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Abstract

We give an error estimate for the Energy and Helicity Preserving Scheme (EHPS)
in second order finite difference setting on axisymmetric incompressible flows with
swirling velocity. With careful and detailed truncation error analysis near the geometric
singularity and far field decay estimate for the stream function, we have achieved
optimal error bound using weighted energy estimate. A key ingredient in our a priori
estimate is the permutation identity associated with the Jacobians, which is also a

unique feature that distinguishes EHPS from standard finite difference schemes.

1 Introduction

Axisymmetric flow is an important subject in fluid dynamics and has become standard
textbook materials (e.g. [2]) as a starting point of theoretical study for complicated flow
patterns. Although the number of independent spatial variables is reduced by symmetry,
some of the essential feature and complexity of generic 3D flows remains. For example, when
the swirling velocity is nonzero, there is a vorticity stretching term present. This is widely
believed to account for possible singularity formation for Navier-Stokes and Euler flows. For
general smooth initial data, it is well known that the solution remains smooth for short time
in Euler [13] and Navier-Stokes flows [14]. A fundamental regularity result concerning the
solution of the Navier-Stokes equation is given in the pioneering work of Caffarelli, Kohn
and Nirenberg [4]: The one dimensional Hausdorff measure of the singular set is zero. As
a consequence, the only possible singularity for axisymmetric Navier-Stokes flows would be
on the axis of rotation. This result has motivated subsequent research activities concerning
the regularity of axisymmetric solutions of the Navier-Stokes equation. Some regularity and
partial regularity results for axisymmetric Euler and Navier-Stokes flows can be found in,
for example, [6] and the references therein. To date, the regularity of the Navier-Stokes
and Euler flows, whether axisymmetric or not, remains a challenging open problem. For
a comprehensive review on the regularity of the Navier-Stokes equation, see [15] and the
references therein.

Due to the subtle regularity issue, the numerical simulation of axisymmetric flows is

also a challenging subject for computational fluid dynamicists. The earliest attempt of



numerical search for potential singularities of axisymmetric flows dates back to the 90’s
9, 10]. In a recent work [17], the authors have developed a class of Energy and Helicity
Preserving Schemes (EHPS) for incompressible Navier-Stokes and MHD equations. There
the authors extended the vorticity-stream formulation of axisymmetric flows given in [9]
and proposed a generalized vorticity-stream formulation for 3D Navier-Stokes and MHD
flows with coordinate symmetry. In the case of axisymmetric flows, the main difference
between EHPS and the formulation in [9] is the expression and numerical discretization of
the nonlinear terms. It is shown in [17] that all the nonlinear terms in the Navier-Stokes and
MHD equation, including convection, vorticity stretching, geometric source, Lorentz force
and electro-motive force, can be written as Jacobians. Associated with the Jacobians is
a set of permutation identities which leads naturally to the conservation laws for first and
second moments. The main feature of the EHPS schemes is the numerical realization of these
conservation laws. In addition to preserving physically relevant quantities, the discrete form
of conservation laws provides numerical advantages as well. In particular, the conservation
of energy automatically enforces nonlinear stability of EHPS.

A potential difficulty associated with axisymmetric flows is the appearance of % factor
which becomes infinite at the axis of rotation, therefore sensitive to inconsistent or low order
numerical treatment near this ‘pole singularity’. In [17], the authors proposed a second order
finite difference scheme and handled the pole singularity by shifting the grids half grid length
away from the origin. Remarkably, the permutation identities and therefore the energy and
helicity identities remain valid in this case. There are alternative numerical treatments
proposed in literatures (e.g. [10]) to handle this coordinate singularity. However, rigorous
justifications for various pole conditions are yet to be established.

The purpose of this paper is to give a rigorous error estimate of EHPS for axisymmetric
flows. To focus on the pole singularity and avoid complication caused by physical boundary
conditions, we consider here only the whole space problem with the swirling components
of velocity and vorticity decaying fast enough at infinity. The error analysis of numerical
methods for NSE with nonslip physical boundary condition has been well studied. We refer
the works of Hou and Wetten [11], Liu and Wang [24] to interested readers. Our proof is
based on a weighted energy estimate together with a careful and detailed pointwise local

truncation error analysis. A major ingredient in our energy estimate is the permutation



identities associated with the Jacobians (4.17). These identities are key to the energy and
helicity preserving property of EHPS for general symmetric flows. Here the same identities
enable us to obtain a priori estimate even in the presence of the pole singularity, see section 5
for details. To our knowledge, this is the first rigorous convergence proof for finite difference
schemes devised for axisymmetric flows.

In our pointwise local truncation error estimate, a fundamental issue is the identification
of smooth flows in the vicinity of the pole. Using a symmetry argument, we show that if the
swirling component is even in r (or more precisely, is the restriction of an even function on
r > 0), the vector field is in fact singular. See Example 1 in section 2 for details. This is an
easily overlooked mistake that even appeared in some research papers targeted at numerical
search of potential formation of finite time singularities. In addition to the regularity issue
at the axis of symmetry, a refined decay estimate for the stream function also plays an
important role in our analysis. In general, the stream function only decays as O((z%+7?)"!)
at infinity. Accordingly, we have selected an appropriate combination of weight functions
that constitute an r-homogeneous norm. As a result, the slow decay of the stream function
is compensated by the fast decay of velocity and vorticity. Overall, we obtain a second order
(optimal) error estimate on axisymmetric flows.

The rest of this paper is organized as follows: In section 2, we introduce a proper notion
of smoothness for the swirling component of an axisymmetric divergence free vector field.
We show that the r-derivatives of even order must vanish on » = 0*. The same holds true for
vector fields in Sobolev spaces. In section 3, we show that the generalized vorticity-stream
formulation is equivalent to the original Navier-Stokes equation in primitive variable. There
is no extra regularity requirement upon switching to the vorticity formulation. In section 4,
we recall the energy and helicity preserving property for EHPS and use it to prove our main
theorem by energy estimate in section 5. The technical details of the pointwise estimate for

the local truncation error is given in the Appendix.



2 Classical and Sobolev Spaces for Axisymmetric Solenoidal
Vector Fields

In this section, we establish basic regularity results for axisymmetric vector fields. We will
show that the swirling component of a smooth axisymmetric vector field has vanishing even
order derivatives in the radial direction at the axis of rotation. This is done in Lemma 1 by
a symmetry argument.

Throughout this paper, we will be using the cylindrical coordinate system
r=ux, y=rcosh, z=rsind. (2.1)

where the x-axis is the axis of rotation. A vector field w is said to be axisymmetric if
Oguy = Opu, = Ogug = 0. Here and throughout this paper, the subscripts of u are used to
denote components rather than partial derivatives.

The three basic differential operators in cylindrical coordinate system are given by

Vu = (Deu)e, + (Bru)e, + (%agu)ee (2.2)
V-u= % (0r(rug) + O-(ru,) + Ogug) (2.3)

1| € e Te
Vxu=-|08, 0 0 (2.4)
T

Uy Uy TUG
Here e, e, and ey are the unit vectors in the x, » and 6 directions respectively.

Denote by C* the axisymmetric divergence free subspace of C* vector fields:

Definition 1 :
Ck={u e C"R* R®), Opu, =0pu, = Opug =0, V-u=0} (2.5)
We have the following representation and regularity result for C*:

Lemma 1 (a) For any uw € C¥, there exists a unique (u,v) such that

u=ueyg+V X (Yey) = MBI — e, + uey, r >0, (2.6)
with
u(z,r) € C*(R x RY),  0*u(x,07) =0 for 0 <20 <k, (2.7)



and

Y(x,r) € CHT(Rx RT), 0*(x,0M) =0 for 0 <20 <k+1.

(2.8)

(b) If (u,v) satisfies (2.7), (2.8) and w is given by (2.6) for v > 0, then u € C* with a

removable singularity at r = 0.

