem 1.4, requires a couple of elementary bounded operators
which are summarized in the following two lemmas.

Lemma 3.2 Consider the operator

E o= e_[(t_s)l/w+sl/w_t1/w][\1

for 0 < s < t. Then E is either the identity operator or has an L' kernel whose L' norm is
bounded independent of s,t.

Proof. Clearly,
a = (t _ 3)1/7 + 31/7 _ tl/“f

is non-negative for s < t. In case a = 0, E is the identity operator, while if a > 0, E = ¢~ *M is a
Fourier multiplier with symbol

d
E(€) = He‘“|§i|.
i=1

Thus, the kernel of F is given by the product of one dimensional Poisson kernels

E&

m( a2 + 22)
=1

The L' norm of this kernel is bounded by a constant independent of a.

12



Lemma 3.3 The operator
E = eal/VAl—%aAV

with v > 1, is a Fourier multiplier which maps boundedly LP — LP, 1 < p < 0o, and its operator
norm s uniformly bounded with respect to a > 0.

Proof. When a = 0, F is the identity operator. When a > 0, then E is Fourier multiplier with
symbol
B(€) = e/ eh—5alel”

Since E (§) is uniformly bounded for all £ and decays exponentially for || > 1, the claim follows
from Hormander’s multiplier theorem, e.g., [36].

3.2.1 Proof of Theorem 1.3

We are now ready to prove a large time existence of © in the LP space. We first recall the equation
of (0,V);

t
O(t) = "Mty —/ M= (t=NT g L (o= T Ay s M g (6)| ds
(t) 0| [ ( ) (s)] G

=M g (0, V).
By Lemma 3.3, it is easy to show that the linear part is equivalent to
6_%t[w90.

As one can see at the end of the proof, the dependence on 0y for the linear part is crucial to show
the global existence of ©. If we show that the nonlinear part £(©,V) is equivalent to

/0 t [e—%“—swv : (ve)(s)} ds, (3.22)

we can follow [8] to complete the proof. We rewrite Z(V, ©) as follows.

t
B(V,0)(t) = / [e(tl/”—sl/W)Ar%(t—s)mVe_%(t_s)m et M (e_slmAl Ve s @) (s)} ds.
0

We now express (t'/7 — s'/7) as
_ ((t Y gty 31/7> +(t—s).
By Lemma 3.2, Z(V, ©) can be estimated by
12V, 0) ()l

< /Ot H [e(t_s)lmm—%(t_s)MVe—%(t_s)m s (e_sl/mlve_sl/ml@> (s)” (3.23)

ds.
LT

By Lemma 3.3, the right-hand side of (3.23) can be replaced by

1BV, 0)®)l;, < /0 tH[ve—%ﬁf—sW A (e—sl/“lve—sl/“l@) (S)NU ds.  (3.24)

13



Using the fact that
1

Ive ™ s, <3G 1)L,

we estimate (3.24) as

~

2V, 0)0l, 5 [ (-9 )|

e/ (e_sl/ml Ve s/ @> (s)” ds.  (3.25)
Lo 35 .
To estimate the right-hand side of (3.25), we introduce the bilinear operators B; of the form
By(f,g) :=e!""™ (e‘thlfe_tme)
_ / / (€4 (Erm=IEl=Inh) () (n)dedy.
R2 JR?

Recall that for a vector { = ({1, €2), we denoted [£]1 = [&1| + [&2|. For £ = (&1, &), n = (m, n2), we
split the domain of integration of the above integral into sub-domains depending on the sign of

&;,mj and & + n;. In order to do so, we introduce the operators acting on one variable (see page
253 in [32]) by

(3.26)

0

R T e 1 ot §
Kif =g [T e de Kape g [ e

—0o0

Let the operators L; 1 and L; 1 be defined by
1 .
Lisf =1 Liaf=q / e'te I f(¢) de.
T™JR

For a = (a1, ag), g = (B1, B2) € {—1,1}2, denote the operator

Z 83 Kp Lio,p, @+ @ Kg,Liay8,, Kag= ko, ® Kas,.

