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Abstract

In this paper we prove the global in time regularity for the 2D
Boussinesq system with either the zero diffusivity or the zero viscosity.
We also prove that as diffusivity(viscosity) goes to zero the solutions
of the fully viscous equations converges stongly to those of zero diffu-
sion(viscosity) equations. Our result for the zero diffusion system, in
particular, solves the Problem no. 3 posed by M. K. Moffatt in [8].

1 Introduction

The Boussineq system for the homogeneous incompressible fluid flows in R?
is

( Ov
pn + (v-V)v=—=Vp+vAv + fe,,
0
(B) %—l—(v-V)H: KkAO
div v =0,
\ U(% 0) = Uo(l'), 9(1‘, 0) = 90(1‘),

*This research is supported partially by KOSEF no. 301-20000001-2 and by an Inter-
disciplinary Research Grant of the Seoul National University in 2003.



where v = (v1,v9), v; = vj(z,t),j = 1,2, (x,t) € R? x (0,00), is the velocity
vector field, p = p(x, t) is the scalar pressure, 6(z, t) is the scalar temperature,
v > 0 is the viscosity, and x > 0 is the molecular diffusivity, and e; = (0, 1).
The Boussinesq system has important roles in the atmospheric sciences(See
e.g. 7).

The global in time regularity of (B) with v > 0 and k£ > 0 is well-
known(See e.g. [2]). On the other hand, the regularity/singularity questions
of the case of (B) with kK = v = 0 is an outstanding open problem in the
mathematical fluid mechanics(See e.g. [3, 5, 9] for studies in this direction.).
Even the regularity problem for ‘partial viscosity cases’(i.e. either the zero
diffusivity case, kK = 0 and v > 0, or the zero viscosity case, k > 0 and v = 0),
has been open to author’s knowledge. Actually, the author has been recently
informed of the article by M. K. Moffatt, where the question of singularity
in the case kK = 0,v > 0 and its possible development in the limit x — 0 is
listed as one of the 21th century problems(See the Problem no. 3 in [8]). For
this problem very recent progress is obtained by Cordoba, Fefferman and De
La LLave([4]), where the authors proved that special type of singularities,
called ‘squirt singularities’, is absent. In this paper we consider the both
of two partial viscosity cases, and prove the global in time regularity for
both of the cases. We also prove that as diffusivity(viscosity) goes to zero
the solutions of (B) converge strongly to those of zero diffusivity(viscosity)
equations. In particular the Problem no. 3 in [8] is solved. More precise
statements of our results are stated in Theorem 1.1 and Theorem 1.2 below.
For later references we write down the zero diffusivity Boussinesq equations:

( %—F(U-V)U: —Vp+ vAv + fes,
00
(By) §+(U-V)9=O
div v =0,
L v(x,0) = vo(x), 0(x,0) = Oy(x),

where v > 0 is fixed. For this system the following is our main result.

Theorem 1.1 Let v > 0 be fixed, and div vg = 0. Let m > 2 be an integer,
and (vg,0p) € H™(R?). Then, there exists unique solution (v,0) with 6 €
C([0,00); H™(R?)) and v € C([0,00); H™(R?)) N L*(0,T; H™(R?)) of the
system (By). Moreover, for each s < m, solutions (v,0) of (B) converges to
the corresponding solutions of (By) in C([0,T); H*(R?)) as £ — 0.



We also write down the zero viscosity Boussinesq equations.

(0
8—: + (v-V)v=—=Vp+ ey,
00
(Bs) 5% + (v- V)0 = kAl
div v =0,
L v(x,0) = vo(x), 0(x,0) = Oy(x),

where xk > 0 is given. The following is our result on (Bs).

Theorem 1.2 Let k > 0 be fized, and div vg = 0. Let m > 2 be an integer.
Let m > 2 be an integer, and (vo,0y) € H™(R?). Then, there exists unique
solutions (v,0) with v € C([0,00); H™(R?)) and 6 € C([0,00); H™(R?)) N
L*(0,T; H™(R?)) of the system (Bs). Moreover, for each s < m, so-
lutions (v,0) of (B) converges to the corresponding solutions of (Bs) in
C([0,T]; H*(R?)) as v — 0.

The author would like to thank deeply to Professor Diego Cordoba for intro-
ducing his preprint([4]) to him, which motivated this research.