Proof:

Part (a): Since u is axisymmetric, we can write u = u,(z, r)e, + u,.(x,r)e, + ug(z,7)eq

for r > 0. Note that

_ 69(x7y7 Z)‘z:o if y>0
ez(x7y7 Z)|Z:0 - { —ee(x,y, Z)‘ZZO 1f y < 0

(2.9)

Here e, is the unit vector in the z direction. With slight abuse of notation, we denote the

components of u in Cartesian and cylindrical coordinates by

Uz (T, Y, 2) = ug(x,7)
uy(,y, 2) = uy(x, 1) cos @ — ug(x,r)sin
u,(z,y,2) = u(z,7)sin 6 4+ ug(z,r) cos b

where (r,0) is given by (2.1). It follows that

_ uz(x, T, Q)T:yﬁio = u9(££7 |y|) if Yy > 0
Uz(l'ayaz)’z=0 - { _uz(x’h 9>r:—y79:71' — —ue(x’ |y|> if Yy < 0

therefore for y > 0,

uz(, Y, 2)|z=0 = wo(, |y|) = ue(z, | = yl) = —u.(2, =y, 2)|.=0.

(2.10)

(2.11)

(2.12)

Since u, € C*(R?) and u.(z,y,0) is odd in y from (2.12), it follows that us has a C* extension

up tor =20

ug(x,r) if r>0
u(z,r) ::{ ol 3 o0 =u(2,y,0)|[y=r, >0

and all the even r-derivatives vanish at r = 07:

lim 0%u(z,r) = lim Gjeuz(x,y,()) = 8Z€uz(x,0,0) =0, 0<20<k

r—0t+ y—0t
Hence (2.7) follows.

Next we derive the representation (2.6). Since w is divergence free, (2.3) gives

Op(ruy) + Or(ru,) =0,



we know from standard argument that there exists a potential ¢(z,r) such that
aa:¢ = —TUp, ar¢ = TUyg (213)
Restricting (2.10) to § = 0, or equivalently to z = 0, y > 0, we have

s (2,7) = g (2, Y, 2)ly=rz=0,  Ur(2,7) = uy(2,y, 2)[y=rz=0,  up(2,7) = (2, Y, 2)|y=r.=0
(2.14)
From (2.13) and (2.14), it is clear that ¢(z,r) € C**(R x R"). Since 9,¢(z,0") = 0, we
may, without loss of generality, assume that ¢(z,0%) = 0. This also determines ¢ uniquely.
Next we define

U(w,r) = (b(a;’ T), r>0. (2.15)

It is easy to see that v(z,r) € C*Y(R x RT), ¢(z,0") = 0,¢(x,07) = 0 and (2.6) follows
for r > 0.

It remains to show that lim, g+ &¢)(x,r) is finite for 1 < j < k+ 1. To this end, we first
establish the following identity by induction:
Claim:

(5 + 1) (x,01) = j07 tuy(z,0™), 1<j<k+1. (2.16)

Proof of Claim: From (2.13) it follows that
Ol (rp) = & (ruy), r > 0. (2.17)

When j =1, (2.17) gives
Y

87"1/}_’__
r

:ul‘

and we conclude from I’'Hospital’s rule that
20,9(2,07) = uy(2,07),

thus (2.16) is verified for j = 1.
For j > 1, (2.17) gives

(2.18)

, . 1091 — (5 — 1)1 2



Now suppose (2.16) is validated for j = ¢ — 1,
00 ah (2, 07) — (0 — 1)0 2uy(z,07) = 0, (2.19)
from (2.18)-(2.19) and 'Hospital’s rule, we can easily derive
Opp(x,0%) = 0, g (2, 07) = — (0070 (w,07) — (€ = )0, uy(, 07))

thus (2.16) is validated for j = ¢ and inductively for all 1 < j < k4 1. This completes the
proof of the claim. O

We conclude from (2.14) and (2.16) that v (z,7) € C**'(R x RF). Moreover, following
the same argument outlined in (2.9-2.12), it is easy to show that wu,(z,y,0) is even in y.
Thus (2.8) follows from (2.16). This completes the proof of part (a).

Part (b): Conversely, we now show the regularity of u = ueg + V x (1pey) when (u, 1))
satisfies (2.7) and (2.8). Since wu is axisymmetric, it suffices to check the derivatives of w on
a cross section, say 6 =0, or 2 =0, y > 0.

It is clear from (2.6) and (2.14) that u,(z,y,0), u,(z,y,0) and u,(x,y, 0) have continuous

x derivatives up to order k£ on y > 0. It remains to estimate the y-, 2- and mixed derivatives.

From
sin ¢
0y = cos 00, — " ) (2.20)
6
9, = sin 00, + Cof Dp (2.21)
we can derive the following
Proposition 1 (i)
O F (x,r,0) = 0l F(x,7,0) +sin0 G(z,r,0) (2.22)

where G consists of the derivatives of F.

(ii)
0¥ (f(x,r)cos ) =y i apm (%ar)um (i) (2.23)

=0

m 1 l+m—+1 f
02 (f(x,r) cosf) =y Y byt <_a7‘) <—> (2.24)

£=0



m 1 l+m q
2m : _ 20+1 |~ Z
02" (g(x,7)sinf) = Z%mz (T&,> < ) (2.25)

m £+m—1
0> (g(z,r)sinf) = Zd&mz% <%&~) (Q) (2.26)

for some constants agm, bem, Com and dpy,.

Proof: From (2.20) and the following identity

sin 0 sin 0

(cos 00, —

Og)(F +sin0G;) = (cos 00, F) 4 sin 0(cos 00,G1 — %89F— 0pG1), (2.27)

T T

it is easy to derive (2.22). This proves part (i).
For part (ii), equations (2.23-2.26) result from substituting cost) = £, sin =  followed
by straight forward calculations. We omit the details. 0
Now we proceed to show that all the mixed derivatives of orders up to k are also continu-
ous on y > 0. For simplicity of presentation, we consider mixed derivatives performed in the
following order 97070%. We start with 0J920.u, and analyze for ¢ even and odd separately.

When ¢ = 2m + 1, we derive from (2.21) and (2.22) that
0502 1 ug (@, y, 0)
= 0502"(sin0 0,0z (x, 1)) lo—0,r—y
| (2.28)
j m m ( OrOus(x,r

= 0] (g cum (L0, (e} |,

= 0
Next, when ¢ = 2m, it follows from (2.21), (2.22), (2.26), (2.13) and (2.15) that

0y 02" Ous(, y,0)

= 85831%—1 (Sin 0 8ra;3ux (:zc, 7')) ‘9=O,r:y

= (9207 (sin0 0,0 uy) + sin b Q) |p=0.r—y
L (2.29)
= S dpm(rsing)? (19,)7T T (Zlealeny))

T

= do,mai (l&")m a;cul" (Z‘, T)|T=y

T

= o (10,)™ (1O (2, 7)) |y



From Lemma 1 and Taylor’s Theorem, we have

Y(x, 1) = ay(x)r + a3($)7”3 + - 4 agmor () am=l Rom1 (),

where
an(r) = 8" (x,07),
r—3s
Ropmi1(Y / 02’”“ U(x,s) ( (Zm;' ds,
and
0 0<p<2m
14 +\ ) =~ >~
87~R2m+1(¢)(130 ) - { 8£¢($,0+)’ o2m+1 S D S om +1 _|_j : (230)
It follows from direct calculation that
]' m 7 1 m 7 s R2m 1<¢)
(;&) H (r@xw(x,r)) = (;&“> ! (r@ngmH Z C@m 2m+1+€
and
1\ » = 0 Romin (V) T 020} Royi1 (1)
83 (;&) (7‘8 ZCK maj ( r2m41-¢ ) ;;Cﬁmcld r2mA1—t+j—p
0 p
(2.31)

for some constants Cy,,, and CZ’) e

From (2.30), (2.31) and I'Hospital’s rule we conclude that

(1 " ) QAN & Oz/)j 2m+1+
J (= Z m > m 790 +
& (Tar) (réie)(z, 0 ZZ G 1T+ ) 7 diap(z,07). (2.32)

