A CONVERGENT METHOD FOR LINEAR HALF-SPACE KINETIC EQUATIONS

QIN LI, JIANFENG LU, AND WEIRAN SUN

ABSTRACT. We give a unified proof for the well-posedness of a class of linear half-space equations with
general incoming data and construct a Galerkin method to numerically resolve this type of equations in a
systematic way. Our main strategy in both analysis and numerics includes three steps: adding damping
terms to the original half-space equation, using an inf-sup argument and even-odd decomposition to establish
the well-posedness of the damped equation, and then recovering solutions to the original half-space equation.
The proposed numerical methods for the damped equation is shown to be quasi-optimal and the numerical
error of approximations to the original equation is controlled by that of the damped equation. This efficient

solution to the half-space problem is useful for kinetic-fluid coupling simulations.

1. INTRODUCTION

In this paper we propose a Galerkin method for computing a class of half-space kinetic equation with

given incoming data:
(v1 +uw)0.f+ Lf =0, xz €[0,+00), vEV,
f|x:0:¢(v), vy +u>0.

Here u € R is a given constant and V C R” with v > 1. We are mainly concerned with several cases for V:
V= [-1,1], V=8""1!or V=R" Typical examples are V = [~1,1] or V = §? (with u = 0) for neutron

transport equations, V = R? (with arbitrary u € R) for linearized Boltzmann equations, and V = R R3 for

(1.1)

linearized BGK equations. If V = S2 then in spherical coordinates v = (cos ¢, cos f sin ¢, sin 0 sin ¢) € S?
and v; = cos¢. If V.= R3 then v = (vy,v9,v3) € R? and v is the first component of v. Our framework
also covers systems with multiple species, in which case, the ambient space for the density function f is
(L?(dv))? with d > 1, where d is the number of species and dv is the usual Lebesgue measure for RY or
the rotation-invariant measure on S¢~!. The linear operator £ only acts on the velocity variable v and is
nonlocal in v in general. The specific structure and main assumptions regarding £ will be given in Section 2]

While the half-space kinetic problem is an important problem on its own, the study of such equations in the
form of is also our first step in developing systematic algorithms that resolve couplings between kinetic
and moment-closure equations. This type of couplings are common in domain-decomposition methods for
solving kinetic equations with multi-scales. Multi-scale phenomenon naturally arises in gas dynamics where
dense and dilute fluids coexist in a region. It is also common in transport phenomenon where the background
medium has different scattering and absorption properties. Taking gas dynamics as an example, in a typical
domain-decomposition method, one uses the original kinetic equation for the dilute part and a fluid equation

for the dense side. The boundary conditions for the two sides are encoded in the density function near their
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interface. Due to the sharp variation in scales, the density function in general will have a finite jump across
the interface, thus boundary layers will form there. Half-space equations are exactly leading-order boundary-
layer equations whose solutions bridge the gap between the fluid and kinetic boundary conditions. Therefore
understanding the well-posedness of and constructing accurate and efficient numerical schemes to
resolve this equation will provide explicit characterization of the couplings. We note that due to the lack
of efficient and accurate solvers of the half-space equation, various methods have been developed to bypass
solving the half-space equation (see for examples [DJMO5,[LM12]). Our goal instead is to resolve the kinetic-
fluid coupling through efficient and accurate solutions of the half-space equations, which will be the focus of
our forthcoming work.

In the literature the well-posedness of equation has been referred to as the Milne problem and
has long been investigated [BSS84,|BY12,|CGS88,|Gol08,[UYYO03| for various models. For example, for the
conservative neutron transport equation where the null space of £ consists of only constant functions, it
has been shown [BSS84,BLP79| that there exists a unique solution f € L*°(dxdv) and the end-state of f
at © = oo is a constant. In general for models where dim(Null £) > 1, additional boundary conditions are
needed for to have a unique solution |[CGS88|. A typical example is the linearized Boltzmann equation
of one species over v € R3. In this case we have dim(Null £) = 5. The well-posedness of this equation with
hard-sphere collisions is fully resolved in the fundamental work by Coron, Golse, and Sulem |[CGS88]. In this
work, it is shown that depending on the choices of u, one needs to prescribe various numbers of additional
boundary conditions such that is well-posed. These numbers of boundary conditions correspond to the
counting of the incoming Euler characteristics at = co. The proof in [CGS88| relies mainly on the energy
method. Subsequently, a different proof using a variational formulation of for the linearized Boltzmann
equation is given in [UYYO03]. The key idea in [UYY03] is to revise by adding certain damping terms.
The revised collision operator thus obtained is coercive and it enforces the end-state of f at £ = oo to be
zero. By the conservation properties of £, the authors then show that is well-posed for a large class
of incoming data. One restriction in [UYYO03] is that « cannot be chosen in the way such that the Mach
number of the system is —1, 1, or 0. This restriction was later removed in |Gol0§].

The variational formulation is also a common tool in proving the well-posedness of the neutron transport
equations over general bounded domains €2 in R”. There is a vast literature in this direction and we will only
review some of the main framework and results in [ES12] which are most relevant to us. Specifically, suppose
Q0 C RY is a bounded domain with a C* boundary such that the normal direction on 99 is well-defined.

Consider the neutron transport equation

(1.2) v Vo f +Lf =0,

with the incoming boundary:

(1.3) flx,v) = ¢(x,v), x€ed, v-n>0,

where n is the normal direction on 9§ and v € S~ is a unit vector. The scattering operator £ is given by

cr=afve(r- [ ow)se)as)

where ¢, and ¢, are the absorption and scattering coefficients and ¢ is the scattering kernel. In [ES12] it
is assumed that 0 < ap < ¢, < &g and 0 < ¢, < ¢, thus £ is subcritical and Null£ = (). The main
novelty of [ES12] is that one decomposes the solution f into its even and odd parts in v and imposes
different regularities for these two parts. Using this mixed regularity, the authors of [ES12] write into a
variational form and verify that the bilinear operator involved satisfies an inf-sup condition over a properly

chosen function space. Moreover, they show that for appropriately constructed Galerkin approximations, the
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bilinear operator satisfies the inf-sup condition over finite-dimensional approximation spaces as well. This
then shows the Galerkin approximation is quasi-optimal. We also note that the even-odd parity was widely
used for transport equations, see for example [JPTO01].

There are two main goals in our paper: First, we will generalize the analysis in [ES12}|Gol08,UYY03| to
obtain a unified proof for the well-posedness of half-space equations in the form of . Second, we will
develop a systematic Galerkin method to numerically resolve and obtain accuracy estimates for our
scheme.

We now briefly explain our main results and compare them with previous ones in the literature. In
terms of analysis, as in [CGS88|, we show that with appropriate additional boundary conditions at = oo,
equation has a unique solution. The basic framework we use is the even-odd variational formulation in
[ES12]. Compared with [ES12], here we allow the linear operator £ to have a nontrivial null space and the
background velocity u to be any arbitrary constant for general models. The number of additional boundary
conditions will change with u. Due to the loss of coercivity of L, if one directly applies the variational method
in [ES12] then the bilinear operator B ceases to satisfy the inf-sup condition. To overcome this degeneracy,
we utilize the ideas in |Gol08,[UYYO03| by adding damping terms to and reconstructing solutions to
from the damped equation. In the case of linearized Boltzmann equation with a single species, we
thus recover the results (in the L? spaces) in [Gol08,UYY03|. The main differences between our work and
|Gol08,[UYYO03] are: First, we use a different variational formulation which is convenient for performing
numerical analysis. Second, the reconstruction in |Gol08,[UYY03] is restricted to a set of incoming data
with a finite codimension such that the damping terms are identically zero. Here we use slightly different
damping terms and we recover solutions to from the damped equation for any incoming data. On
the other hand, our main concern is the convergence and accuracy of the numerical scheme and the basic
L?-spaces are sufficient for this purpose. Therefore, except for the hard sphere case, we do not try to achieve
decay estimates of the half-space solution to its end-state at x = oo, while in the literature there are a lot
of works that show subexponential or superpolynomial decay of the solution to its end-state for hard or soft
potentials for the linearized Boltzmann equation(see for example [CLY04,[WYYO06,[WYYO07)).

Our analysis also applies to linearized Boltzmann equations with multiple species and linear neutron
transport equations with critical or subcritical scatterings, thus providing an alternative proof to the well-
posedness result (in the L?-space) in [BY12].

In parallel with the analysis, numerically we first solve the damped half-space equation and then recover
the solution to the original equation. We will use a spectral method and achieve quasi-optimal accuracy (for
the damped equation) as in [ES12]. The spectral method dates back to Degond and Mas-Gallic [DMGS87|
for solving radiative transfer equations, and was later extended by Coron [Cor90] to solving the linearized
BGK equation as well. Compared with these works, our approach differs in three ways: First, as a result of
using the even-odd formulation, we can derive explicit boundary conditions for the approximate equations.
In particular, the number of these boundary conditions is shown to be consistent with the number of the
unknowns. Hence our discrete systems are always well-posed. This was not the case in |[Cor90] where a
least square method was used to solve a potentially overdetermined problem. Second, the method in |[Cor90]
used Hermite polynomials defined on the whole velocity space as their basis functions. This leads to severe
Gibbs phenomenon, since in general the solution to the half-space equation has a finite jump at z = 0 and
v = —u. Here we choose to use basis functions with jumps at v = —u which naturally fit into the even-odd
formulation. Third, we will treat the cases with arbitrary bulk velocities « in a uniform way while in [Cor90]
different schemes are used for the cases v = 0 and u # 0.