2 The Proof of Theorem 1.1

We first recall the following result on the system (B) with k = v = 0, proved
in [3],[5]:

Theorem 2.1 Suppose (vg,6y) € H™(R?) with m > 2 is an integer. Then,
there exists a unique local classical solution (v,0) € C([0,Ty); H™(R?)) for
some Ty = Ti(||vo||gm, [|0o]|gm). Moreover, the solution remains in H™(R?)
up to time T > Ty, namely (v,0) € C([0,T]; H™(R?)) if and only if

/OT IV0(8) | et < oo. (2.1)

By obvious changes of the proof in [3] we can easily infer that the similar
conclusion holds for the system (B;) and (Bs) respectively. Hence, for the
proof of the global regularity part of Theorem 1.1 and Theorem 1.2 it suffices
to prove the estimate (2.1) for all 7" € (0, 00) for the classical solutions (v, )
of (By) and (Bsy).

(i) Preliminary estimates:

Let T > 0 be a given fixed time. From the second equation of (B;) we
immediately have

10)]r < [6olle ¥Vt €[0,T],p € [1,00]. (2.2)
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Taking L? inner product the first equation of (B;) with v, we have, after
integration by part,

1d
§E|\vlliz + v||Vol|Z2 < [|0]] 2 ||v]] 2
We have
1d
—lwllz2 < N0ll2llvllz2 < 6ol 2o 2,
2dt

where we used (2.2) for p = 2. Hence, 4 ||v|[z2 < ||6o]|, and we obtain
[o(®)lzz < flvollz2 + [160ll2T ¥t € [0,T]. (2.3)

Taking the operation curl on the both sides of the first equation of (B), we
obtain
wi+ (v-Vw = —0,, +vAuw, (2.4)

where w = 0,,v9 — O,,v1. Let p > 2. Multiplying (2.4) by w|w|P~2 and
integrating it over R?, we find, after integration by part,

1d

AR /yw\ P 2da
R2

1
:—/ (U-V)|w|pdx—/ O, wlw|P~2dx
D Jgr2 R2

1
:__/ divv|w|pdx+(p—1)/ me]wypﬂdx
D Jr2 R?
_1 —1
_ : >”./ |w|2|w|”‘2d:c+u/ 0°|wfP~*dx
RQ

p— v - (p—1)
<@ [ (guplop-2ae+ O Dol ol
RrR2

Absorbing the term, #Z1% Jgz IVw?|w[P~2dz to the left hand, we find

p—1 _
2 Do otz (25

1d (p—1v _
ol + B [ Wlaptas <
For p = 2 in particular, we obtain after integration over [0, 77,
4 2
lo(®)Z2 + V/ IVe()llz2ds < 2lwollzz + ~[16oll72T ¥t € [0,7]. (2.6)
0
Hence, we find that, by Holder’s inequality,

T T 3
/ IVw(s)||z2ds < Cﬁ(/ HVw(s)H%zds)
0 0
< Cllwoll2VT + C||0o|| 2T YVt e [0,T]. (2.7)
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On the other hand, from (2.5), we have for p € [2, 00)

(p—1) VP —1 ?
lw@)|Zr < lwollis + ” 160177 < | llwoll e + N 160l VT )

and

vp—1
lw(@®)lre < llwollrr + 7 160l L- VT

Vte[0,T],p € [2,00). (2.8)

We now recall the Gagliardo-Nirenberg interpolation inequality in R2.

1l < CIAIIE ; IDFIE f e WH(R?),p > 2, (2.9)

By this and the Calderon-Zygmund inequality combined with the estimates
(2.3) and (2.8) we find for p € (2, 00)

@l < Clo@IE IVo®IE < Clo@lE lwllE
S (Uo,eo,T v p) Vit € [O,T] (210)

(ii) W?2? estimate for v:

We take derivative operation D = (0,,,0,,) on (2.4), and then take L?
inner product it with Dw|Dw|P~2, p > 2. After integration by part we obtain

1 d
||Dw|| +(p —1)V/ |D2w|2|Dw|p_2d:13
RQ

= _/ [D(v - V)w] Dw|Dw|P~?dx — / DO,, Dw|Dw|P~?dzx
R? R2
= (p— 1)/ [(v-V)w] D2w|Dw|p_2dx +(p— 1)/ 0., D*w|Dw|P2dx
R2