t7a7

The above tensor product means that the j—th operator in the tensor product acts on the j—th
variable of the function f(x1,x2). A tedious (but elementary) calculation now yields the following
identity:

Bifo)= Y KaKe (Za5%a59). (3.27)
(@8.7)e{-1,1}2x2

We note that the operators Ky, Z, - Fi defined above, being linear combinations of Fourier multipli-

ers (including Hilbert transform) and the identity operator, commute with A; and A. Moreover,
they are bounded linear operators on LP?,1 < p < oo and the corresponding operator norm of
Z, - = is bounded independent of ¢ > 0. Therefore,

t7a76
1Be(fs 9)llLa S 11f9llLa- (3.28)

We apply the above argument to the right-hand side of (3.25) to conclude that
t -1/ _z(;_;)
12(V.0)#)]Lr < /0 (t =)V (s)O(8)]] 1 ds. (3.29)
We now follow the proof in [8] line by line to obtain

< B .
[0, 5 S 166l 2 + sup_ |16 e] IOl (3.30)
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This a priori estimate implies a local existence of a solution in G, 1 on [0, Tp] for some Ty > 0.
Then, we restart the problem with initial data at Ty/2. Since

16 (To/2)1l, 2 < [160ll | 2

by the maximum principle ([14]), we have the solution on [T(/2,3Ty/2]. Repeating this process,
we can reach any pre-assigned Time 7 in finitely many steps.
3.2.2 Proof of Theorem 1.4

As for the proof of Theorem 1.2, we only need to obtain the following a priori estimate:

10l S 160l 301 + sup [F1OlIer] 1l (3.31)

sup
p,q 0<r<T

By Lemma 3.3, the linear estimation is obvious. By repeating the argument in the proof of
Theorem 1.3, we can estimate the nonlinear term as of 8. For the reader’s convenience, we provide
a few lines. We take A; to #(V,0) in (3.21) and take the L” norm. By Lemma 3.2 and 3.3,

N A

e~

N G C IO

LJ ds. (3.32)

We decompose the product e~ MMy et TALQ g paraproduct:
_ 1/ _ o1/ _ o1/ _ o1/
T(e,sl/wA1V>e s WAl@"i'T(efsl/WAl@)e s WAlV-FR(e s WAlv’e s WA1@> ‘
Then,

HAjet” MgV, 0)

t )
</ [e—%(t—s)2W2j

0

¢ ) o
T / [emb=ig

0

t ,
by 2 ey

0 g>j—2

Lp

s (e‘slmAlSjVe_slmAlAj@)(8)>‘

LJ ds

LJ ds

e/ (e_sl/mlAkVe_sl/MlAk@)(s)>‘

(3.33)

s (e_sl/mlSj@e_slmAlAjV)(SD‘

| ds

Lr

By using (3.28), we can estimate (3.33) as

HAjet” MgV, 0)

Lr

5/0 730792720 (1, (5)8,0(5) o + 19,0(5) A,V (5) ] ,) | ds (3.34)

t P
+ / eTRUTITT N | ARV (5) AkO(s)| ] ds
0

k>j—2

Therefore, we can follow the calculations line by line from (3.5) to (3.20) in the proof of Theorem
1.2 to complete the proof.
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4 Critical case: Proof of Theorem 1.5 and Theorem 1.6

To prove Theorem 1.5 and Theorem 1.6, we need several lemmas. First, we need the following
representation to estimate v in L.

Lemma 4.1 Oseen Kernel [32]: The operator Oy = ZKy is a convolution operator whose kernel
K, satisfies

Rifw) = K (a1
for a smooth function K such that for all « € N,
(1+ |z))4T*0°K e L*°.
In particular, K is in LP for p > 1.

Next, we provide the LP bounds of the Poisson kernel and its Oseen kernel in two dimensions.
The proof is easily obtained by their representation.

Lemma 4.2 For any 1 < p < o0,

—2(1-1 —2(1-1
1P 5 7075), jap, <20,
To deal with the time singularities appearing in Lemma 4.2, we need the following lemma.