There are also non-spectral methods developed for solving the half-space equations. For example, the work

by Golse and Klar [GK95| uses Chapman-Enskog approximation with diffusive closures. The accuracy of
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these approximations would be hard to analyze: the iterative approach couples the error from the systematic
expansion truncation with the numerical error. Moreover, this work ([GK95]) also treats the cases u = 0 and
u # 0 separately. The very recent work by Besse et al. [BBGT11] treats the half-space problem as a boundary
layer matching kinetics with the limiting fluid equation, where a Marshak type approximation |[Mar47] is
applied for boundary fluxes. Similar idea was also used in [Del03]. As shown already in |[Cor90], in general
the Marshak approximation does not yield accurate approximations to the half-space problem.

The layout of this paper as follows: in Section 2, we gather the basic information related to the linear
operator £ and set up the variational formulation. In Section 3, we summarize the main results in this paper
which include both the analytical results and the numerical scheme. We give proofs in Section 4. Section 5
presents more details of the numerical scheme and numerical results for linearized BGK and linear transport

equations.

2. BASIC SETTING

In this section, we collect the basic information about the collision operator £ and present the variational
formulation of a damped version of (1.1J).

2.1. Linear collision operator. In order to state the main assumptions imposed on L, we first introduce
some notations. Denote Null £ as the null space of £. Let P : (L?(dv))? — Null £ be the projection onto
Null £. Define the weight function

(2.1) a(v) = (1 +[v])*,

for some 0 < wg < 1. The main assumptions on £ are as follows:

(A1) £: (L*(dv))? — (L?(dv))? is self-adjoint, nonnegative with its domain given by
D(L) = {f € (L*(dv))?| a(v)f € (L*(dv))"},

where a(v) is defined in (2.1)).
(A2) L:(L*(adv))? — (L*(% dv))? is bounded, that is, there exists a constant Co > 0 such that

||£f||(L2(l dv))d < CO ||f||(L2(adv))d :

(A3) Null £ is finite dimensional and Null £ C (LP(dw))? for all p € [1,00).
(A4) L has a spectral gap: there exists op > 0 such that

(L) 2 00 [|PF [ pepaauyye for any f € (L3 (adv))?,
where P+ = T — P is the projection onto the null orthogonal space (Null £)+.
One operator that is of particular importance is P; : Null £ — Null £ which is defined by
Pi(f) =P((v1 +u)f) for any f € Null L.

Note that P; is a symmetric operator on the finite dimension space Null £. Therefore, its eigenfunctions form
a complete set of basis of Null £. Denote Ht, H—, H® as the eigenspaces of P; corresponding to positive,

negative, and zero eigenvalues respectively and denote their dimensions as
dimH" =v,, dmH™ =v_, dim H® = v .

Let X4 ;, X_ ;, Xo,x be the associated unit eigenfunctions with 1 <i <wv;, 1 <j<v_,and1 <k <1y

for vy,vy # 0. Note that if any of vi, 1y is equal to zero, then we simply do not have any eigenfunction
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associated with the corresponding eigenspace. By their definitions, these eigenfunctions satisfy
<Xa,'y7on’,’y’>v = daa0yy’ (v + u)Xa,’ya Xo/,'y/>v =0ifa#a ory#9,
(v+u)Xoj, Xok), =0, ((v+u)Xyy Xp0), >0,  ((v+u)X_; X_;), <0,
where o € {+7770}7 Y€ {ivjak}a 1 < { < Vy, 1 S] < vV, and 1 < k < Vp.

Using the notation of H*, H°, we can now state the full equation that we want to study in this paper.
Suppose L is a linear operator in v that satisfies (A1)-(A4). Our goal is to prove the well-posedness of,
construct efficient numerical schemes, and obtain accuracy estimates for the following equation:

(v1 +uw)0.f+ Lf =0, xz €[0,4+00), vEV,
(2.2) floo = ¢(v), v1+u>0,

f = foo €(L?(dvdz))?,
for some f., € HT @ H°. The particular formulation about the end-state f,, was given in [CGS88| where
the authors proved the well-posedness of the half-space linearized Boltzmann equation:

Theorem 2.1 (|[CGSS88|). Let L be the linearized Boltzmann operator with a hard-sphere collision kernel.
Then there exists a constant B > 0 and a unique foo € HT @ HY such that equation has a unique
solution f which satisfies

f = foo € L2(e** da; L (a dv)) ,

where a(v) =1+ |v].

Remark 2.1. The main result in |[CGS88| is actually stronger than Theorem where f — fo, is shown to
be in L>(e2#* dz; L?(dv)). Here we content ourselves with the L2-weighted space (in z) since L? suffices

our needs in proving the quasi-optimal convergence of our numerical scheme.

Many well-known linear or linearized kinetic models satisfy the above assumptions for the collision oper-
ators. These include the classical linearized Boltzmann equations for either single-species system or multi-
species with hard-sphere collisions and the linear neutron transport equations. The particular equations that
we use as numerical examples are the isotropic neutron transport equation (NTE) with slab geometry and
the linearized BGK equation. Similar analysis can be carried out to models satisfying (A1)-(A4) without
extra difficulties. The main structure of these two equations are as follows. The linear operator of the

isotropic NTE is the simplest scattering operator which has the form
1

(2.3) Ef:f—/ fv)dv.
-1

In this case, a(v) = 1+ |v| = O(1) and (L?(adv))? coincides with (L?(dv)).
The linearized BGK operator is the linearization of the nonlinear BGK operator, which is introduced
as a simplified model that captures some fundamental behavior of the nonlinear Boltzmann equation. The

collision operator of the nonlinear BGK is defined as
QIF] = F — M[F],
where M[F] is the local Maxwellian associated with F' defined by

= g

p:/de, pu:/dev, pu2+p9:/v2de.
R R R

where
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For a given bulk velocity u € R, define the global Maxwellian with the steady state (p,u,0) = (1,u,1/2) as

M, = - elo—ul®
m
Linearizing the operator Q around M by setting
F=M,+M,f,
we obtain the linearized BGK operator:
ﬁ’u,f = f — My,

where m,, (v) is f projected onto the kernel space of £,. In the case of the 1D linearized BGK, one has:

Null £,, = span{y/M,, vy/M,, 122\/Mu}.

Therefore, m,,(v) is a quadratic function associated with a Maxwellian to 1/2 power:

mu(v) = (5 +a(v — u) + §((v —u)? — 1)) /M,

where (p, u, ) are defined in the way such that first three moments of m(v) agree with those of f:

(f —mu,v"/M,) = /(f —my )0/ M,dv =0, k=0,1,2.
R
The half-space equation with the linearized BGK operator that centered at bulk velocity w is:

00y f+Louf =0,
fla=o=¢(v),  ©v>0.

Following the classical treatment of the half-space equations, we shift the center of the Maxwellian M, to

(2.4)

the origin by performing the change of variable v — u — v. The half-space equation (2.4]) then becomes

(v+uw)d.f+Lf=0,

(2.5)

f|z:0:¢(v)v v+u>0,
where
(2.6) Lf=f-m),  mv)=mo,

and the null space of £ becomes
Null £ = span{V M, vV M, v*VM}

with M is the global Maxwellian centered at the origin:

1 2
M=My=—e" .
0 Jr
It is well known that equation (2.5]) is not necessarily well-posed unless appropriate boundary conditions
are imposed at = co. In this paper we will adopt the framework developed in [CGS8§|. To illustrate the

boundary conditions used in this setting, we first define a new set of basis functions for Null £. Let

X0 = m (2112 - 3) eXP(_Uz/Q)a

(2.7)
X+ = 761/21771/4 (\/611 + 2112) exp(—v?/2),
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such that:

Xa» Xg)v = Jg XaXg dv = dag,

v+ u)Xa, Xg)v =0,  a#f,
v+ u)Xo0, X0)v = Up = U,
)
)

(
(
(2.8) (
(
(

(
(
(V4 U)X+, X4)o = utp = u+tc,
(

VA U)Xy X))y = U =U— C,

where «, 8 € {+,—,0}, ¢ = 1/3/2, and

:/ngdv.

Using these new basis functions, we can decompose Null £ into subspaces: Null£ = H+ @ H~ & H° with:
H' =span{xs| ug >0}, H™ =span{xs| us <0}, H®=span{xs|us =0},
where again 8 € {4+, —,0}. For each fixed u € R, denote the dimensions of these subspaces as
dimH" =v,, dmH™ =v_, dim H® = vy .
Note that vy, vy change with w. In particular, we have the following categories:
dim H*,dim H~, dim H°
dim H*,dim H~,dim H°) = (0,2,1),

( ) =(0,3,0)
( ) =(0,2,1)
—c<u<0: (dimHT,dimH~,dim H%) = (1,2,0),
(2.9) u=0: (dim H*,dim H~,dim H°) = (1,1,1),
( ) =(2,1,0)
( ) =(2,0,1)
( ) =(3,0,0)

u < —c: = 073707

U= —cC:

dim Ht,dim H~,dim H°) = (2,1,0),
dim H*,dim H~,dim H°) = (2,0,1),
dim H*,dim H~,dim H°) = (3,0,0).

O<u<c:

U==c:

u>c:

As mentioned in the introduction, we will present a variational formulation using the mixed regularity
idea in [ES12| to prove Theorem for general linear or linearized half-space equations when L satisfies
(A1)-(A4). We need to overcome the difficulty due to the non-coercivity of £. Although this degeneracy
of £ in some cases can be handled by carefully choosing appropriate function spaces for the variational
formulation, we prefer to work with strictly dissipative operators.

To this end, we utilize the idea developed in |Gol08,|{UYYO03| to modify the original equation by
adding in damping terms. The particular damping term are chosen in the way such that we can easily
recover the undamped equation for any incoming data.