Since 1 € C*M(R x RY), it follows from (2.29), (2.32) and (2.28) that 97020 u,(x,y,0) is
continuous and bounded up to y = 0" for j + ¢ +1 < k.
Next we consider the mixed derivatives of u, and u,. In view of (2.10), it suffices to
calculate 85828;(]7(:6, r)cosf + g(x,r)sinf)|g—o,—, where f and g are either £0,1 or *u.
When ¢ = 2m, it follows from (2.23) and (2.25) that

8§3§mﬁi(f(x, r)cosf + g(x,r)sinb)|g—pr—y

= OO f(x,7)cos b + Dig(x,7)sind)|g—o,r—y

= a0 (20" (%) ooy - ol (200" (%)) |1y

10



From (2.7-2.8), both —0,%(x,r) and u(z,r) have local expansions of the form
bl(x)r + b3<£(])7“3 + 4 bgm_l(ZL’)T’Qm_l + R2m+1-

Following the same argument above, we can show that both 0)92™9,u, and 092", u., are
continuous and bounded up to y = 0% for j + 2m +i < k. The calculations for 902" 9% u,
and 9707™ 1 0Lu, are similar. This completes the proof of Part (b). O

In view of Lemma 1, we now introduce the following function spaces:

Definition 2
C¥(Rx RY) ={f(z,r) € C* (Rx RY), 0¥ f(x,0")=0,0<2j <k}

We can recast Lemma 1 as

Lemma 1’
Cf = {uey+V x (Yey)|u € C’f(R X F), (VNS CfH(R X F)} (2.33)

In fact, we will show a counterpart for (2.33) in standard Sobolev spaces: A weak
solenoidal axisymmetric vector field admits the representation (2.6) with u(z,r) and ¢ (x,r)
in certain weighted L? and H* spaces. Moreover, both u and 1), together with certain even
order derivatives have vanishing traces on r = 0.

We proceed with the following identity for general solenoidal vector fields:

Lemma 2 Ifu € C*(R} R3) N H*(R3 R3) and V - u =0, then

k

||UH§{’€(R3,R3) = Z ||<VX)Z’U’H%2(R3,R3) (2.34)
=0

Proof: We prove (2.34) for ¢ even and odd separately.

Since V - u = 0, it follows that V x V x u = —V?u. Thus if ¢ is even, we can write
||(V><)2muHLz(ngRs) = H(VQ)m’U,HLz(RS,RS) (235)

When m =1 and u € C’k(R3), we can integrate by part to get

\V2u|2:/ / Z 8-21u8i22u—/ Z (03, 05,u)?
R3

i1=1 i1,02=1 i1,09=1

11



Similarly, when m = 2,
3|(V2>2u|2 _ / 3 << ) / Z (0202 u)(92,02u)
R R i= 11,12,i3,i4=1

3

= Z / (@1@2&3&4@2.
R3

11,12,13,54=1
It is therefore easy to see that
|(v2)mu|2 = Z / i Oy 2
R3
i1, yiam=1
and consequently for u € C*(R3, R?), 2m < k,

3

IOV wlFagm sy = D 1Di - O JullZa s - (2.36)

i1, si2m=1

On the other hand, if ¢ is odd, we first write
(VX)) My =V x (=(V?)"u = (=1)"V x (V*)"u
then apply the identity
HVUH%?(R?’,R?’) = ||V x UH%2(R3,R3) + IV UH%Q(R?’)
to get
(V)" | 2 (gs gsy = [V % (V)™ 2 oy = [[(V?)" V]| 12 (m9 ) (2.37)

and from (2.36),

3 3
7P Ty = SN0 B, = 3 3 | (00,00
4,J=11%1

i,j=1

iom=1

3

= Z H (aﬂ o 'ai2m+1)u||%2(R3,R3)‘

11, yiom41=1

(2.38)

12



It follows from (2.35, (2.36), (2.37) and (2.38) that

k

k 3
ullfn o mny =D D 10 Oulltems oy = D I(V) Wi gy

0=0 i1, ,ip=1 {=0

This completes the proof of Lemma 2. [l
In Lemma 3 and Lemma 4 below, we will derive an equivalent representation of the

Sobolev norms for axisymmetric solenoidal vector fields.

Lemma 3 Let u € C¥ be represented by u = ueg + V x (Yeg) with u € C¥ (R x RY) and
Y € CH1 (R x RT). Then (Vx)‘u € C¥* and

(Vx)*Mu = (L™u)ep + V x ((L™P)eq), if 2m <k,

(V)2 = (L™ ey + V x (L™u)eg), if 2m+1 <k,

where
o, 1 o, 1 2 1
L:=-V"++—=—(0+-0+0;) + =.
72 r 72

Moreover
LTy € C’f‘Qm(R X F), if 2m <k,

Ly e CH IR < RY), if 2m+1 < k.

Proof: For any ¢ € C! (R x R*), we have ¢ ey € C! from Lemma 1 (b). With straight

forward calculation using (2.4), it is easy to verify that for ¢ > 2,
VXV x(peg) = (Lop)es. (2.39)
On the other hand, it is clear that
V XV x(peg) €C2,
and therefore from Lemma 1 (a),
LoeC?(Rx RY). (2.40)

The Lemma then follows from (2.39) and (2.40). O

13



Next we proceed to define the weighted Sobolev space for axisymmetric solenoidal vector

fields. For a,b € C° (R X R+ , we define the weighted L? inner product and norm

(a,b) / / a(x,r)b(z,r) rdxdr, lallz = {(a,a), (2.41)

and for a,b € C! (R X F), we define the weighted H' inner product and norm

0.8) = {0,0,0.0) + (0,0, +{%.0). [} = [o.a]. (2.42)

When a € C! (Rx Rt) and b € C! (R x RT) N C?(R x R"), we also have the following
identity from integration by part:
(a, £5) = [a,b].

If u=uey+V x (ey), with u € C° (R x RT) and ¢ € C! (R x RT), it is easy to see
that
[ullZ2(rs sy = Ilull + (113 (2.43)
Higher order Sobolev norms can be defined similarly in terms of v and :
Definition 3 For u = ues + V x (yeg) € CF,
lullZe = (ullg + 1207 + WLLNE + ulld) + ([Lull§ + [L207) +

= Y (e allf+1eml + Do (L™ 05+ L™ ull?)

2m<k 2m+1<k

In view of Lemma 1, Lemma 2, Lemma 3 and (2.43), we have proved the following

Lemma 4 If u € C¥, then
||u||Hk(R3,R3) = ||U||Hk

Denote by C. the space of compactly supported functions. We can now define the Sobolev

spaces for axisymmetric solenoidal vector fields following standard procedure:
Definition 4
L%(R x RT) := Completion of C°(R x Rt) N C.(R x RT) with respect to || - ||o

HY(R x RY) := Completion of CL(R x RT) N C.(R x RY) with respect to || - |1

HY == Completion of C N C.(R*, R*) with respect to | - ||

14



Accordingly, we have the following characterization for H*:

Lemma 5 If u € HY, then u admits a unique representation
u = ueyg+ V x (Yey) (2.44)

with u € L}2(R x R*) and ¢ € H{(R x RT). Moreover,

L'ue L?(RxRY), L™peH}(RxRY), if 2m<k, (2.45)
L e L2(RxRY), LMue HY(RxRY), if 2m+1<k, (2.46)

and
||u||Hk(RB,R3) = ||U”Hk (2.47)

Here the equality in (2.44) and the differential operators V x, L™ are realized in the sense

of distribution.

The proof of Lemma 5 is based on standard density argument. We omit the details.
Finally, the counterpart of (2.7) and (2.8) for u € H* is given by (2.45), (2.46) and the

following trace Lemma:
Lemma 6 [fv e H! (R X ﬁ), then the trace of v on r = 0 vanishes.

Proof: For any v € C! (R X F) NnedC, (R X F), we have

2
/|v(x,0)|2 de = —2// vOvdr dr < // (71_2 - (&v)?) rdzdr < |jv|?
R RxR* RxR+ \T

Since v(x,0) = 0 for v € C! (R X F), the Lemma follows from standard density argument.
OJ
Example 1:

Take u = uey with u = e 12", Note that u = O(r?) near the axis. Similar functions
can be found in literatures as initial data in numerical search for finite time singularities.
Although u € C®(R x RT) and w may appear to be a smooth vector field, it is easy to
verify that Lu(x,0") # 0. Thus from Lemma 1, Lemma 5 and Lemma 6, u is neither in

C?*(R?, R®) nor in H3(R?, R?).