< (p—/ | D?w|?| DwlP~ 2dﬂv—i— / |v(z)|?| Dw|Pdzx

+<—/ |D2w|2|Dw|p_2dx+ /|V9|2|Dw|p_2dx,
4 R2 R2

where we used the inequality, ab < %az + % Absorbing the first and the
third terms to the left hand side, we have

1 d —1
Sl + L [ DDt
2 R2

< (p—1) . |v(a:)|2|Dw|pd$+(p_

v

1
) / \VO|?| Dw|P~2dx
R2

IN

p—1), o 2(p—1) (p—1)(p—2)
L Dwl|E, + 2 wg|e, + L2 D ipy)|p.
” v/ 70 | Dwl7 + p Vo7, + oy | Dwl},



where we used Young’s inequality, a?b?~2 < %ap + ’%261’ for p > 2. Recalling
the estimate of ||v(t)||L~ in (2.10), we find that

d
S I1PwlLe < ClDwllL, + ClIVOIL,,  vte[0,T], (2.11)

where C' = C(vy, 0y, T, v, p).
Now taking V*+ = (=8,,,0,,) to the second equation of (B;), we obtain

V0, + (v- V)V = V10 - Vo. (2.12)
Taking L? inner product (2.12) with V40|V+0|P=2, we deduce, after integra-
tion by part, that

O N 1/ (U~V)|V9]pdx+/ (V20 Vo - V40|VOP-2de
pdt Jre P Jr2 IR2

< |Vo||VO|Pdx.
]RQ
Hence, for p > 2 we have

d
IVOlL < plIVollz<[ VL

CA+ (V]2 + [I1D%0]|2)[L + log™ (1 D*0]| o) V17,
C(L+[lwllzz + 1 Dwllz2)[L +log™ (| Dwllf, + [IVOI[7)IIIVOIT,
C(1+ [[Dwllz2)[1 + log™ ([ Dl + [IVOIL)IIVOIIE,  (2.13)

IA A CIA

where C' = (vg,00,T,v,,p), and we used the following form of the Brezis-
Wainger inequality[1](See also [6]),

|l < CO+ IS l12) [1+10g" (19 120)]* +ClLfl2e (2.14)

for f € L*(R?*)NW1P(R?), which holds for p > 2, and the Calderon-Zygmund
inequality as well as the estimate (2.6). Adding (2.11) and (2.13) together,
and setting X (¢t) = [|VO|7, + || Dw]||},, we find that

dX
7 SO0+ [IDw(®)]2)(1+log" X)X < C(1+ [ Dw(t)12)(1 + log" X)X

for all t € [0, T, where C = C(vy, 0y, T,v,p). By Gronwall’s lemma we have

X(t) < X(0) exp [exp{C’T—FC’/OTHDQJ(S)HdeS}] vt € 0,7,

which, combined with the estimate (2.7), implies that for p > 2
H‘Dw(t)“Lp < C<UO7907T7 Vap) vt e [O,T] (215>
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By the Gagliardo-Nirenberg (2.9) and the Calderon-Zygmund inequalities we
have

p—2 j2 p—2 j2

Vo)~ < CIVo@) 77 ID* )57 < Cle@l | Dw®)]z
< C(vo,00,T,v,p) Vtel0,T],pe€ (2,00, (2.16)

where we used the Gagliardo-Nirenberg inequality(2.9), estimates (2.8), and
(2.15). From the first part of the inequalities of (2.13), we find that

d
2 IVOllze < [[Vollz=|[ VO] e,

and by Gronwall’s lemma

t
VO] » < [[V6ol|Lr exp (/ IIW(S)IILmdS) ,
0

where taking p — co, we obtain finally

T
IVO@) || < [Vl exp (/ IIW(S)IILoodS>
0
< C  Vtelo,T), (2.17)

where C' = C(||vollwze, ||0ol|wze, T, p,v), and we used the estimate (2.16).
Since we have the embedding, H™(R?) < W?2P?(R?), for all m > 2 and p > 2
we have just reached to the estimate (2.1). for any given T" € (0, 00) and for
all vy, 0y € H™(R?) with m > 2.