The rest of this section will be devoted to the description of the variational formulation of the damped

half-space equation.

2.2. Variational Formulation. We will use V = R? as the setting to explain the variational formulation.
Other spaces for v will work in a similar way. Let u € R be given. We modify (2.2]) by adding in damping
terms. The modified equation for f € (L?(dx dv))? has the form

(2.10) (01 +w)0uf + Laf =0,
with boundary condition

(2.11) f|w o = ¢(v1) forvr+u>0.
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Here the damped collision operator L, is defined by

vt

Laf =Lf +a ) (01 +w)Xq (01 + ) Xq g, f),
k=1

v_ Vo

(2.12) +ad (v +u)X g (o + W)Xk £, +ad (v +u)Xok (01 +u)Xo, f),
k=1 k=1

+ az v1 + )L (01 + u) Xo ) ((v1 +w) L7 ((v1 + w) Xok), f>v .
Here the constant « satisfies that 0 < o < 1. More specific requirement of « will be explained in Section

5. We define the shifted “even” and “odd” parts of a function as

(2.13) Fr(v) = f(U1,U27U3)+f(2—2u—v1,11277)3) ’ £ (v) = f(?)l,’l)27’()3>—f(2—2u—’l)1,1}2,1)3)

such that f = f* 4+ f~ and
FE(—u A+ v1,v2,03) = £fF(—u — v1,v2,03).
Define the function space
(2.14) I'={fe (L*(advdz)®| (vi +u)dsf" € (L*(2 dvdaz))?}.
Then T is a Hilbert space with the inner product
o= [ [ £rg0tvtss [ [ o+ wonst o+ wongt Ldvds.
R JR3 R JR3
Thus the norm of I' is equivalent to
HfH(LQ(advdx))d + H(Ul + u)awf—i_H(LQ(%dvdx))d :

Moreover, every element g € I' has a well-defined trace:

(2.15) T :T — L*(|vy + u|dv)

such that

(2.16) Tg= 9+’m:o , for all g € C([0,00); (L?(adv))?),
and

(2.17) /R3 loy +ullgT > dv < oo

Now we define a bilinear operator B : I' x I' — R such that

B(F) = — (/™ (o + wetb®),  + (o1 +u)uf,07),  + (6 L),

—I—az (v1 +u) X4 &, 0), <(v1+u)X+vk>f>v>x
(2.18) + O‘Z (01 + W)X, ¥), s (01 + W)Xk, f),),
T az (v1 +w) L7 (01 +uw)Xok), ¥), » (01 +uw)L ™ ((v1 +w)Xor), f),)

x

—I—az (v1 4+ u)Xok,¥), » ((1 +U)X0,k7f>v>r+<|”1+“|f+’¢+>m:0
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The inner product (-, Ve 0 (2.18) is

(f; Do =/ /f-gdxdv-
rS JR
The variational formulation of (2.10) has the form

(2.19) B(f,v) =1), for every ¢ € T.

Here the linear operator [(-) is given by

(2.20) () = 2/ (v1 +u) gt dv,
v1+u>0

where ¢ is the given incoming data and ¢ is the even (with respect to —u) part of ¢ as defined in ([2.13)).

3. MAIN RESULTS

In this section we state the main analytical results of this work, and present the ideas of our numerical
algorithms. Our strategy is to first solve the damped equation and then recover from it the solution
to the original undamped equation . Hence, in the first part we state the well-posedness of the damped
equation and the quasi-optimality of the associated Galerkin method for the damped equation. In the
second part we explain the details of the recovery procedures and state the convergence result for the
original equation.

3.1. Solution of the damped equation.

Proposition 3.1 (Well-posedness). Let ¢ € (L%(a(v)1ly, 1us0dv))? and 0 < a < 1. Then there erists a
unique f € T such that (2.19)) holds. Moreover, f satisfies that

(v +u)0,f € (LZ(é dvdz))?

and it solves the damped half-space equation in the sense of distributions

(Ul +u)azf+»cdf =

= (1 +uw)of+Lf+ aZ(vl +u) Xy (1 +u)Xo gk, f),
k=1

+a 2(”1 Fu) X (v + WXk, £), + oY (01 +u)Xok (v1 +u)Xok, f),
k=1 k=1

+ ozz(]:(vl +u) L7 (v + w) Xo.x) <(v1 +u) L7 (v + w) Xok), f>v =0
k=1

with the boundary conditions (defined in the trace sense at v =10)
(32) f|x:0 = gb(v) , vi+u>0.
Moreover, if a(v) = 1+ |v|, then there exists B > 0 such that (L*(e?’* dz; L?(adv)))?.

Remark 3.1. Note that f — f for the neutron transport equations satisfy the exponential decay as z — oo
by the comment after ([2.3)).

Using the variational formulation (2.19)), we will solve the damped equation (3.1) by a Galerkin method.

Proposition 3.2 (Approximations in R?). Suppose {1/)%”}3"21 is an orthonormal basis of (L?(dv1))¢ such
that

. @Déi)_l(vl) is odd and 1/1&) (v1) is even in vy with respect to —u for any n > 1;
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o (v1+ u)z/)gl) (v1) € span{wgl), e ,anH for each n > 1.
Suppose {1/)7(12)},{1/)7(13)}?:1 are orthonormal bases for (L*(dvq))? and (L?(dvs))? respectively. Define the

closed subspace I' v as

2N+1
I'nk = {g(z v) € F’Q z,v) Z Z Grmn (T (1) v (2P (vs), gr € Hl(dl’)} :
m,n=1 k=1
Then there exists a unique fng € I'ng such that
K 2N+1
(3.3) fvr@)= 30 S armn @) 0102 ()8 (v3)
m,n=1 k=1
which satisfies
(3.4) B(fnix,9) =1Ug),  foreveryg €Nk,

where B and | are defined in and respectively. The coefficients {axmn(x)} satisfy that
Armn(-) € C*0,00) N H*(0, 00), 1<k<2N+1,1<mn<K.
The following Proposition reformulates into an ODE with explicit boundary conditions.
Proposition 3.3. Let

A= <<(v1 +upplt, J(”>>

Define two 6-tensors A and B as
A=ARI DI =(Airbm;jon)

(2N+1)x (2N +1) .

(2N+1)2xK2xK?2’

B = = (U 00 (02)u P (va), La (00 009 @2 (va)))

v

(3.5)

Jor1 <ik<2N+4+1,1<jm<K, and1<l,n < K. Then the variational form (3.4) is equivalent to the
following ODE for the coefficients a( n)( ):

K 2N+1 K 2N+1
a5l ijl
m,n=1 k=1 m,n=1 k=1

together with the boundary conditions at x = 0:

N+1

N
Z <(U1 + u)w% 1 éi)> azk—1,1(0) + Z <|U1 + U\¢é}€)7¢$)> ask.,j1(0)
(3.7) k=1 vl k=1 vl

= / (U1+U)¢¢éi (Ul)ﬂf( )(Uz)¢(3)( 3) dv
v1+u>0
fori=1,--- N and j,l=1,2,--- | K.

Since our numerical examples are both in 1-dimension, we apply Proposition to V C R! and obtain
the following Corollary for two special cases:

Corollary 3.4 (Approximations in RY). Let V=R! or V= [-1,1]. Let u € R be arbitrary if V=R and
u=0if V=[-1,1]. Suppose {1, }>>, is an orthonormal basis of (L*(dv))? such that

® Yo, _1 is odd and Yo, is even in v with respect to —u for any n > 1;
o (v+u)tha,(v) € span{thy, - -+ ,ont1} for each n > 1.
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Define the closed subspace I'y as

2N+1
T'y = {g(a:,v) € F‘g(m,v) = Z gk (z)Vr(v), gr € Hl(dx)} .
k=1
Then there exists a unique fy € I'y such that
2N+1
(3.8) fn(x,v) = Z ak(z)r(v) , ap(z) € C0,00), 1 <k <2N 41,
k=1

which satisfies

(3.9) B(fn,9) =1(g), for every g € Ty,

where B and | are defined in (2.18) and (2.20) respectively. Moreover, the variational form (3.9)) is equivalent
to the following ODE for the coefficients ay(x) together with the boundary conditions at x = 0:

2N+1 2N+1

(3.10) Z Ari0zar(z Z Briak (v

N+1 N

(311) Z <(U+u)’l/)2k 1, Z/JQJ agk— 1 +Z |’U+U|'L/)2k,”(/}2j>v agk(O) = 2/ (1)1 +7.L)¢1/)2j dv,
k=1 k=1 v+u>0

where 1 < j < N and

(3.12) Art = ((v 4+ w)br, Pi), , Bri = — (¥n, Lattr), , 1<i,j<2N+1.

We now state the quasi-optimality of the Galerkin approximation.

Proposition 3.5 (Quasi-Optimality). Suppose fn is an approximation defined in Proposition and f is

the unique solution to the damped equation. Then there exits a constant Cy such that
If = fnlle < Co inf |[f —wllr,
wel'n
where ||-|| is the norm defined in (2.14)).

Numerically, the approximate solutions fy in (3.6) (or fx (3.10) in 1D) will be solved using the method
of generalized eigenvalues. In particular, we define the generalized eigenvalues and its associated eigen-tensor
for (Q[, %) as A € R and n = (nkmn)(2N+1)><K><K such that

2N+1 2N+1
m,n=1 k=1 m,n=1 k=1

forall 1 <i<2N 41,1 < 35,1 < K. When reduced to 1D system, the generalized eigenvalue problem for
(A, B) becomes

(3.14) An=\Bn.