15



3 Generalized Vorticity-Stream Formulation for Ax-
isymmetric Flows

3.1 Axisymmetric Formulation of Navier-Stokes Equations

In this section, we show that, under suitable regularity assumptions, any axisymmetric
solution of the Navier-Stokes equation

du+ (Vxu)xu+Vp=—-—rvVxVxu

(3.1)

V-u=0
is also a solution to the following axisymmetric formulation of Navier-Stokes solution derived
formally in [17]

u + % J (ru,r) = v(V? = S)u,

we+J(2,7) =v(V2 = Hw+ J (%, ru) (3.2)

w=—(V*=3),
with u = uey + V x (1eg) and vice versa.

The vorticity formulation for axisymmetric flows (3.2) has appeared in [9] with an alter-
native expression for the nonlinear terms. In [17], the authors have generalized the vorticity
formulation to general symmetric flows with the nonlinear terms recast in Jacobians as in
(3.2). Accompanied with the Jacobians is a set of permutation identities which played a key
role in the design of energy and helicity preserving scheme and in the convergence proof of
the scheme. We will explain the details in section 5.

The axisymmetric Navier-Stokes equation (3.2) can be formally derived from (3.1). A
smooth solution of (3.1) also gives rise to a smooth solution of (3.2). Moreover, from Lemma
1 (a), the resulted solution satisfies the pole condition (2.7,2.8) automatically. In other
words, if w € C1(0,T;C¥) is a solution to (3.1), then the swirling components are in the class

Y(t;z,r) € C(0,T; CHH(R x RY))

u(t;z,r) € C* (0,T;C¥(R x RY)) (3.3)
w(t;z,r) € C*(0,T;C* (R x RY))

However, it is not clear whether smooth solutions of (3.2) also give rise to smooth solutions
of (3.1).
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For example, in the case of Euler equation, an exact stationary solution to (3.2) with
v = 0 is given by

u(t,x,r) =r’e", w=1v=0 (3.4)

It is clear that (3.4) is in C*°(R x RT), yet the corresponding u = uey is only in C*(R®, R®)
for any t.

In the case of Navier-Stokes equation (v > 0), (3.2) is an elliptic-parabolic system on
a semi-bounded region (r > 0). From standard PDE theory, we need to assign boundary

values for (¢, u,w). The zeroth order part of the pole condition (2.7,2.8) would suffice:
¥(x,0) = u(z,0) = w(z,0) = 0. (3.5)

It is therefore a natural question to ask if a smooth solution of (3.2, 3.5) in the class

Y(t;z,r) € C(0,T; C*(R x RY))
u(t;z,r) € C*(0,T;C*(R x Rm (3.6)
w(t;z,r) € C*(0,T;C* (R x RT))
will give rise to a smooth solution of (3.2). In other words, is the pole condition (2.7,2.8)
automatically satisfied if only the zeroth order part (3.5) is imposed?
The answer to this question is affirmative. We will show in Lemma 9 that (3.3) and
(3.6) are indeed equivalent for solutions of (3.2, 3.5). The proof is based on local Taylor

expansion. We decompose the proof into several Lemmas.

Lemma 7 Ifv € C¥*2(R x R¥) and 0*v(x,0%) =0 for 0 < ¢ < j, then

lim 8T23+1(M) = lim ———0%"%v(x,7)
r—07+ r r—07t 2] + 2

Proof: Since v € C¥+2(R x RT), we have
v(w,r) = ar(@)r + ag(2)r® + -+ agj (2)r7 7+ Ryjia(v) (3.7)
from Taylor’s Theorem. Here
1
—_ _—Aan +
an(x) = n!@,v(x,O ),

(r — s)%t!

TS

R2j+2(v):/ 0¥ 2y(z, 5)
0
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and
Ol Rojio(v)(x,07) =0, 0<i<2j+1, 0P 2 Ryjyo(v)(z,07) = 02 %0(2,07).  (3.8)

From (3.7), it follows that

27+1 i
o (Un:r)) _ garesFarialo), IR T Raalv) )

r prl+i

From (3.8), (3.9) and I"'Hospital’s rule, we can easily derive

2541
. 1
2 +1 7 2 2542 + 2542 +
Jim, O (ZX%H ;:ﬂaj w07 = gt e 0
This completes the proof of Lemma 7. 0

Lemma 8 [f2j <k —2 and

Y € CHY (R x RT)NCY(R x RY)
u€ CPRx R\)NCY(Rx RT) (3.10)
w€ C*YRx RT)NCY(R x RY)

then the Jacobians 5 J(ru,r), J(£,7¢) and J(%,ru) are in C¥(R x RT).

Proof: From (3.10), it is obvious that & .J(ru, ri)) € C*"{(RxR"), J(£,r¢) € C*2(RxR™)
and J(%,ru) € C*"'(Rx R"). Therefore all three Jacobians are in C* (R x R*). It remains
to evaluate the r-derivatives of the Jacobians at (x,07).
From (3.10), we have the following expansions:
Y =a(x)r+- -+ ay_1(x ) 271+ Rojia (1)

w=>by(x)r+ -+ byj_1(x)r¥ +R2j+1(u)
w=ci(x)r+ -+ coj_1(x)r¥ 1 + Ryji1(w)

where

(), bae) () = 00 (6, 10,0)(2,0°)

and

_ &)%
Rojiq(v /(92”1 x,s) T( j) ds.

Before we continue, we first introduce the following notations for brevity:
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Definition 5 For 0 < ¢ <2j+ 1, we define
1. f(z,r) = 0@ if f(x,r) = C(z)re.
2. g(z,r) = O(r) if g(z,r) € C¥THR x RY) and

Fg(z,07) =0, 0<p<g—1, [9g(z,07)]< oo.

Using these notations, we can write
Roj 1 (¥, u,w) = O(r*H)
and
(W, u,w) = O(r) + O(r®) + -+ O(r¥ 1) + O(r¥+). (3.11)
It is easy to verify directly that

rO(r1) = 0(r1?), p<q<2j+1,

and

o) /r?P =00""), p<qg<2j+1.
From (3.11), we have
%&r(rw% %8x<ru) =O0(r) +O(®) + -+ O(r¥ 1) + 90,0(r¥ )

and
%&(rw), %&(ru) —O1) +0() + -+ O(r2) + O(r¥).

Therefore

(3.12)

It is easy to see from (3.12) that
1
2 + L
0, (ﬁJ(Tu,mD))(x,O )=0, 0<i<]j

and % J (ru,7¢) € C¥(R x RT). The same argument applies to J (£,7¢) and J (%,ru).
This completes the proof of Lemma 8. 0
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Lemma 9 If (¢, u,w) is a solution to (3.2, 3.5) in the class (3.6) with k > 3. Then

¥ € CHY(R x RY)
u € CF(R x RY) (3.13)
w € CFHY R x RT)

for0 <t <T.

Proof: Let 5* be the largest integer such that 2j* < k—1. We first show that on 0 <t < T,

0 (t,,07) =0
0% u(t,x,07) =0 (3.14)
0% w(t,x,0%) = 0.
for 0 < ¢ < j*.
This is done by induction on ¢. When ¢ = 0, (3.14) is given by the boundary condition
(3.5). Suppose that (3.14) is verified for £ = j with j+1 < j*. We apply 8%~2|(, 0+, on both

sides of (3.2) and conclude that, in view of Lemma 8,

vO2(V? — S)u(z,0)
vO2(V? — H)w(z,0%) =
(V2 — L), 0%)

T

0,
0,

Since

(V— o = (@0 +0fv +0,()),

2
and
) 1 ) ) )
0P (V= 5o = (0P + 0P 00 + 074 (),
r r
it follows from Lemma 7 that 022 (x,07) = 9% 2u(z,07) = 0¥ 2w(x,0") = 0 thus (3.14)
is verified for ¢ = j + 1.
We can continue the induction until (3.14) is verified for £ = j* to get
Y € CHY(Rx RH)NC¥ (R x RY)

ue C*(Rx RT)NCY (Rx RY) (3.15)
w e C* (R x V) N C¥ (R x RF)

To complete the proof, we proceed with k£ odd and even separately.