(iii) Vanishing diffusivity limit:

Let (v,p,0) and (0,p,0) be solutions of (By) and (B) respectively with
the same initial conditions (vg, ). We first observe that all the estimates
derived in (i) and (ii) above are also valid for solutions of (B). Moreover
these estimates are independent of k. Summarizing these estimates, we have
the key k-independent estimates for the solutions (9, 9~)

IVl o + [1V0]| o + (18]l + [8]lwzs < Cllvollwzr, 1Gollwes, v, T, p).

) (2.18)
From (B) — (B); we obtain for© =0 -0, P=p—p, V =0v—-10
O+ (v-V)O + (V- V)8 = kAO + kAb, (2.19)
and
Vi+ (- V)V+(V-V)o=-VP + B¢y +vAV (2.20)



together with div V = 0. Taking L? inner product (2.19) with ©, we have
after integration by part
1d

2Olt||@\|iz +5||VO|2. = —/ (V-V)é@dm—m/ V6 - VOdz
RQ

R2

<90z~ V121011 + 6]V 2 VO
K ~ K
< CIVIE: + ClIOIE: + 19013 + 2 VO,

where C' = C(vp, 6y, T, v), and we have used the estimate (2.18). Absorbing
the term, £[|VO|3. to the left hand side, and using the estimate (2.18), we
obtain that

d ~
—0l%: + £[VOI7: < CO]Lz + ClIVI[Zz2 + Cr[ VO] 2. (2.21)

On the other hand, we take L? inner product (2.20) with V, and integrate
by part to obtain:

1d
R2 R2
< Vol V72 + 11012V ]| 2
< C(IV]i72 +[I1©ll72), (2.22)

where C' = C(vg, 0y, T,v), where we used (2.18) again. Adding (2.22) to
(2.21), and setting X (¢) = [|©(t)[|3. + |V (¢)||32, we obtain that

d N
aX(t) < CX(t) + Okl VO3

By Gronwall’s lemma we find that

t
X(t) < X(O)eCt+Cm/ VO(s)|22eC" ) ds
0

T
< ceCTn/ IV8(8)|22dt < O,
0

where we used the fact X (0) = 0 and the estimate (2.18). Hence, we obtain
sup ([[o(t) = 9(t)]z2 + [16(t) = 0(1)]|12) < OV, (2.23)
0<t<T

where C' = C(vg,00,T,v). From the Gagliardo-Nirenberg interpolation in-
equality, and the estimate (2.18) together with the embedding, H™(R?) —
W2P(R?) for m > 2, we deduce that for 0 < s < m,

sup [lv(t) = 5(t)]lms < C sup |lu(t) = o(t)[|7:lv(t) = o(O)| I,
0<t<T 0<t<T
< C(llvollmm + |Tollam)' = sup [lu(t) —o(t)]7:
0<t<T

—s

S C,{/WQLm s

where 0 =1 — 2 and C = C(v, 0y, T, v, 5,m),
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and similarly for || — ]|+, and we obtain the desired convergence (7,6) —
(v,0) in C([0,T); H*((R?)) as k — 0. [J

Remark after the proof: The local existence and finite time blow-up crite-
rion for solutions in the functional setting, H™(R?), m > 2, which is proved
in ([3],[5]) can be easily modified using function spaces W?P(R?), p > 2.
Combining this with the above proof, we can actually prove the following:

Corollary 2.1 Let 2 < p < oo, and (vo, 0y) € W?P(R?). Then, there exists
unique solution (v,0) € C([0,00); W?P(R?)) of the system (By). Moreover,
for each g € [1,p) and T € (0,00) , solutions (v,0) of (B) converges to the
corresponding solutions of (By) in C([0,T]; W14(R?)) as k — 0.

3 The Proof of Theorem 1.2

Similarly to the preliminary remark in beginning of the previous section, in
order to prove the global regularity part of Theorem 1.2 we have only to
prove the estimate (2.1) for the classical solution of (Bsg) for all 7" € (0, c0).

(i) Preliminary estimates:

Taking L? inner product the second equation of (By) with 6, we have

immediately,
1d

2dt
Integrating this over [0, 7] we have

10122 + £ VOl7= = 0.