To solve for the coefficient a(x), we take (3.10) as an example. Define y(z) = nTBa(z) and multiply (3.10)
by T from the left. We then obtain the equation for v as

nTAda(z) =nTBalz) = Ay(x) = ().
If A =0, then we immediately get the constraint
(3.15) v(z) =n"Ba=0.

If A # 0, then we have
(&) = e*24(0).



12 QIN LI, JIANFENG LU, AND WEIRAN SUN

Depending on the signs of the eigenvalues, vy either grows exponentially to infinity or decays exponentially
to zero; as we look for bounded decaying solutions, this gives us constraints to v(0) for the growing modes:
If A > 0, then we have the constraints

(3.16) y=n"Ba=0.

Note that we do not need constraints for modes with negative eigenvalues. The total number of constraints in
the form of (3.16) is determined by the number of positive generalized eigenvalues. The following Proposition
gives the signature of (A, B):

Proposition 3.6. Let 2, B be the 6-tensors defined in (3.5)) with any arbitrary w € R and N, K > 1. Then
there are NK? positive generalized eigenvalues, NK? negative eigenvalues, and K? zero eigenvalue for the
pair (2A,B).

A direct application of Proposition to the 1D case gives:

Corollary 3.7. Let A, B be the matrices defined in (3.12) with any arbitrary u € R and N > 1. Then there

are N positive generalized eigenvalues, N negative eigenvalues, and one zero eigenvalue for the pair (A, B).

Therefore in total we have N + 1 equations for a(0) given by the constraints and . Combining
them with the IV equations given by the boundary conditions for a(0), we get 2N + 1 equations for
2N + 1 unknowns {ax(0)}. The linear system for a is then uniquely solvable, which further uniquely
determines the approximate solution fy(x,v) by .

3.2. Recovery of the undamped solution. From the solution of the damped equation (2.12)), we can
explicitly construct solutions to the original undamped equation (2.2). Specifically, for each 1 < i < vy, let
g+,i be the solution to (2.12)) with boundary conditions given by X ;:

Gtile=0 = X145, vi+u>0.

Similarly, for each 1 < j <1y, denote go ; as the solution to (3.1)) where the incoming boundary data is given
by Xg ;. Let C be the block matrix defined by

(3.17) C= <C++ C+°>

Cot+  Coo

where

Chpivr = (01 +w) X4 4, 9400, Cho,ijr = ((v1 + u) X4 4, 90,5),

Cotjir = ((v1 + ) Xo,5, 94.i7), Coo,jj = ((v1 + )Xo, 90,5)
for 1 <4,¢ <wvy and 1 < j,5" < vg. Define the coefficient vector n = (77+,1, Mg 0,1, 71707,,0)11 such
that
(3.18) Cn=Uy,
where Uy = (uy 1, Up oy, Uo,1, ,uowo)T with uy s = ((vi +w) Xy, [y 1 <@ < vy and ugy =

(vi +u)Xoj, oo 1 <7 < 10.

Proposition 3.8 (Recovery). Let ¢ € (L%(a(v)1y, 1us0dv))?. Then C is invertible, hence (3.18)) is uniquely

solvable. Moreover,

vy Yo
fo=1F=> mrilgri—X1a) =Y moj(g0; — Xo,)
i=1

Jj=1
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is the unique solution to the half-space equation
(v1 +uw)0f + Lf =0,
(3.19) flozo = $(v) viHu>0,
fo — fo00 € L2 da; L2 (dv)),

where fy0o € HT @ HO is the end-state given by

v+ Yo
oo =D M43 X4 5+ mosXok-
j=1 k=1

Applying the recovery construction in the finite dimensional numerical space I'y, we obtain the numerical
solution of the undamped equation (2.2]) in I'y. The resulting approximation for the undamped equation is

almost quasi-optimal with a correction term.

Proposition 3.9. Suppose f4 N is constructed as in Proposition @ with f, g+.4, go,; being numerical
approzrimations obtained in Pmposition with appropriate boundary conditions. Suppose fq is the unique
solution to the equation (2.5). Then there exists a constant Cy such that

16 = fo.nllr < Co (wieanN 1fo —wllr + inf Jlf —wlr + 5N||f|(L2(advdz))d) ;
where ||-|| is the norm defined in and
Vi o
N = ;wienl,f]v g+ —wlr + ;wieanN 1905 — wllr -

Remark 3.2. Note that in the above reconstruction scheme, the solutions g, ; for 1 < ¢ < v, and go ; for
1 < j < vy can be precomputed, as they do not depend on the prescribed incoming data ¢. In particular,

we can use a higher order approximation (larger N) for these functions.

4. CONVERGENCE PROOF

In this section we will show the proofs for the Propositions stated in Section

4.1. Inf-sup condition and well-posedness. In order to prove the well-posedness of the weak formula-
tion (2.19), we show that the bilinear operator B satisfies an inf-sup condition. More precisely, we have

Proposition 4.1 (Inf-sup). Let I' and B be the function space and the bilinear operator defined in (2.14))
and (2.18) respectively. Then B:T x I' — R satisfies that

! SHup B(faqu)zl‘fﬂ“?/}”f‘? fOT anyl/fer,

fllr=1

Hﬁp_ll?(f,w) > kollfllr,  forany feT

(4.1)

for some constant kg > 0.

Proof. Note that B is symmetric in its variables. Hence it suffices to show that the second condition in (4.1))
holds. To this end, let f € I' be arbitrary. We only need to find an appropriate 1 such that

(4.2) B(f,v) = kol IR, Wl < wallfllr-
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Indeed, if v satisfies (4.2)), then one can simply let ¥ = ﬁ and obtain the second inequality in (4.1]) (with
a different constant). The construction of such ¢ will be carried out in two steps. First, let 1)1 = f. Then

B 1) = (F.L1), +aZ<v1+uX+k,f>2>x

+az< ((v1 +u)X_ i, 2> +az< (v1 +uw)Xo, ), >I

+ a2< v WL (o 0)Xow), £)s) + (lon+ulf £,
Write
vy v_ vo
F=rr+) fraXei+ ) foiXei+ Y forXo,
i=1 i=1 k=1

where f+ = Pf e (Null£)L. By (A3), if we chose 0 < o < 1, then

(fa7p1)>0'0|‘f ||(L2(advd9c))d+ 427-1—16 f+k 427 k f2 <|'Ul+u|f+7f+>w:()

v_

(4.3) _¢ Z< (o1 + )Xo f10) =5 ({0 + WX 1))

k=1 ¢

vy v_
00 a a
= ?HfL”%LQ(advdw))d +t7 S Vialfia, + 1 Yo, (ol ), s
k=1 k=1
where v1’s are defined as
(4.4) Vi = ((v1 +u) X5, X4 3), >0, 0<i<wy,
. Ty i=—((+u)X_; X_;), >0, 0<j<v_.

In addition, if vy # 0, then

x

B, 1) 2 0ol iaqaavanys + @ Y ({01 + W)L (01 +u)Xow), )7)
k=1
2

0, « - _
= ?OH,]“L”?L%advdz))d + E < Z <(’U1 + U)ﬁ 1((’1)1 + U)Xo,k)7X0,m>U fO,m >

km=1
x

l/+ 2
(4.5) _ - Z << v +u) L ((vr 4+ u) Xo k), Z f+,kX+,k> >

m=1 v
Yo vy 2
—_ %Z <<(’U1 +u) L7 ((vy + w)Xo.k), Z f—,kX—,k> >
k=1 m—1 -
- % <<(v1 +u) L7 (01 +u) Xo,g), fJ->i>I
k=1

Since the matrix (<(1}1 +u) L7 ((vy + U)Xo,k),Xo,m>v) is strictly positive, there exists a constant ¢y > 0
such that

2 200
(4.6) <Z<Z ((v1 +u) L7 ((v1 +u) Xok), Xom), fO,m) > >co Z {fo.m)>
° k=1

k=1
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Hence by multiplying (4.3) by a large enough number and adding it to (4.5)), we have

(47) B(f, ¢1) > H071||f||%L2(advda:))d for some Ko,1 > 0 s

provided 0 < a < 1. Next, let

1
(14 [or + uf + Jvg| + [v])<0

Yy = (v1 +u)dp [T

We claim that 1o € T'. Indeed, by the definition of a(v), one can find two constants ¢, ca > 0 such that

c1 < 1 < Co
a(v) = (1 + vy +u| + |va| + |vz))*0 ~ a(v)

Here the constants c1,ca depend on u. Thus vy € (L?(advdz))? because

2l (£2(advdz)ys < (V1 +u)8zf+H( a < fllr-

L2 (L av dz))
Moreover the definition of 19 implies that

Y3 =0€ (L*(2 dvda))?.
Hence 12 € T and it satisfies

(4.8) [¥2llr < (I fllr-

Using ¥s in B, we have

B(f,2) = ((v1 + w0 f T, 02) + (W2, L) + az (v1 4 w) Xy ks ¥2), (01 +u) X gk, f),),

k=1

"'O‘Z (v1 4+ u) X g, 2), (01 +u)X_7k7f>U>az
—I-Otz Ul +u X0k7w2> <(Ul+u)X07f>v>m

+ CVZ< ’U1 + u ('Ul +u )Xo’k),i/}2>v <(’U1 + u)ﬁ_l((vl + ’U,)X()’k), f>11>3:

+112 2
2”(1}1 + )8 f H(L2 dvdx))d - KJQ”f”(Lz(advdm))d )

for some constant ko > 0. Hence by taking x3 > 0 large enough, we have that

(49) B(f7 H37,Z11 + 1/12) Z KfO“f”lQ—W

for some kg > 0. Recall that by the definition of 1; and (4.8]), we also have

[£3t1 + ol < VI+ w3 flr,

which, together with (4.9), shows the inf-sup property of B on I" x T'.
Next we show that if a(v) = 1+ [v|, then there exists 8 > 0 such that f € (L?(e2%* dz; L%(adv)))?. The
proof will be along the same line for the general case of a(v). We use the standard way to incorporate the

exponential into the bilinear form by changing f by e #%f. The new bilinear form Bg is

Bﬁ(fﬂb) :B(f71/}) _ﬁ<(’01 +u)f7ql)>x,v )
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where B(f,) is defined in (2.18]). Note that by Cauchy-Schwartz, if we choose 0 < 8 < a, then by the

spectral gap assumption (A4), we have

‘/6 <(U1 + U)f, w1>gj"u ‘ < B(f7¢)7

B0 +u)f, 2y | < SBULS) + 5 (01 +0)0uf*, wa),

Hence, this extra S-term will not affect the inf-sup estimate. O

=N =

Given the inf-sup condition of the bilinear form B, we can now prove the well-posedness of the weak
formulation (2.19) by using the Babuska-Aziz lemma [BA72|. There are two parts in this lemma and we

recall its statement below.