If k is odd, say k = 2m + 1, then j* = m and (3.15) can be written as

e C* PR RF)NCI™(Rx RY), uweCI(RxRF), weCI(RxRF). (3.16)
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Since

1
(T — = (B R 4 2 (L)) = o (3.17)

2
we conclude from Lemma 7, (3.16) and (3.17) that 9> 24 (z,0) = 0, therefore b € C?™2(Rx
7).

Similarly, if & = 2n, then j* = n — 1 and we have from (3.15)

¥ € " RXEDNCT2(RXRT), u e C™(RxR)NCT2(RxEF), we O '(RxFF).

Since 2n — 2 = k — 2, the assumption in Lemma 8 is satisfied. Therefore we can continue
the induction for u to get 9?"u(z,0%) = 0, thus u € C?"(R x RY).

Finally,

AT - = (G o+ (D)) = o

r2

and we conclude that 9" (x,0%) = 0 and v € C*"*Y(Rx RT)NC*(R x RT) = C?"*1(R x
R*). This completes the proof of Lemma 9. O

The equivalence of (3.1) and (3.2) in terms of regularity of classical solutions is given by

Theorem 1 (1) Suppose (u,p) be an azisymmetric solution to NSE (3.1) withu € C* (0,T;CF),
p € C°(0,T;C*1(R?)) and k > 3. Then there is a solution (1, u,w) to (3.2) in the

class L
Y(t;x,r) € CT(0,T;C*H1(R x RY))
u(t;z,r) € C* (0,T;CHR x RY))
w(t;z,r) € C*(0,T;C* (R x RY))

and u = ueg + V X (ey).
(II) Let (1, u,w) be a solution to (3.2,3.5) in the class

U(t;x,r) € CF(0,T; C*(R x RY))
u(t;z,r) € C(0,T;C*(R x RY))
w(t;z,r) € C*(0,T;C* (R x RY))

with k > 3. Then
u = uey+ V x (Yeg) € CH0,T;CF)

and there is a axisymmetric scalar function p € C°(0,T; C*~Y(R3)) such that (u,p) is
a solution to NSE (3.1).
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Proof:
Part (I): Since u € C* (0,T;CF) is a solution to (3.1) with k > 3, it follows that

w=Vxu=wey+V x (uey) € C'(0,T;C:™")
is also an axisymmetric solution to the Navier-Stokes equation in vorticity form:
Ow+ VX (wxu)=-rvVxVXxw (3.18)

Next, we express each term of (3.18) in the cylindrical coordinate as

8tw = (9twe(9 +V x (8tueg), (319)
1 1
-V xVXxw= ((V2 - ﬁ)w) ey +V x ((V2 — ﬁ)ueg> : (3.20)
and
w u 1
VX (wxu)= <J(?,r@/}) - J(;,ru)) ep+ V X (T—QJ(ru,m/)) 89) : (3.21)
From (3.19-3.21), we can rewrite (3.18) as
aep +V x (beg) =0, (3.22)
where
_ o) — g (Y v L
a—wt—i-J(T,'r‘w) J(T,ru) v(V r2>w’
and
1 , 1
b=u + ﬁj (ru,r) —v(V* — ﬁ)u

From (3.22), it follows that a(z,r) = 0 and rb(x,r) is a constant. Since b(x,07) = 0 from

Lemma 8 and Lemma 9, we conclude that b(z,r) = 0 as well. This completes the proof of
part (I).

Part (II): From Lemma 9, we know that (¢, u,w) satisfies (3.13). Therefore Lemma 1
applies and we have

u=uey+ V x (1eg) € C'(0,T;C)

Next we define w = V x w. From (3.19-3.21), we see that w satisfies the Navier-Stokes

equation in vorticity formulation (3.18). That is

VX (Ou+wxu+rvV xw)=0.
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Thus there exists a function p : (0,T) — C*~1(R?) such that
du+wxu+vVxw=-Vp (3.23)

In other words, (u,p) satisfies the NSE (3.1). Since u € C*(0,T;C¥), it follows from (3.23)
that Vp € C°(0,T;C*2). In addition, we can further assign p(t) on a reference point (x, ro)
so that p € C°(0,T; C*1(R3)).

By construction, the left hand side of (3.23) is axisymmetric and therefore so is Vp. In

particular
1
99(Vp - eg) = 0y (;89]9) =0.
Therefore

p=a(z,r)0+ b(x,r)

Since p is continuous and single-valued, we conclude that ¢ = 0. In other words, p is

axisymmetric. This completes the proof of theorem. 0

3.2 Regularity Assumption on Solutions of NSE

The focus of this paper is the convergence rate of EHPS in the presence of the pole singularity.
To separate difficulties and avoid complications introduced by physical boundaries, we only
consider the whole space problem with exact solution decaying fast at infinity.

To be more specific, we consider the initial data u(z,0) and w(z,0) to be smooth with
compact supports. Since (3.2) is a transport diffusion equation for v and w with initially finite
speed of propagation, we expect u and w to be essentially compactly supported, at least for
short time. For linear transport diffusion equations with initial data smooth and compactly
supported, the solution together with its derivatives will decay faster than polynomials at
infinity for ¢ > 0. Some rigorous results concerning the spatial decay rate for the solutions of
axisymmetric flows can be found in [6] and the reference therein. In particular, it is shown
in [6] that both v and w decay algebraically at infinity as long as this is the case initially.
Here we make a stronger, yet plausible assumption along this direction. The precise form
of our assumption is formulated in terms of weighted norms and is less stringent than the

analogy we draw from linear transport diffusion equations, see Assumption 1 below.
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To quantify our assumption, we first introduce a family of r-homogeneous composite
norms and corresponding function spaces which turn out to be natural for our pointwise

energy estimate:

Definition 6

u
lalleas = > 10 +m)(1+ 12080 ()] | e rer
l1+lo=F
lalkas =Y lallk-ta-is
0<t<k

CheB = {a(z,r) € CF (R x R¥), ||al|ras < o0}

In section 5, we will show that EHPS is second order accurate provided the solution

satisfies 7
4ot T

(at¢a (0 W) c (0, T;Cs otgf N 03,204—1-2,25

u € C° (0, T; C420+228 [ 04204228 ) 0120

In view of (3.24), we formulate our regularity assumption as

1 1
— —. .24
;oa>o, B> (3.24)

Assumption 1
1
(O, v, w) € C°(0,T;C°) ,ue C°(0,T;CH), v >4,6> 5 (3.25)

Although we expect u,w and their derivatives to decay faster than any polynomial at
infinity, the same expectation is not practical for ¥. As will be shown below, generically v
only decays like O((z?+r?)~!) at infinity. This is related to the decay rate of the fundamental
solution of Poisson equation in 3D and the vanishing zeroth moments of y, 2z components of
vorticity.

To see this, we start with the integral expression for v. From the vorticity-stream relation
VXV XY=w
and the identification

U(a,r) = by(2,y,0)ly=r,  wlz,7) = wy(@,y,0)]y=r,

we can derive the following integral formula for « [20]:

U(x,r) = /000 /_00 w(@', r"K(x — 2, r,r")dx' dr’ (3.26)
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where

2 <
K($ . :L‘I,’I", 7,/) _ ,r,/i 0 cos @

22 r0052 0
=r d9
fO p+p—(p4++p—

and

pi = (v —2')? + (r £ 1" cos0)® + (' cos0)?