Lemma 4.3 Hardy-Littlewood-Sobolev Inequality [33]: Let 0 < A < d, % + % + % = 2. Then,

)
/Rd » |:s ooy dude| S

In particular, for the one dimensional case,

|
sup / —a(s)ds
0 |t—s|z

S 1 fllzellgllza-

S llaflze-
>0

4.1 Existence: Proof of Theorem 1.5

For the reader’s convenience, we will repeat the computation in [3].

4.1.1 H! bound

By taking one derivative V to (1.1),
VOi+v-VVO+ V-V - AV =0. (4.1)

We multiply (4.1) by V6 and integrate over R%. Then,

V613 + [V

o o= [ IVelIVel Vel do < [96] [ Vol (42

By the Sobolev embedding H'/2 ¢ L* in two dimensions, we can replace ||Vo|| 14 in (4.2) by
vav’ . Then,
L2
2
.

d 3 112 :
SVl + V6], S 1V6l e [T o

16



Since v = (—%90, #10), and the Riesz transforms are bounded in H*, we have

S IVel3e + Hwe ]Lz S IVol2 V30| -

Integrating (4.3) in time, we have

2 2
V26

2 3
VO] Loe L2 + Hv29 22’

2
S IVl + IVl oo 2

L212

4.1.2 L* bound

To obtain the L* bound of 8, we express # as the integral form:

0(t) = 20, — /0 t (Ve =94 (wh) ()] ds.

By taking the L* norm, we have

00 1 < Wl + [ o0 V09

t
S W6oll i+ [ ey o)l 19005 .
0 L3

By Lemma 4.2,
1
Vvt—s

By Lemma 4.3 and the Sobolev embedding H'/? ¢ L* in two dimensions, we finally have

t
10 L < 1160l oo +/0 [o(s)l| o< [IVO(s) | L ds.

3
108 e < U000l e + 10l o 1960 20 S W0l poe + 0] e e || V20

L212

We next estimate v in L™. For simplicity, we set v = Z6 and take Z to (4.5).
t
v(t) = e Py — / [,@e_(t_s)[‘(v . V@)(s)} ds.
0
By following the estimates of 6 obtained in (4.6) to (4.8), we have

t
oz S oollm + [ |y o)l 19005) 10

S llvoll g + [o(s)]] oo IVO(5)]| L4 ds

L=

3
S Mool + loll e < [[ V26

22’

In sum, by (4.4), (4.8), and (4.9), we obtain that

3
1001+ el e+ 100 i + || 930,

3
S [16oll oo + llvoll oo + 1000l g1 + | 101l g oo + 0/l e oo + 161l oo g + ||V 20
t t t

(4.3)

(4.4)

s (4.10)
L§L2> ’

which implies that the existence of a global-in-time solution # and v in L(L> N HY) N L7 H 3

provided that ||6g| e + [[vo|| Lo + ||6o]| ;71 is sufficiently small.
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.2
4.1.3 By, bound
We take A; to (4.5) and take the LP norm. By (2.7), we have

. t .
180000 S e 185800, + [ [ 1,0 IO ] ds. (4.11)
By taking the L norm in time, we obtain

||Aj9||Lt°oLp S ||Aj90||Lp + ||Aj(v : VG)HL%LP . (4-12)

We multiply (4.12) by Qj% and take the [9 norm. Then,

el S 116l .

t

2 2 +v- V9|| 2 . (4.13)
By By 1B

(2
Similarly, by taking the L' norm in time to (4.12), multiplying by 2J<P+1>, and taking the [9
norm, we obtain

I, 30 5 W0l 5+ - 900, (4.14)
qu P pq
By adding (4.13) and (4.14), we finally have
191, 3 101 2 S U3 + o901, s (4.15)
t pq pq P qu
We now estimate the nonlinear term
lv-V@|_ 2
1Brq
by using the paraproduct of v and 6. By (2.5),
Aj(v0) = SjuA;0 + S;0A 0+ Y Ao, (4.16)
k>j—2
By taking the LP norm to (4.16), we have
145 (W0l 1o S 1550l oo 18501 1o + 115561 oo 125000 + D 1AV oo [[ARE]] o
k>j—2
= [1Sjvll ||A»9||L,, + 119501l oo 18501 10 (4.17)
k ok 2
£ 3 2 a2 G ass,.
k>j—2
By taking the L' norm in time to (4.17),
||Aj(1)9)||Lt1Lp S ||S'U||LooLoo ||A'9||L1Lp + ||Sj9||LtooLoo ||Ajv||L%Lp
k E(2+1 4.18
3 2 G Al e 2 G a8l e (4.18)
k>j—2
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(2
We multiply (4.18) by 2J<5+1>. Then,