Theorem 4.2 (Babuska-Aziz). Suppose I is a Hilbert space and B: T xT' = R is a bilinear operator on T.
Letl: T — R be a bounded linear functional on T.
(a) If B satisfies the boundedness and inf-sup conditions on T' such that

o there exists a constant co > 0 such that |B(f,g)| < collfllrllgllr for all f,g € T;

e there exists a constant kg > 0 such that holds,

then there exists a unique f € I' which satisfies

B(f,¢) =),  foranyy €T.
(b) Suppose T'y is a finite-dimensional subspace of T'. If in addition B : T x 'y — R satisfies the inf-sup

condition on I, then there exists a unique solution fyn such that

B(fn,¥n) =1(YnN), for any ¢y € Ty .

Moreover, fn gives a quasi-optimal approzimation to the solution f in (a), that is, there exists a constant

K1 such that

If = fnlle < k1 inf |If —wllr.
wel'n
Now we proceed to the proof of Proposition (3.1

Proof of Proposition[3.] 1t is straightforward to verify the boundedness of B and ! defined in and
(2.20). The well-posednes of the variational form is then an immediate consequence of Proposition and
part (a) of the Babuska-Aziz lemma. In order to show that (vi +u)d, f € (L*(: dvdz))?, we note that the
damped equation holds in the sense of distributions by choosing the test function ¢ € C°((0, 00) x R).
Thus

(01 +w)d, f = B(or +u)f — La(f) € (L*(} dvdz))? .

By the density argument this implies that
(1 + w0 f=, )+ (1 + W0 f* ) = B{(or + Wi, f,, + (W, Laf),, =0,

for all ¢p € C°°(0,0). Therefore, if we choose ¢ € C*°[0,00) and integrate by parts in the variational form
(2.19), then boundary terms satisfy

(ot s~ 07), + (ot alst 07), =2 [ mrweutds ats=o,

v14+u>0
which implies,

/ (v1+u)fz/1+dv:/ (v1 +u) gyt dv at x=0.
v1+u>0

v1+u>0
Since ¢ € C*(0,c0) is arbitrary, we have f = ¢ at x = 0 when v; +u > 0. In the case of a(v) = 1 + |v],

the unique solution that is in the space (L?(e~2% dz; L?(dv)))? is then given by e A f. O
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4.2. The generalized eigenvalue problem. Let us now prove the properties of the generalized eigenvalue

problems (3.13) and (|3.14] -

Proof of Proposition[3.6] and Corollary[3.7. We first verify that (A, B) has N positive, N negative, and one
zero generalized eigenvalues. By the definition of B and the strict coercivity of L4, the matrix B is symmetric
and strictly positive definite. Hence the numbers of positive, negative, and zero generalized eigenvalues are
the same with the signature of the matrix B~*A. Furthermore, by the Sylvestre’s Law of Inertia, B=1A
and A have the same signature. Hence, we only need to count the numbers of positive, negative, and zero
eigenvalues of A. Note that by the definition of the basis functions vy, in , A is independent of u since
one can perform a change of variable v + © — v in each entry in A. Thus we only need to study the matrix
Ap with u = 0. Change the order of the basis functions such that

(1;1,122’ e 71ZN+171ZN+27 : "JQN-H) = (Y1,93, - s Yany1,P2, - s Yan) = P(Y1, 92, Yany1),

where P is the similarity matrix. Defined ,KO = PAyP~!. Then Ko and A have the same signature. By the
even/odd properties of 1;, the matrix Ag has the form

~ 0 A
AO = )
AT g

where A; = (fRU¢2i¢2j+1)NX(NH)~ Suppose 7 = (N1,1, LN N2,15 0 > N2n+1)” = (nf,m3 )T is an
eigenvector of KO with eigenvalue A. Then one has

A = Ay, Al =y .

It is clear that (m, —12) is also an eigenvector of AO and the associated elgenvalue is —A. This shows the
eigenvalues of Ao appear in pairs. Since A; has a full rank N, we have that rank AO = 2N. Therefore AO7
thus Ag and A, has N positive eigenvalues, N negative eigenvalues, and one zero eigenvalue.

Now we claim that each generalized eigenpair (\,v) of A gives rise to K2 eigenpairs of 2. Indeed, let
{w™1 K _| be a set of basis vectors of RX. Choose the 3-tensor 7(™™ = v @ w(™ ® w(™. Then

An= AR I Nvew™ @w™)=(Av)®w™ @w™ = \xpm)

for any 1 < m,n < K. Thus each (A, v ® w™ @ w™) is an eigenpair of 2.
Note that we can also view 2 and B as two matrices of size (2N + 1)K?) x ((2N + 1)K?) by defining a

bijection between the indices
T:{(i,4,)]i=1,--,2N+1,5,l=1,--- K} = {1,--- ,2N + 1)K?}.

Then ‘B is symmetric and positive definite and 2 is symmetric. Therefore, by a similar argument as for
(A, B) using Sylvestre’s Law of Inertia, the number of positive, negative, and zero generalized eigenvalues
agree with the signature of 2. This shows there are NK? positive, NK? negative, and K? zero generalized
eigenvalues for (2, B). O

4.3. Recovering the Undamped Equation. In this part we explain the procedures to recover the un-

damped equation from the damped one, thus proving Proposition

Proof of Proposition[3.8 First we recall [CGS88| the uniqueness property of the solution to (3.19): if f
is a solution to (3.19) which satisfies f € (L?*(advdz))? and (vi + u)0,f € (L*(:dvdx))?, then f must
be unique. For the convenience of the reader, we brief explain its proof: Suppose h is a solution to the
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half-space equation (3.19)) with incoming data ¢ = 0. Then fR3 (v1 +u)h? dv is decreasing in x. Since there
exists hoo € HT @ HO such that h — he, € (L?(dvdz))?, we can find a sequence xj, such that
/ (v1 + w)h?(zg,v)dv — [ (v1 +u)h? (2g,v)dv > 0.
R3 R3

Hence [gs(v1 +u)h?(2z,v)dv > 0 for all z > 0. This holds in particular at 2 = 0. Since the incoming data is
zero at x = 0, the outgoing data at 2 = 0 must also be zero and [ (v1 + u)h? (2, v) dv = 0 for all z > 0.
The conservation property of the half-space equation then implies that h(z,-) € (Null £)*. By multiplying
the equation by h and integrate over v, we have (h, Lh) = 0 for all x > 0. Hence Ph=0forallz >0 by the
spectral gap of £ in (A4). Therefore h = 0 and the solution to the half-space equation is unique. Denote

= ((( +u) X1, f)y o (WX, )"
:<<<v WX 1, f)ys s (W)X, )
= (o1 + >X01, Pav oo A0+ WX )"
= ({(or + W)L (w1 +w)Xo), £y -y (o1 +w)L (01 +w) Xo1) Xowos f),)
and
(4.10) U::(UI,UT,UE,U{OT

We will separate two different cases according to dim H°.

Case 1: dim(H°) = 0. In this case, there are only various numbers of X, ’s and X_’s. Hence (3.1)) reduces

to

Vg

(01 + Do f + L+ (01 +u) Xy k(01 + W)Xk, ),
(4.11) =
+aZv1+u (U1+U)X kaf> =0,

and U reduces to
. . L A\T
0= (07, 07)

Multiplying (4.11]) by X+ », X_ ; and integrating over v € R, we obtain a linear system for U:

(4.12) o0+ AU =
where the coefficient matrix is diagonal:
D 0
(4.13) A== :
0 —aD_

where D, D_ are positive definite if they exist and
Dy = diag(v+1,- 5 v4wy ), Do =diag(=y—1,-,—7-0),
where v, j, are defined as in ([.4)). Since solutions to are in (L%(dvdz))?, it is clear that
(v +uw)X_j, f(0,-)), = ((v1 +u)X_ 5, f(z,-)), =0, forall1 <j<wv_and z>0.

Hence (4.11)) further reduces to

(4.14) (01 + WD f + Lf + @Y (01 +w) Xy p (01 +w) Xy, f), =0
k=1
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Given any ¢ € L?, suppose f is the solution to (4.14)) (or (3.1))) with ¢ as the incoming data. Let g be the
solution to (4.14) (or (3.1)))with the incoming data

o =Xy k-
We claim that

(4.15) ((v1 +u) Xy k, gr), #0, for each k > 1.

Suppose not. Then there exists k£ > 1 such that

(1 +uw) X4k, gr), =0, atz =0.
Since the coefficient matrix A; in the ODE is diagonal, we have
(4.16) ((v1 +u) Xy gk, gx), =0, forallz > 0.