As a consequence, we have the following far field estimate for K

Lemma 10

—2—4—m
0507 K (2 — ', 7,7")| < Co(', ") (Va2 +72)

typical term

\/(:Efm’ 24 (r—r’ cos 0)2+4(r’ cos 0)2

do

as x2+r2—>oo

(3.27)

Proof: We will derive a far field estimate for the integrand in (3.27). We first consider a

lim (9407

224+r2—00
with

PP = (= x0)* + (r —10)* + 5
where xg, ro and ¢y are some constants.
With the change of variables
T —1T9g= 0COSA

T — o= osin\
we can rewrite the x and r derivatives by

Orp =0/ + 3 = (0,0)0,

Therefore by induction,

L™ p = P (cos A, sin \)Q“™ (o, p)

where P“™(cos \,sin \) is a polynomial of degree ¢ + m in its arguments and Q“™ (o, p)

02 4+ 2+ (0,\)0\\/0% + 3 = cos \ -
02 4+ 2+ (0. \)0\/0? + g =sin -

|9

19

,p) a
rational function of o and p of degree 1 — ¢ — m. By degree of a rational function we mean

the degree of the numerator subtracting the degree of the denominator

Since 0 = O(Va? +12) and p = O(v2? + r?), we conclude that

Lol = O(VaZ 2 ™.

25



We can now apply the argument above and Leibniz’s rule to get

JZ,m
r

otom = E Pi™(cos Ay, sin Ay, cos A_,sin AL)QY™ (04, pos o, p_,T)
x~r J Y ? 9 7 Y 9 9 Y
pio-(py+p-) 5

where J; ,,, is a finite integer and o+ and py are defined by

r+ 1 cos = oy cos Ay
T — To= 04 Sin g

and pj&m’ Qfm are polynomials and rational functions of degrees ¢ +m, —2 — ¢ —m in their
arguments respectively. The Lemma follows by integrating 6 over (0, 7) in (3.27). O

We close this section by noting that v suffers from slow decay rate at infinity as a
consequence of (3.26) and Lemma 10. More precisely, ¥ (z,r) ~ O((x? + r?)~1) in general.
This may seem to raise the question whether Assumption 1 is realizable at all. Indeed, a
more refined calculation using Lemma 10 shows that the range of v and § in (3.25) is not

void, provided w decays fast enough at infinity:

Proposition 2 If vy + 6 < k + 2 and Ow,w € CF for sufficiently large 7' and &', then
8t1p,2/1 < Cﬁ:,"/,(s.

4 Energy and Helicity Preserving Scheme

In this section, we outline the derivation of the discrete energy and helicity identities for
EHPS. A key ingredient in the derivation is the reformulation of nonlinear terms into Jaco-
bians. The details can be found in [17].

We introduce the standard notation:

gb(:L‘—f—%,T)—gb(l‘—%,’r‘) gb(x,r+%)—gb(x,r—%)

Deoter) = Az o Didla,r) = Ar :
D,o(z,r) = d(x + Az, T)Q;j(x — Az, 7“)7 Dod(a, 1) = o(x,r + AT)Q;:S(QJ, r— AT’>'
and

6h — (Daca [)7“)7 6l = (_Dra Da})

The finite difference approximation of V2 and the Jacobians are given by

Vit = Do (Dat) + 1 (D (rDy)
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and

In(f,9) = {Vhf Vicg + Vi (fViig) + Vi - (g@hf)} (4.1)
Altogether, the finite difference version of EHPS is:

Oyuy, + T%Jh (rup, ) = v(Vi — T%)uh

8twh + Jh ( Twh) = V(V2 — %)wh + Jh ( ruh) (42)

wi = (=Vi + 2)¢n
To derive the discrete energy and helicity identity, we first introduce the following discrete

analogue of weighted inner products

(@b =YY (rab);; AzAr (4.3)

i=—o00 j=1

bl = )(D,-b AzA - -
(4.4)
and the corresponding norms
a
lallsn = (@, @), Nallin = la,aln = [Vaallgn + 1I-ll6 (4.5)

where

+ i (4.6)

1 j=1  j=2

Mg
l\.’)l}—l

j
and the grids have been shifted ([18]) to avoid placing the grid point on the axis of rotation:

1
=iz, i=0£LE2-, == )Ar j=12- (4.7)

The evaluation of D, and V2 terms in (4.2) at j = 1 involves the dependent variables
un, Y, wp, and the stretching factor hy = |[V6O|™! = r at the ghost points j = 0. In view of

Lemma 1, we impose the following reflection boundary condition across the axis of rotation:

uh(i, O) = —Uh(’i, 1), @Z)h(i, 0) = —¢h(i, 1), wh(i, O) = —wh(i, 1) (48)

Furthermore, we take even extension for the coordinate stretching factor hy = |VO|™! = r

which appears in the evaluation of the Jacobians at j = 1:

hs(i,0) = hs(i, 1). (4.9)
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We will show in the remaining sections that the extensions (4.8) and (4.9) indeed give rise
to a discrete version of energy and helicity identity and optimal local truncation error. As a

consequence, fully second order accuracy of EHPS is justified for axisymmetric flows.

Remark 1 At first glance, the extension (4.9) may seem to contradict (4.7) on the ghost

points j = 0. A less ambiguous restatement of (4.9) is to incorporate it into (4.2) as
Ocun + 55 (Irlun, |r[¥n) = v(Vi, = 5)un
Qo+ Jn (2 Irln) = v(V3 = B+ Ju (B lrlwn)  on (i), =1 (410)
wp = (Vi + T%Wh

The following identities are essential to the discrete energy and helicity identity and the

error estimate:

Lemma 11 Suppose (a,b,c) satisfies the reflection boundary condition

a(i,0) = —a(i,1), b(i,0) = —b(i,1), (i,0) = —c(i, 1)

and define
1 &« = =1 = =1 = =1
Th(a,bo) = 3 ;; (tha~Vhb—iravhb‘th+thc~Vha>i’j. (4.11)
Then o =
Z Z C@th(Cl, b)i,j = Th(a, b, C), (412)
i=—o0 j=1
and
1
(a, (—V3 + ﬁ)b)h = [a,b]5. (4.13)

Proof: We first derive (4.12). In view of (4.1) and (4.11), it suffices to show that

Z Z V- (aVib) = — Z aVyc - Vib (4.14)
joo

i?j

chvh- (bVha) = = bVjc- Via (4.15)

12
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or, since there is no boundary terms in the x direction, simply

S (Dg)ig=— > > (9D f)i; (4.16)

i=—o00 j=1 i=—o00 j=1
with f = ¢ and ¢ = bD,a — aD,b.
It is straight forward to verify that
Z Z(fDrg>i,j = - Z Z(g[)rf)i,j - Z (fi0910 + giofin)-
i=—o0 j=1 i=—o00 j=1 1=—00
In the derivation of the discrete energy and helicity identities (see (4.18-4.20) below), a

typical triplet (a,b,c) is given by, say, a = r¢,, b = ru;, and ¢ = “2. From the reflection

boundary condition (4.8) and (4.9), we have

fi,o = _fi,la 9i0 = Gi,1-

This gives (4.16), and therefore (4.14), (4.15) and (4.12).
Next we derive (4.13). From the identity

Zfﬂ gﬁ‘* J—* Z, — fi-1) 9j-1 — —(fl +f0)

7j=1
and r 1= 0, it is easy show that
S S DD =~ 3 S Dy (Db
i=—o00 j=1 i=—o00 j=1
Therefore (4.13) follows. O

From (4.11), we can easily derive the permutation identities
Tw(a,b,c) = Ty(b,c,a) = Ty(c,a,b), Th(a,b,c) = =Ty(b,a,c). (4.17)
Moreover, from (4.12, 4.13), we can easily derive
(v, Qun)p + Th(rup, ridp, L) = v{v, (Vi — & )undn

(£, Outbn]n + Th(2, rn, 1@) = v{@, (Vi — 5)wn)n + Th(*2, rus, 7¢) (4.18)

<£7wh>h = [fﬂﬂh]h
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for all v, ¢ and ¢ satisfying

U(i’ O) = _U(i7 1)7 Qp(ia 0) = _Qp(iv 1)a 5(27 O) = _g(iv 1)'

As a direct consequence of the permutation identity (4.17), we take (v, @) = (up,¢p) in
(4.18) and recover the discrete energy identity

d1

£§(<Uh,uh>h + [Yn, Unln) + v([un, un)n + (wh,wr)n) =0 (4.19)

Similarly, the discrete helicity identity

d
g Sms wn i+ v([un, wnln = (wn, (Vi — —3)un)n) =0 (4.20)
follows by taking (v, ¢) = (wp, up) in (4.18).