1 T 1
S 16172 + / IV6ladt < Slfollz. Ve 0.7 (3.1)

Next, taking L? inner product the first equation of (Bs) with v, we have after
integration by part

1d
gl = [ exvde < 16lsl0]o

Combining this with (3.1), we easily obtain
T
HMWHSWWH+A|WﬂW@=WMm+ﬂ%M2 (3:2)

for all t € [0, T]. Taking curl of the first equation of (Bs), we have
we+ (v-Vw = —0,,. (3.3)
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Taking L? inner product (3.3) with w, and integrating by part, we deduce

1d

51l < [ IVOlllde < V0l

and p
aHWHm < |IVO|| 2.

Hence, using the estimate (3.1), we derive

T
lw(®)r2 < /O VOl 2dt + [[woll 2

T 2
< 1 ( / ||ve||%2dt) T flwollz
0

S ||L2 + ||WOHL2 vVt € [O,T] (34)

Tz
— |6
\/5” 0

(i) WP estimate for (6,v):

Taking operation V1 on the second equation of (Bs), we have
V0 + (v- V)V = (V10 - Vv + KAV, (3.5)

We now take scalar product (3.5) in L? by V+0|V+0[P~2 p > 2, we obtain
after integration by part

LIVl (o= 1) [ DPIT s = [ (940 Vo - VOV Op
R2 R2

—(p— 1)/ v- (V10 - V)VH0|V4Eo|P—2da
RQ

<(p-1) / (o] [V 6] D20V 0P 2de
RQ

(p—1)
2K

-1
< |U|2|VJ‘9|pdlL’+%/ |D2¢9|2|VJ‘0|p_2dx,
R? R?

where we used the inequality, ab < % + ”“7”2 We absorb the second term to
the left hand side to have

SIVOIE, + P22 [ pwep-2ae < Do e,
< O+ olls + 19]22)? (1 + log (1V0l2,)) V3,
< O + ol + l32) [1 -+ log* ([l + V15 [V,
< C 1 +log* ([l + V015, IVOIE. (36)
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where we applied the Brezis-Wainger inequality (2.14) keeping the power,

%, of the log —term preserved, the Calderon-Zygmund inequality, and the

estimates (3.2), (3.4). On the other hand, taking L? inner product (3.3) with
w|w|P~2, we obtain

1d » 1 v -2
EEHWHLPH—?/W(U V) wpds = /Rz€902w|w| da

< [ 96lpids
]R2
(p—1)

1
< ];IIWWZP + [l (3.7)

where we used Young’s inequality, ab?~* < %ap + ’%lbp , 1 <p<oo. Adding
(3.7) to (3.6), and setting X (t) = ||VO(t)||%, + ||w]7,, we have

CX(1) < O Hlog X()X()  Vie[0.T]

The Gronwall lemma provides us with
X(t) < X(0)e”"  vtelo,T).

Hence,
VO + llwl[7e < Clvo, 00, T, p, K). (3.8)

We also note that similarly to (2.10), the estimate (3.8), combined with (3.2)
and (2.9) implies that

[o()][z < Clvo, 60, T,p) V€ [0,T]. (3.9)

(iii) W2 estimate for 6:

Taking operation D? on the second equation of (By), and then taking L?
inner product this with D?0|D?0|P=2, p > 2, we have after integration by
part

1d
L prgpp, 1 (p— m/ D02\ D20 2da
pdt R2
=— | D*(v-V)§D*|D*9P? = (p — 1)/ Dl(v- V)] D*0|D*0|P~*dx
R2 R2

1) / Duv - DOD*| D20P~2da + (p— 1) / (v - V) D6] D% D20)~2dx
R2 R2

(p—1)

~1 —1
+ )||v\|ioo/ D2pdy + L= 1" )“/ |D02| D20,
R2 4 R2

K

<

—1
||V0||ioo/ |Vv|2|D20|p_2dx+%/ | D362 D*0P~2dx
R2 R2
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where we used the inequality, ab < “— + &=, again. Absorbing the terms,
=l [ |D302| D?0|P~2dx to the left hand 81de, we derive

d _
d—HDQHHp < O||VO| 7|Vl 1 D?0|15,° + Cllvll; | D05,
p—
< OHWHEZ 2|| 12,1 D?0][ = + Cllvl|7=1D*0]17,
< C+C||D*9|>,,

where we used the Gagliardo-Nirenberg interpolation inequality (2.9), the
estimates, (3.8), (3.9), and Young’s inequality(Note p—gg—:g < pwhenp > 2).
Thanks to Gronwall’s lemma, we have the estimate,