This further implies that gy satisfies (3.1) with the incoming data ¢ = X . By the uniqueness of the
solution to (3.1), g = X4 i, which contradicts (4.16). Hence (4.15) holds. Now define

X
(4.17) Nk = (o + W)X, F), , foreach 1 <k <v,,

((v1 +u) X5k, gk)

UCE:

and

vy vy
(4.18) 9= ZU+,kgk ; ¢= Z Nt ke Xk -
k=1 k=1

Then f — g satisfies (4.14) and
(1 +u) Xy p, f—9), |x=0 =((nn+uw)Xix f—9),(x) =0, forall z > 0.

Therefore we have

(v1 + w0 (f —9)+ L(f—9) =0,
f=Glamo=0(®) =Y ik Xy, vitu>0,
k=1

f—g el dx; L*(dv)),
for some 3 > 0. Thus, fo = f —g+ q~5 satisfies (2.2]) with

Vi
fo00 = Z Nt ke X+ -
k=1

Case 2: dim H° # 0. By multiplying X j, X— i, Xox, L7  (v1X0,m) to (3.1) and integrating over v € R3, we

have
(4.19) 8,U + AU =0,

where the coefficient matrix Ag is

aD; 0 Ao
—aD_ A
(4.20) Ay = “ k22
0 0 aB
adl, oAl |I+aB| aD

where D are positive diagonal matrices

Dy =diag(V4,1, s Yobovg vy xvs D_ =diag(—v—1, ", == Jv_xv_ 5
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)

and
A21z :<< U1+U’X+Zv L~ (U1+ X0k>”)l’+><”0,
Azo e = (((v1 +u)X— 3, L7 (01 + 1) Xo,r) >v)V—XV0 '
= ((v1 + u)Xo,, L7 (0 +U)X0’j)>v,uo><uo ’
=((

o1 +u) L7 (01 + u) Xo), L7 ((v1 4+ u)Xoy))

where B is symmetric positive definite and D is symmetric. Note that if we define

” - v,v0 XV

g I 0 0
©= 0 (aB)Y2(I +aB)~*2 0 |’
0 0

and

aDy 0 aA

212 _ —aD_ aAos
0 0 (I 4+ aB)'?(aB)'/?

aAl AL | (I+aB)Y?(aB)'/? aD
Then
(4.21) Ay = Q' A,Q.

Thus A and ﬁg have the same signature. In particular, they have the same number of negative eigenvalues.

Now we count the number of negative eigenvalues of gg. Let

I
00
I
P =
0 0
—AL D' ALDT' 0|1
Then P is non-singular and
D
R 5 0 0
~ —ol_
Az = PA,PT =
’ 2 0 0 (I +aB)2(aB)/? |’
0 (I +aB)Y?(aB)'/? aD;

where D is symmetric and
D, =D - A;FlD;lAQl + AgzDilAQQ .
By Sylvester’s law of inertia, the matrices Zg and Az, thus A; and As, have the same number of nega-

tive eigenvalues. The total number of negative eigenvalues of Az is determined by that of the submatrix

0 (I +aB)Y?(aB)'/? Define
. n
(I 4+ aB)'?(aB)/? aD;
P (I +aB)~Y*(aB)~/4 0
L 0 (I +aB)~Y4(aB)~1/4
Then
0 I+ aB)Y?(aB)'/? 0 I
Ay =D 1/2 1/2 ( )7 (eB) PlT: J
(I +aB)'4(aB) aD, I aDs

where

Dy = (I +aB)"Y*(aB)"Y*D.(I + aB)"4(aB)~ /4.
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Note that Dy is symmetric. Hence, Dy has a complete set of eigenvectors. Let (A, E) = (), (e1,e2)T) be an
eigenpair of A4. Then

eT eT
() ()0

which is equivalent to
e = Aey, el + aDgezT = )\eg .

Note that A # 0. Since D, is symmetric, it has a complete set of orthogonal eigenvectors. Let e be an

arbitrary eigenvector of D with eigenvalue A\, and take e = e. Then

1 1
(4.23) e = —e, —eT +aDye™ = )eT.
A A
Thus
1
(4.24) SH e —A=0,

A
which has exactly one negative solution for A. Since the set of eigenvectors of Do is complete, the matrix
Ay has exactly vy negative eigenvalues. Together with D_, we have that As, thus As, has exactly v_ + 1

negative eigenvalues, which prescribes v_ + vy conditions on U such that
(4.25) E, U(x)=0, 1<k<v_+w, z>0,
where E, are the eigenvectors associated with negative eigenvalues. Write each FEj as
Ey = (er+, €k —s €40, €kL0)
Now we make the following claim:
C1. The matrix given by

€1,— €1,£,0
E fr—

€v_+vg,— €v_+1,L,0 (v_+vo)x (v_+10)
is nonsingular.
Proof of Claim C1. Suppose not. Let A5 be the space spanned by the eigenvectors of A; with negative
eigenvalues. Then there exists a nontrivial vector in N3 which takes the form
E = (/éJrv 07207 O)T

By [@.21)), if E = (e4,e_,ep,ec0)T is an eigenvector of Ay with eigenvalue A, then F = Q(e4,e_, e, ec o)’
is an eigenvector of As with the same eigenvalue. By the definition of @, if we denote

F = (.er?f—?anfC,O)Ta
then

e—:f—7 eﬁ,OZf,/:,70-

Let QN5 as the space spanned by the eigenvectors of 12{2 with negative eigenvalues. Then there exists a
nontrivial F' € QN5 such that

ﬁ‘ = (.f+707}0?0)T'

Since QN5 is an invariant subspace of AVQ, we have that

~ o~ ~T ~
A2F = (O[D+f+7070, f2) € Q'/\/Q
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~ AT ~T ~
where fy, = a AL, i + (I +aB)Y?(aB)Y/?)T f,. By the symmetry and non-degeneracy of A, the quadratic
form given by 112 on QN5 is strictly negative. Therefore,

AT ~ ~ ~T ~
F AQF:OLf+D+f+SO'

Since Dy is strictly positive definite, we have that :f .+ =0and

which implies that F = 0. This contradicts the assumption that F is non-trivial. Hence the matrix E is

non-singular. |

Now we are ready to show the recovery of solutions to the undamped equation from (3.1). Let g+ ;, go.x be
the solutions to (3.1) with the incoming data X ;, X, with 1 < j < vy and 1 < k < v respectively. Let
C be the matrix defined in (3.17)).

We show that C' is non-singular. Suppose not. Then there exist constants

(D157 s M, M0,15 77+ 5 T0,w) 7 0

such that we can find incoming data

Y+ Yo
by = n X+ Y mosXok,

which gives rise to a solution g satisfying that

<(”L)1+U)X+71, g)v == <(U1+U)X+,u+a g>v :07
(4.26) at x = 0.
(1 +u)Xo,1, 9), == (1 + ©)Xow 9), =0,

By (4.25)), this implies that we have

€1,—- €1,£,0 U_
=0 at =0,
€v_+vg,— €v_+vy,L,0 Ug}o

where
U = (1 +u)X_1, g) . {(v1 +u)X_,_, g>v)T
Ueo= (((0r + 0L (0 +u)Xo1), g), - (01 + W)L (v +u)Xou), 9),)" -
By Claim (C1), this simply implies that at = 0,

(n+u)X_1, 9),=-=((m+u)X_,_, g), =0,

4.27
( ) <(U1 +U)E ((Ul +u X()l g> == <(U1 +u)£ ((v1+u X() yo g>

Hence and hold for any @ > 0. Thus the solution g satisfies (L.I). Again by the unique-
ness of , we have ny 1 = -+ = 03, = Mo1 = -+ = Noy, = 0 which is a contraction. Thus
C must be non-singular. Suppose f is the solution to with the incoming data ¢. There exists
(M1 502 M0,15 -~ 1o, ) Such that if we define

V4 Vo
(4.28) o= "X+ > ToxXok,
j=1 k=1
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then
N+1 (n+uw)Xy1, f),
(4.29) T | 2 oot [t w) X, ),
70,1 ((v1 +u)Xo,1, f),
770,1/0 <(U1 + u)XO,V(w f>v

Let g be the solution to (3.1)) with incoming data ®. We claim that
(4.30) U; =U;, atz=0,

where 175 and U ¢ are defined in (4.10]) with incoming data ® and ¢ respectively. Indeed, by (4.29)), we have
that
ﬁ+7§:ﬁ+,fﬂ ﬁo,’g:(jo,f, at x =0.

Thus, if we denote ﬁf_g as the moments defined in (4.10]) with incoming data ¢ — 5, then U'f_g has the form

0
S U_ 35
(4.31) g = ST ata=o0.
0
Uro,r—3

Together with (4.25)), we have

U7 o~
E( ! g) - 0.
Uro,5-3
Equation (4.30) then follows from the non-degeneracy of E as shown in (C1). Given (4.30]), we derive that

(j:(;:(jf, forallz >0,

since U s_g satisfies (4.19). Hence, f — g satisfies the undamped equation (L.1]). Note that & is a solution to
(1.1). Therefore the unique solution to (1.1)) with incoming data ¢ is given by

where f is the solution to the damped equation with incoming data ¢. In this case, the end-state of fy is
given by
foo0o =P

We thereby recover the undamped equation from the damped equation in a constructive way. O

4.4. Quasi-Optimality. We now prove Proposition and The key observation in [ES12] for
the neutron transport equation is that the inf-sup condition holds on the finite-dimensional space as long as
(v1 + u)d, fT stays in this subspace. In this case, the proof for the well-posedness of the finite-dimension
system will be almost a verbatim as for the original equation. Here we have a similar situation for the
damped equation with a slight modification.