Remark 2 In the presence of physical boundaries, the no-slip boundary condition gives

u-n=0,(r)=0, u-T=0,(r)=0, uw-e3=u=0 (4.21)

where T = n X e3 and ez is the unit vector in 0 direction. When the cross section §2 is simply

connected, (4.21) reads:
u=0, =0, 0O,(r¢)=0 on 0. (4.22)

It can be shown that the energy and helicity identities (4.19, 4.20) remains valid the presence
of physical boundary conditions [17]. The numerical realization of the no-slip condition (4.22)
introduced in [17] is second order accurate and seems to be new even for usual 2D flows. The

convergence proof for this new boundary condition will be reported elsewhere.

5 Energy Estimate and the Main Theorem

In this section, we proceed with the main Theorem of error estimate. We denote by ¢, us,

wy, the numerical solution satisfying

8tuh -+ T,%Jh(uh, T"(Ph) = V(V}ZL — %)uh
Own + Jn (2, mn) = v(VE — 5)wn + Jn (4, rup) (5.1)

Wh = (_V;QL + %2)1%
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and 1, u, w the exact solution to (3.2),
oru + T%Jh(ru, r) = v(Vi — T%)u + &
Ow + J, (2,70) =v(VE — Bw + Jp, (4, ru) + & (5.2)
W = (—V% + 7%2)77/) + 53
where the local truncation errors £; can be derived by subtracting (3.2) from (5.2):
& = 5(Jp — J)(ru,r) — v(Vi — V3u
E= (I =J)(2r) —v(VE—=VHw — (Jp — J) (%, ru) (5.3)
& = (Vi - V)
From (5.1) and (5.2), we see that
1 1
Oy (u — up) + = (Jn(ru, 7)) — Ju(rup, ridy)) = v(Vi — r_2)<u —up) + & (5.4)

On(w = wn) + (T (5,r) = Ju (5 74n))

= (V3= ) —wn) + (i (2ru) — Jn (2 rw)) + & (5:5)

(= wn) = (Vi + ) — ) + & (5.6
For nonlinear problems, it is quite unusual that such an equality in conservative form can
be derived for finite difference schemes. In our case, the reflecting boundary condition (4.8)
and (4.9) play an important role in the derivation of the following equality:

Proposition 3

30l = unll§ p + 1 = Unlid ) + vl — unllf h + llw — wallg )

= <u — Up, 51>h + <¢ — Yy, E — at53>h — T (u;Uh ) T(u - Uh)7 7“1/1) (5.7)

=T (7"(1/’ — y), (w;—wh% T¢)> + Ty (T(w —Up), %, r(u — uh))

Proof:
We take the weighted inner product of v — uy, with (5.4) to get

5Olu — wpllg , + (u—wp, 5 (Ja(ru, rp) — Jp(run, ridn)))n
(5.8)
= vi{u—up, (Vi — 5)(w—up))n + (u—upE)p-
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The second term on the left hand side of (5.8) can be rewritten as

(u — up, T% (Jn(ru, rp) — Jp(rup, rp)))n

= Th (u;u}l77ﬂua 7“%5) - Th (u;ﬂa TUh,T?/Jh)

= -1, (u_TUh ) T(U - uh)? T(l/} - ¢h)) + T (u_TUh ) T(U - uh)? TI/J) + T (u—ruh , TU, T(l/} - ¢h)) :

(5.9)
In addition, from (4.13)
1
v{u — up, (V% — T—2)(u —up)yp = —v[u — up,u — uplp = —v|ju — Uh”ih )
Thus
5Ollu —unll ), — Th (522, r(u —wn), (¥ — ¥n)) + vlu—unllf,
(5.10)

= (u—un, &) — T (522, 7 (u — un), 7)) — Ty (4522, ru, (v — o)) -
Similarly, we take the weighted inner product of 1) — 1), with (5.5) and proceed as (5.9-
5.10) to get

SO0 = wnl2 + T (r(¥ = wn), 5220, r0) ) + vl — wnl3,
= Ty (r( =), U5 (= wn) )+ T (0 = ), 2 (= ) (5.11)
Ty (r(@ = 6n), S0 v ) + (1 = G, & — Dl
Next, we apply (4.13) twice to get
AW — 1), (VF — ) = wid)n = (V3 = 5) — )0 — wid = v — anll

and (5.7) follows. This completes the proof of the Proposition. O
We proceed to the estimate of the right hand side of (5.7). We start with the following

elementary identities:

Proposition 4 Define

~ 1 ~ 1
(A f)ij = 5(fi+1,j + fic14), (Arf)ij = §(fi,j+1 + fij-1)-
The following estimates hold for j > 1:

1D, (ra)| < C|A,a| + Cr|D,al (5.12)
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A a Bra
D (- )|<c’ el ; | (5.13)
A, (ra)| < C’rﬁr|a| (5.14)
|ArD,a| < A,|a|, |AzD,a| < A,lal (5.15)

Remark 3 As in Remark 1, the stretching factor r in the arguments of left hand side of
(5.12-5.14) satisfy the even extension (4.9). A more precise statement for, say, (5.12) is
given by

Di(|rla)li; < ClAsaliy + Cry|Dyaliy, — j > 1.

For simplicity of presentation, we will adopt the expression as in (5.12-5.14) through rest of
the paper.

Proof of Proposition 4:
It is easy to verify that

Dy(fg) = (Arf)(Drg) + (Ag)(Drf), Da(fg) = (Aef)(Dzg) + (Arg)(Df)
A straight forward calculation shows that
(A, Ir)); < Cry, | D,|r| ; <C
and

)i <C—, D

1
)i <C
ST LR

for j > 1. The estimates (5.12-5.14) then follows. The proof for (5.15) is also straight
forward. 0

We now proceed to estimate the trilinear forms on the right hand side of (5.7)
Lemma 12 Fora, b and c € C1(R x RY), we have

&
(T3 (ra.rd. ) | < Clallalibllabelhzo (5.16)

and

a
T3 (57, ) | < Cllaloallblllellazo (5.17)

33



Proof: We begin with the proof of (5.16). First we expand the left hand side as

Ty (ra,rb, §) = %((%ﬁh(m)'@ﬁ(rb)>h+<a7@h(ﬂ)) Vi(E))n + (b, Vi(9) - Vﬁ(m»h)

- %([1 —|— IQ —|— 13)

and estimate the I;’s term by term. We have

\M—K ,Va(ra) - Vi (rb))a| = [{e, =Dy (ra) Dy (b) — Dy(a) =Dy (rb))l,

ﬁl}—t
S| =

therefore

[Lf < Cle] (

Aryfa)lJr Dy (@) Ds ()] + (,ATT@y +|Dr(0))|Dy(a) ) < Cllallnlbllisllcllo,o

follows from (5.12), Holder inequality and the estimate |c| = [r¢| < [|cl|o,10-
Next,

L] < C{lal, |29 + 1D, (0)|| Do) )i + Cllal, Do) Da(B) ) + C 2L, |A, ()| Da (b))
Ol 1A ) D, (0)||r Do () yn + CL2L, 1Dy (€)1 Da(B) h + O, 1AL ()] D (B) )

< Cllallipllbllinllclloo + llellizo) < Cllalliallollallell,2o
The estimate for I3 is similar.