HDQG(t)”LP < C<U07 007 T7p7 ’f) vt e [OvT]7 vp > 2.
Using the interpolation inequality (2.9) as previously, we obtain that
VOt ||~ < C vt € [0,7], (3.10)

where C' = C(]|vo|lw2r, [|0o]lw2»,p, £). Similarly to the proof of Theorem
1.1, we have the embedding, H™(R?) — W?2?(R?), for all m > 2 and p > 2,
and thus we have reached to the estimate (2.1) for all 7" € (0, 00) and for all
’Uo,eo S Hm(RQ) with m > 2.

(vi) Vanishing viscosity limit:

Let (v,p,0) and (@, 7,60) be solutions of (By) and (B) respectively with
the same initial conditions (v, 6p). Similarly to the case of zero diffusivity
problem in Section 2, we first note that all the estimates in (i), (ii) and (iii)
above are valid for solutions of (B) also, and these estimates are independent
of v. The key v-independent estimate for the solutions (7, 6) is

IVl o + IVB]| e + (18l + [8]lwzo < Cllvollwzs, 1ollwea, &, T, p).

From (B) — (By) we obtain for © =0 —0, P=p—p,V =v —1 )
O+ (v-V)O + (V- V)d = kAO (3.12)

with div V' =0, and
Vi+(v-V)V+(V-V)o =—=-VP+ Oey + vAV + vAD. (3.13)

Taking L? inner product (3.12) with ©, we have after integration by part
L10)2. + x| VO2 = —/ (V- V)6 Odz
2 dt R2
< VOl V2 (Ol < C|IV][72 + C|1O]|72,
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where C' = C(v, 0y, T, k), and we have used the estimate (3.11). Hence,
d 2 2 2
5 1@lze = ClIOIlz + ClIV]IZ. (3.14)

On the other hand, we take L? inner product (3.13) with V, and integrate
by part to obtain:

1d N
L4 iR, 4 VY2 = —/ (V-V)5 - Viz
Sdi -
+/ @eg-Vda:—u/ Vo -VVdx
R2 R2
< NVl IVIG: + 1Ol 2|V |22 + v||[ VD 2 ||V V]| 22

v 14 ~
< C(IVIze + 119172) + 5IVVIze + SIVOllZ,

where C' = C(vy, 6y, T, k), and we used the estimate (3.11) again. Absorbing
the term, ¥|[VV|3. to the left hand side, we obtain that

d |
EHVlliz < C(IVIZ: + 10]72) + §IIWH%2. (3.15)

Adding (3.15) to (3.14), and setting X (¢) = [|©(¢)[|32 + ||V ()||72, we obtain
that

%X(t) < CX(t) + Cv|[Vi|%.

By Gronwall’s lemma we find that

t
X(t) < X(O)eCtJrC’V/ [V (s) |22 ds
. 0
< CeCTl// IV ()|Zadt < C,
0

where we used (3.11) and the fact that X (0) = 0. Hence, we obtain

sup (J|o(t) = 9(t) 2= + 1|6(£) — (1) 12) < OV, (3.16)

0<t<T

where C' = C(vg, by, T, k). Similarly to the case of vanishing diffusivity limit,
the interpolation inequality, and the uniform in v estimate (3.11) lead us to
the estimate, for 0 < s < m,

sup [|u(t) — o(t)|
0<t<T

< C(llvollz +ll9ollz=)""" sup_[lo(t) — o(t)lI7
0<t<T

e < C sup Jlu(t) — o)1= [lv() — o) |57,
0<t<T

< Cvom, where 0 = 1 — % and C = C(vy, 0y, T, K, s,m),
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and similarly for || — || s+, we obtain the desired convergence (7, 6) — (v, )
in C([0,T]; H*((R?)) as v — 0. [

Remark after the proof: Similarly to the remark at the end of Section 2
we can actually prove the following:

Corollary 3.1 Let 2 < p < oo, and (v, 0y) € W*P(R?). Then, there exists
unique solutions (v,0) € C([0,00); W?P(R?)) of the system (Bs). Moreover,
for each q € [1,p), T € (0,00), solutions (v,0) of (B) converges to the
corresponding solutions of (By) in C([0,T]; W14(R?)) as v — 0.
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