Proof of Proposition[3.9 and[3.5 For the well-posedness part, we only explain the modification in choosing
the test functions v, and 5. For any f € I'y, we choose

1
(L4 [vr + ul + |va2| + [vs])«°

1= f, ¢2=PN< (v1 +U)3zf+> ;
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where Py : (L?(dv))? — Ty is the projection onto I'y. The rest of the estimates are similar to the proof in
Section 5, thus omitted.

Now we show that the boundary conditions for the solution to are given by (3.11)). To this end, we
first choose test functions Ga;(x, v) = g(z)a;(v) where g(z) € C([0,00)) and 1 < j < N. Applying G; in
7 we get
(4.32) - <f1§, (v1 + u)tha; (v)@rg(x»wm + ((L1pas)g(7), fN>z,v =0,

where fy is defined in (3.8) and fx = fy + f with
N+1

N
fr = ama(@)ar-1,  fi = am(z)ox.
k=1 k=1

By integration by parts in (4.32)) we obtain

N1
<Z VYog—10za2k-1(x), (v1 + u)1/)2j(71)9($)> + ((L2;)9(@), fn),,, =0.
k=1 x,v

Since g € C$°([0,00)) is arbitrary, we have

N+1

(4.33) Z (Yar—1, (v1+u)ho;(v)), Opask—1(x) + ((LY2j), fn), =0,

k=1
foreach 1 < j < N and z € [0,00). Note we choose égj = g(x)19;(x) where g € C*([0,00)). Then equation

becomes
—(fn, 0+ u)¢2j(v)amg(x)>$7v + ((L2;)9(2), fn),, + ((v1 +u)f ¢2j§(0)>w:0

4.34
(4.34) _o / (01 + w)d(v)th; (v)g(0) dv
v1+u>0

for each 1 < j < N. The set of N boundary conditions (3.11)) then follows from integrating by parts in
(.34) and applying (4.33). O

The error estimate of the undamped equation follows from Proposition 3.5
Proof of Proposition[3.9 First we note that there exist constants ka4, k4 > 0 such that
[ = Pnllr =12 — Pwll(£2(dv))e
Vi Yo
< rallf = fulle + Eall fllrzavanye | D19+ — granle + > llgos — gosnllr |
i=1 j=1

where ® is defined in (4.18) or (4.28), Py is given by the same formula for ® with f changed to fy, and
9+,i,N,90,j,n are the approximations in I'y to g4 i, go,;. Second, since f — g is a solution to the damped

equation, we have
I(f =9) = (fy —gn)lie < w5 f flw—(f=9)lr,
where fn,gn € I'y. Therefore,

I(f =G+ @) = (f5 — Gn + Pw)llr < s 2w = (f = 9)llr + 1® — @ lr

< ks inf JJw—(f =G+ P)|r + kallf — fullr
wel'n

<o (inf fo = wlle+ ing 1 = wlle + Ol flacavane )
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where
Vi vo
on = Z 2 g+ —wlie + Z 2 lgo.; — wlr -
1=1 j=1
Note that the second inequality holds because decH*HO CTIy. O

5. NUMERICAL EXAMPLES

As explained in Section[3] the overall strategy to solve the half-space equation consists of two steps: First,
we solve for numerical solution to the half-space damped equation using the Galerkin approximation;
Second, we recover the undamped solution by Proposition [3.8] which involves the solution of the damped
equation with various boundary conditions to obtain the matrix C' in the linear system .

We will consider the linearized BGK equation and the linear transport equation below. We will restrict
ourselves here to one dimensional examples. As in Proposition[3.4] for the Galerkin approximation, we specify
a set of even and odd functions to form the approximation space I' v, whose choice depends on the particular
equation under study. Using Corollary the solution of the system under Galerkin approximation (3.10)—
(3.11) is reduced to solving the generalized eigenvalue problem , for which we need to assemble the
matrices A and B using Gaussian quadrature. This will be discussed in more details below.

Our algorithm is implemented in MATLAB. The Gaussian quadrature abscissas and weights are obtained

using symbolic calculations to guarantee precision.

5.1. Linearized BGK equation. We first consider the case of one dimension linearized BGK equation.
For this equation, our construction of basis functions is based on the half-space Hermite polynomials. Those
are orthogonal polynomials defined on the positive half v-axis with weight functions given by exp(—v?):
{Bn(v),v > 0} such that B, (v) is a polynomial of order n and satisfies

(5.1) /0 h Bun(0) B (v)e™" dv = Gpm.

The orthogonal polynomials can be constructed using three term recursion formula (see for example [Shi81]),
and the details are recalled in Appendix [A] for completeness.

The basis functions 1 we need are either odd or even with respect to v = —u, hence we shift the functions
B,’s by —u and make even / odd extensions:

Bo(v+u)/V2, v>—u;

5.2 BE(v) =
(52) ®) Bu(—v —u)/V2, v< —u.

B, (v+u)/V?2, v > —u;

5.3 B (v) =
(53) ) —B,(—v—u)/V2, v<—u.

Finally, the basis functions ’s are obtained by multiplying these functions by the square root of the
Maxwellian: for n > 1

Yon—1 = 37?716_(%“)2/2,
(5-4) E _—(v+u)?/2
¢2n = Bn,1€ .

By definition, 9,1 is odd, g, is even, and they form a orthonormal basis of L?(dv). For a fixed n,

(v + u)2, (v) is a odd function with respect to v = —u. For v > —u,

(v+ wthe,(v) = (V4 u)Byr—1(v+ u)g*(v+U)2/2/\/§.
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Since (v 4 u)Bp (v + u) is a n-th order polynomial in v + u, there exists an expansion

n

(5.5) (v+u)Bp_1(v+u) = Z a;Bi(v+ u).
i=0
This yields that
(5.6) (v + )t (v Z airiq1 € span{iy, -+ Pania ).

1=0
Therefore, I'y = span{t,- - ,¥an+1} satisfies the condition of Proposition and the variational formu-
lation (3.9)—(3.11)) is well-posed. The (2N + 1) x (2N + 1) matrices A and B are then given by

Aij :/(U-l-U)?ﬂiwj dv and B;; = _/%Ed%‘ dv.
R R

Note that both matrices are symmetric. The matrix A can be obtained by using the recurrence relation of
the orthogonal polynomials. For the matrix B, recall that

51/%:1/%'*”11':1/17:*X0/¢iX0dU*X+/¢¢X+dU*X—/%/JiX—dU
R R

La; —Ez/)z—I—aZ v4+u X+;€/(U—|—u)X+,kwidv

k=1
Jrozz v+u)X_ /v+ )X lﬂ/hvarOlZ v+uX0k/(v+ u) Xot); dv
k=1 k=1
—|—0¢Z v+u 11+u)XOk)/(v—ku)ﬁ_l((v—I—u)Xng)lmdv.
R

All the integrals involved in calculating B can be easily made exact up to machine precision by using Gaussian

/ oz xo dv

and note that the other integrals share the same structure, that is, the integrand is a product of two

quadrature. For simplicity, let us just focus on

olynomials and two Gaussians e~v"/2 and e~("+¥°/2 To evaluate this type of integral using Gaussian
poly

quadrature, we first split the integral into two parts:

/ Yajxodv = i X0 dv + Pajx0 dv.
R —u

— 00
Note that )57, on either side of —u, is a (j — 1)-th order polynomial multiplied by exp(—(v+wu)?/2), while xo
is a quadratic function multiplied with a different weight function exp(—v2/2). The product of two Gaussians
centered at different locations could be combined into a single Gaussian:

> V2 [ xo(v) _ (w2402
(57) 1/}2on dv = 7 Bj_l(’l) + u)e—o1)7(2/)26 2 dv

_ ,uz 4 XO(U_U) v—u/2)?
= // By () X5 e g,

Similarly, we have the integration for v < —u:

- 2 (7Y ota)2 402
(5:8) P2jX0dv = g / Bj_1(~v— u)Me*% dv

e—v%/2

\/5 —u? > XO(_U_U) —(v+u/2)?
= 76 /4/(; Bj—l(v) —(vtu)2/2 € (vtu/2) dv.
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The integrals (5.7) and (5.8) can be evaluated up to machine precision by Gaussian quadrature based on

weight e~ (=u/2? apd e—(v+u/2)* respectively, as Bj_l)(oe“z/z is a polynomial with its degree up to N + 3.

The boundary condition (3.11]) requires the numerical evaluation of the integral
/ (U +u)¢w2j do.
v+u>0

We calculate this using Gaussian quadrature with the weight e~ (+w* The error of the quadrature depends

on the number of quadrature points and the regularity of the incoming data ¢.

We now present some numerical results for the linearized BGK equation. In the first set of examples, we
compare our numerical results with analytical solutions, when the specified boundary data ¢ is given by the
restriction of some f € H° ® HT on v > —u. In this case, the solution to the undamped equation is
simply f on the whole velocity space. As discussed in , the dimension of the space H° @ HT depends
on the bulk velocity v and the sound speed, which is ¢ = JST2 in our case as T = 1/2. We will choose
X+ /-0 defined in as the incoming data. By the uniqueness of the half-space equation, the solution will
simply be x4 /o when the incoming data is chosen as x4 0. We take six choices of u corresponding to the six
cases listed in (the case u < —c gives an empty H° @ HT hence not included). The results are shown
in Figures below. In all these figures, the blue squared line is the incoming data, given by x_, xo and
X+ respectively. The green triangle line is the solution at z = oo, and the red dotted line is the solution at
z =0.