(241 (241
2(1) 2 00)11 1, 5 276G (||S»v||LW 1800320 + 1800 g 18500111, )

(—k E(2+1
32 ) 180l e 2755 2081
= (4.19)
< i(3+1) i(3+1)
< Mol o 27 12560110+ 100 e 2 185011
(G=k)(241) k(241
+ [l oo e Z 2 <p >2 <p >||Ak9||Lt1L°°'
k>j—2
We take the [? norm to (4.19). Since % + 1 > 0, by applying Young’s inequality to
_i(2 (2
S ansbp where a; =270 and by = 205 | arg
k>j—2
we have
[v- V9|| 2 Slvllzere 101 240 + 10l Leore 0]l 241 (4.20)
t Pq LtBZ?vq L% Z?vq
Since v = (—%90, #10), and Besov spaces are bounded under the Riesz transformations,
o-901 3 S (10l zerm + 10l ) 101 2 (4.21)
t Pq tBPq
Combining (4.15) and (4.21), we finally have
e, 2 + ||9|| 211 S Il . 2 (N0l zgoree + llvllzgoree) 101l . 24 (4.22)
L qu qu Pq t—P,q

~ .2 ~, 241
which completes the a priori estimate of the solution in LB, N L} B}, by using the smallness
of [|0]| Lo poc + [|v]|Leepoc derived in (4.10).

4.2 Analyticity: Proof of Theorem 1.6
We first recall

Ot) = ei™g(t), V(t) = ei™™uy(t) (4.23)

and the equation they satisfy:
t
O(t) = erthi—tAg, / [e%ml_(t_s)[‘ (e_%SAlV Ve sk @> (s)} ds. (4.24)
0
In order to reduce (4.24) to

O(t) = e~ 3th1g, — / t [e—%“—S)Al (V-V6) (s)} ds (4.25)
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in terms of estimation, we need to show that the variation of Lemma 3.2 and Lemma 3.3 for v = 1
works. Lemma 3.2 is identically applicable to the case v = 1. Moreover,

1 1
eZtAl_EtA

is a Fourier multiplier which maps boundedly LP +— LP, 1 < p < oo, and its operator norm is
uniformly bounded with respect to t > 0. Therefore, along the lines of the estimation of § in L>
2

and BY,, we can find the following two bounds immediately from (4.25):

3
100z e + 1V o S Wollzoe + loollze + (1002 + 1V 1) | V26|

L2 (4 96)
+ (I8l roe + |Vl zgoroe) ||@||i1 241

q t—p,q

1Ol .z +1Oll_ .2, S 6ol
LeBr, LiBY B

2
P
t t—P,q P,

It remains to derive the H! estimation of ©, which will be obtained by the energy method.

li 2 — — L,
33t ), 17O d:n—/Rz Vo ve)t]d:c_/Rz [V@ V<e4 9” dz
1
= / [V@ -V (ZAl@ —eith (v-V0) — A@)] dx (4.27)
RZ

1
- / [ve) v (—A1 - A> @] da —/ [V@  Veith (e—%mlv : ve—iml@ﬂ da.
R2 4 R2

By using 1/¢|1 < 3/¢| and the boundedness of B;(V, ©),

1d

1 3 3 3
337 |, IVOPdr S —5IVEeIE. + V36l 1| VF (040) | (428)

3
By applying the product rule ([29]) to A7 (OZ0O), we finally have

Ld [ vePds < —luv%e)Hz +Hv%@H2 (101125 + V]| o) (4.29)
2dt Jpe ~o2 L2 2 L= L= '
Integrating (4.29) in time,

V672 + V36

<9612 + (18]l i + [Vl zzer=) [ V36

(4.30)

2 2
L212 L2r?’

By (4.26) and (4.30), we complete the proof.
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