Several remarks are in order: First, when the ¥ modes lie in H° @ H* for the given bulk background
velocity u, we observe in Figure 1-6 that the solution at x = 0 gives a perfect match. We thus recover the
exact solution from the numerical scheme. Second, we note that in general, the solution exhibits a jump at
v = —u, as clearly seen for example in Figure left). This justifies our choice of the even-odd formulation
and basis functions from the half-space Hermite polynomials. Finally, we remark that we have used a filtering
(with 2nd order cosine filter) to reduce the Gibbs oscillations caused by the large derivatives in some cases
(for instance Figure [2[left)).

given ¢ (v+us0) = x , U = —1.2247 given ¢ (v+u>0) = Ao U= —1.2247 given ¢ (v+u>0) = X U= —1.2247

0.4 1.2
0.1 o X

+f¢ at infinity

A,

0.05¢ 1 +f$ at infinity

0.3

8l f ‘v(v,x:O)

-0.051

—0.1}F

-0.15[ -=- X_
+f¢ at infinity

—o-fy(vx=0)

-5 0 5

-0.2

a

FIGURE 1. u = —/1.5 = —c. In this case x4 € H°, and x_ and Y are in H~.

Next, we consider an example where the exact solution is not known. We solve the equation ([1.1)) for

u = 0 with boundary data ¢ = v3,v > 0. The numerical solution is shown in Figure @

5.2. Isotropic neutron transport equation. We further consider the isotropic neutron transport equa-
tion. The construction of the basis functions is similar to the linearized BGK case. However, instead of
using half-space Hermite polynomials, we start with Legendre polynomials on the interval [0,1] and carry

out even / odd extensions. The Legendre polynomials, which are orthogonal polynomials for constant weight
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given ¢ (v+u>0) =y _, u=-05 given ¢ (v+u>0) =, u=-0.5 given ¢ (v+u>0) =x ,u=-0.5
0.6 1.2
0.2 % —
0.15f ‘% 0.4 1 +f¢ at infinity
ol “ i 0.2 I )
;
0.05¢ 0 <
O » —0.27
—0.05[ = X_ 1 -0.4f =%y
_.f_atinfinity +f¢ at infinity
-0~ ° 1 -06
+f¢(v,x:0) +f¢(v,x=0)
~0.15 . . 0.8
o1 -5 0 5 08 -5 0 5
v v

FIGURE 2. —c < u = —0.5 < 0. In this case x. € HT, and x_ and yq are in H~.

given ¢ (v+u>0) =x_,u=0 given ¢ (v+u>0) = Xy u=0 given ¢ (v+u>0) = X, u=0

0.5 0.4 1.2
- X o X

0.4 +f¢ at infinity

-
1 +f¢ at infinity

0.3l = fovx=0) 0.8 = o*=0)
0.2
0.1
0 -0.6f = %o
_._f _atinfinity
-0.1 -0. 0
+f¢(v,x:0)
R 0 5 - 5 0 5
v v
FIGURE 3. u = 0. In this case y;, € HT, xo € H” and x_ € H™.
given ¢ (v+u>0)=x_,u=0.5 given ¢ (v+u>0) =%, u=0.5 given ¢ (v+u>0) =% ,u=0.5
0.3 T T T 0.4 T T T 1.2 T T

+

0.2 +f¢ at infinity 1 +f0 at infinity

0.4]—=Tlvx=0) 0.8l —=Tfvx=0)
01 3
|
-0.1 ‘%
-0.2 ‘ 1 -0.6 = %o
_._f_atinfinity
-0.3 -0.8 ¢
+f¢(v,x=0)
0.4 . = . _1 . .
0 -5 0 5 -5 0 5
v v

FIGURE 4. 0 < u = 0.5 < ¢. In this case x4 and xo are in H', and x_ € H™.

function, are used as the equilibrium states for the neutron transport equation are simply constants. We
then apply Gauss-Legendre quadrature to assemble A and B for the generalized eigenvalue problem. We will
skip further details here, as the construction is relatively straightforward compared with the linearized BGK
case.

To validate our methods in this case, we compare numerical solution with analytical solution with bound-
ary data given by ¢ = v for v € [0, 1]. The analytical solution is known in case as

(5.9) fo(—v) = —=H(v) — v, v>0,
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given ¢ (v+u>0) = x_, u=1.2247 given ¢ (v+u>0) = X U= 1.2247 given ¢ (v+u>0) = X, U= 1.2247
0.4 0.4 1.2
o X,
0.2 0.2r +f¢ at infinity
o 0 —f(vx=0)
-0.2 -0.2
0.4 -0.4]
0.6 -o- X_ 1 -0.6f -=- %o
_.f atinfinity +f¢ at infinity
-0. 0 1 -08 :
+f¢(v,x=0) +f¢(v,x=0)
- -5 0 5 - -5
v
FIGURE 5. u = /1.5 = c. In this case y; and o are in H, and y_ € HY.
given ¢ (v+u>0)=x_,u=2 given ¢ (v+u>0) = X U= 2 given ¢ (v+u>0) = X U= 2
0.4 0.4 1.2
o X,
0.2 0.2 1 +f¢ at infinity
of 0 0.8/ = oV*=0)
-0.2 -0.2 0.6r
-0.4 -0.4 0.4f
~0.6f = X_ 1 —0.6f = %o 0.2
_._f_atinfinity _._f_atinfinity
n: 0 108 ¢ 0 o
—fy(v.x=0) —o-fo(v.x=0)
1 . . _1 . . _0.
-10 -5 0 5 -10 -5 0 5 0—%
\% v

FIGURE 6. u = 2 > c. In this case all x are in H™.

given ¢ (v>0) = v3, u=0

B
=17 +f¢ at infinity
+f¢(v,x=0)

-1. ‘
> -5

<Ot
(6]

FIGURE 7. Blue boxed line is the input data ¢ = v3(v > 0). Green triangle line is the

solution at infinity and the red circled line is the solution at the boundary. N = 36 here.
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f (v>0)=v,N=280

b
1 ‘
o numerical solution
——exact solution
0.8r i
0.6r i
q__D

0.4f g
0.2t i

o 1 |

-1 -0.5 0 0.5 1

\"

FI1GURE 8. Analytical solution and numerical solution to the isotropic neutron transport
equation at x = 0.

where H is the Chandrasekhar H-function. In Figure [§] we plot both analytical and numerical solutions.
The plot shows good agreement of the numerical solution with the exact one. Furthermore, the limit at
x = oo of the solution to the half-space isotropic NTE is a constant, whose amplitude is known as the
extrapolation length. In Table [1| we compare our numerical approximation of extrapolation length with the
exact result, which is again in good agreement. In comparison, we note that the approximate value for the
extrapolation length obtained in [Cor90] is 0.71040377 with 70 modes, while we achieve better results with
piecewise polynomial of only 12-th order.

TABLE 1. Numerical approximations of the extrapolation length.

4 1 0.709324539775964 | 24 | 0.710445373807707 | 44 | 0.710446026371328 | 64 | 0.710446075479882
8 | 0.710386430787361 | 28 | 0.710445703544666 | 48 | 0.710446044962143 | 68 | 0.710446078520678
12 | 0.710434523809144 | 32 | 0.710445863417934 | 52 | 0.710446057194912 | 72 | 0.710446080785171
16 | 0.710442451548528 | 36 | 0.710445948444682 | 56 | 0.710446065509628 | 76 | 0.710446082499459
20 | 0.710444603305304 | 40 | 0.710445997010591 | 60 | 0.710446071320336 | exact | 0.710446089598763

APPENDIX A. HALF-HERMITE POLYNOMIAL

Here we derive the half-space orthogonal polynomial with weight exp(—(v — u)?) with u a real number.

The zeroth order half space Hermite polynomial is:

1
(A1) By = o with mg = g (14 erf(u)).
The higher order polynomials are defined through recurrence relation:
(AQ) V Bn—&-an—&-l = (U - an)Bn -V ﬂan—lv

where a and (§ are defined by

1
5n+1 :n+§+uan_ai_5n;
(A.3) 1 n

Q41 :u_an'i_izak
25n+1 k=0
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with ag = my/mg and B1 = /moma — m?/mg, where m;, i = 0,1,2 are moments of the Gaussian:

(A4)

m; = / ple=(v=w)? dv, 1=0,1,2.
0

The deduction formula are derived from the Christoffel-Darboux identity

(A.5)

> B =/But1 (By1Bn — Bui1By)
k=0

as follows. By orthogonality of {B,}, we get

ozn:/ vabe*(vfu)de, and \/Bn+1:/ UBanHe*(”*“)de.
0 0

Integrate the identity (A.5|) over v with the weight, we get

o0 oo
n+1=+/Bn1 B;LHBne_(“_“)Q dv = / anHB;LHe_(”_“)Z dv
0 0
1 o 2
=—= +/ UQBZ_He*(v*“) dv — uay,,
2 0

where the second equality is obtained by taking the inner product with Bj,_; of recursion equation (A.2),
and the third comes from integration by parts. From this we get the first deduction relation in (A.3)). Next
multiply (A.5) with v and then integrate, we obtain

where the first equality comes from the fact that fooo vB,1Ble”

Zo‘k = 5n+1/ ,UB;L-‘ranei(vi’UJf dv
k=0 0

=V Bnt1 (2/ 0 By y1Bre 0 dy — 2u/ VB 41 Bpe” (07w’ dv)
0 0

= 25n+1 (an + Qpt1 — u) 3

(v=u)* qy = 0, the second is due to integra-

tion by parts, and the third comes from integrating the recursion equation (A.2)) multiplied by vB,,11. This
gives the other deduction relation in (A.3]).

[BAT2]

[BBGTt11]
[BLP79]
[BSS84]

[BY12)
[CGSsS]
[CLYO04]

[Cor90]

[Del03]
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