Next we proceed with (5.17). Since
1 1
T (Sorb,re) | = a, —5 (b, re)al < lallonll—Ja(rb,70) o

we first give a pointwise estimate of the integrand Jy,(rb, rc):

3Ju(rb,rc) = D, (rb)Dy(rc) — Dy(rb)D,(rc) + D, <7“bl3x(rc)> ~- D, <rbl~)r(rc)>

+D, (rcﬁr(rb)> — D, (rcﬁm(rb)>

— D.(rb)(I + A.)Dy(rc) — Do(rb)(I + A)D,(re) 4+ (A, — A,)(rb) D, Dy(rc)
= D, (rb)(I + A,)Dy(rc) — Du(rb)(I + A,)D,(rc) + (A, — A,)(rb) D, Dy (rc)
+1A22D, D, (rb) D3 (rc) — LAr?D, D, (rb) D?(rc)
+D,(r¢) Ay D, (rb) — D, (rc) A, Dy(rb)

(5.18)
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Here [ is the identity operator and we have used the identities

_ -1
A, = EMZDi +1, A, = §Ar2DE + 1

in the second equality of (5.18).
From (5.12), we have

Dy(rb)(I + A,) Dy (re)| < Cr2(|D, IA b

M Oxc]l o= (5.19)

~ ~ ~ ~ c ~
| D (rb)(I + Ag) Dy (re)| < Cr?|D:bl[0yc| + %llm < Cr?D:bl(llellooo + llelliio) — (5.20)

From (5.14) and (5.15), we can similarly derive the remaining terms in (5.18):

A+ A, Ar 4 Ag)lb
(A— LB Do) < oA A o o oy < 02 B E AN o)
(5.21)
2 ~ ~ ~ ~
| A:U2D D, (rb) D2 (rc)| < C(AAT> | A, (rD,(b))D3(re)| < CrngrLowH‘C”Q’Q’O (5.22)

o~ . Ar ~ ~
\§Ar2DTDm(rb)Df(rc)| < CAr|A, D, (rb)|||02 (re)]|| 1 < CTQTTA,,]Dxb]|||c\H272,O (5.23)

|4, D,(rb) Dy (re)| < Cr?|A4, ( D, (rb)) |0zl e < Cr* Ay Dyblle]l 1,10 (5.24)

and

| A, D, (rb) D, (re)| < Cr2A,| Dob|||0nc|| e < Cr2An|Dyblllcll11.0 (5.25)
From (5.19-5.25), we can estimate the weighted L? norm of % .J,(rb, rc) by
1 ~ = 10l
=5 Iu(rb,re)llon < ClI(I1D:b] + 1D:0] + =F)llonlicllzzo < Cllblliallellz20

and (5.17) follows. O

From Proposition 3, we can derive

30l = unll§ p + 1 = enlld ) + v(llu = unllf  + llow — wnllg )

IN

[{u = wn; E)nl + [ = ¥n, €2 = 0s)n| + Cllu —wnllonllu = unlipl¥ll2oo  (5:26)

+Cllw = whllonll¥ = Unllipll¥llzz0 + Cllv — Ynllinlle — unllnlluliz,o-
Since

a
1= llon < llalln,
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we can further estimate the first two terms on the right hand side of (5.26) by

U — Up

v 1
[(u — up, E1)n| = [ €| < Jllu— un %, + ;HTé’lllﬁ,h

,
and

(¥ = vn, E2 = Bu&s)l < [l — vnllT )y + (€2 — BEs)5

We now conclude from Hélder’s inequality to get
la _ 2 _ 2 v - 2 o 2
20i([lw = unllon + 10 = ¥nllin) + 5 (llu = unlli ) + llo — wallg )

< N =ulin + SIr&llsn + Ir&alln + Iroslis, + Sllu —unldallvl30 - (5:27)

+ 1% = UnllR Y3 20 + Sl = nll? ullull? 20

With (5.27), it remains to estimate the local truncation errors ||r& o, ||7r€:2|o,n and
|170:E3||0,n- We summarize the results in Lemma 13 below. The proof will be given in the

Appendix.

Lemma 13 Let (¢, u,w) be a solution of the axisymmetric Navier Stokes equation (3.2) with
(0, b, u,w) € C(0, T35 C5)

and &1, &, & defined by (5.2). Then we have the following pointwise local truncation error
estimate for a, 3 € R:

Az? + Ar?

<
= R e

(Hohsasz ol aszo + Bokizarzzs) — (5:28)

Ax? + Ar?

<
ezl < O e e

(W02 ol + Bl g 5+ Bllazarnzs)  (5:29)

and 2 2
Ax® + Ar
(1 + 7“)20‘(1 4 |I|)25 |Hath|4,2a+2,25

r|0&s] < C (5.30)
Finally, we have the error estimate:

Theorem 2 Let (¢, u,w) be a solution of the axisymmetric Navier Stokes equation (3.2)

satisfying

(O, ¥, w) € C°(0,T;C7°) , u e C°(0,T;CH>), v>4,0> % (5.31)
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Then

T
sup ([l —unllgn + 1v — ¥nllin) + /0(Hu—uhH?,thHw—whllah)dtSC(A$2+AT2)2 (5.32)

(0,77

where C' = C(Y,u,v,T).

Proof: From Lemma 13, we have

Ir&lIE s + Ir&all5 p + 7 0:Es]15

r:ArAzx
< (a4 o) (Z > e )(m(w,u g 5+ 1000, 0 )

1=—00 j=

ArA
Since Z Z i TTJM Tl —f\:c 7 is convergent if o > 1 51 3 > 2, it follows that

1=—00 j= 1

IrEsllsn + Ir&alls n+lIroslign < C(Az +Art) (I, w,w)lli 5 + 1w, w, )i, 5) (5:33)

provided v > 4, § > %
We conclude that, under assumption (5.31), we have ¢ € C*20 4 € C1*0 and

30l = unll§ p + 1 = ¥nlld ) + 5 Ul — wnll ) + llw — wnll5 1)

< Cllu—unllgn +Cliv = enllf  + C(Azt + Art)
follows from (5.27) and (5.33). The error estimate (5.32) then follows from Gronwall’s
inequality. 0

6 Appendix: Local Truncation Error Analysis — Proof
of Lemma 13

In this section, we proceed with the local truncation error estimate. All the assertions in
Lemmas 14-17 are pointwise estimates on the grid points (x;,7;), 7 > 1. For brevity, we
omit the indices (7, j) whenever it is obvious.

We start with the estimates of the diffusion terms in (5.3).

Lemma 14 [fa € C*(R x RY) and o, 8 € R, we have

1

2 U2),| < 2 2
7"|(Vh \Y )a| = (ACE + Ar ) (1 —i—?")o‘(l + ‘x’)g|”a”|4,a+2ﬂ
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Proof:
Since a € C*(R x RY), the odd extension of a given by
ifr>0

a(zx,r),
ifr<o

ala,r) = { y—

D 1 11
ﬁafa’(ﬂc,m) + 6;(83@(%772))

is in C*(R?). Tt follows that
2 2 2 DT 2 1 294 2
Via= D1+Dr+7 a=V a—i—EAI 0yal e + Ar

is valid for all j > 1 with £ € (x — Az, x + Az) and ny,m2 € (r — Ar,r + Ar).

Thus

r|(Vi — V?)al

C(Az® + Ar?) (r|o3(r D)l em | + 71Ot @an | + 1020 | @ )
a||3,a+1,ﬂ+Ha||2,a,,8>

(lall4,a+2,6tlall3,a+1,6) + Il
(A+n2) (1+]x])?

llall4,a+2,8+lall3,a+1,8) + r
(1+r)e+i(1+1¢)? (14n1)o T (1+[z])?

< C(A2? + Ar?) (T‘

< C(Az?+ Ar?) mma”h,awﬂ
U

Next we proceed with the estimates for the Jacobians, starting with their typical factors:

Lemma 15 Fora € C*(R x RT), a, 3 € R, we have
BA(%) = 0u(%) + O(A e ks (61
D.(ra) = d,(ra) + O(1)r2Az? = T)a(11 Trapphelsas (6.2)

D) = 08+ 03 el (63)

A S — (6.4)

D, (ra) = 8,(ra) + O(1) T

Proof:
We begin with (6.1) and (6.2).
Since
~ Ax? 3
(Dy — 0 f = Tﬁxﬁ(g,r), Ee€(z—Aw,z+ An),
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it follows that

~ a Ax? a 1
D, —9,)(=)| = — |93(— < CAz? o
( )<7’) 6 x(,r) €r) Z (1 +7’)a<1 + ’x|>,gHaJH3, B
and ,
~ Ax a 1
D:): _ax = 83 2 T < C ZA 2 @
|( )(Ta)‘ 6 x(r 7,)|(§,) > 0rar (1+7,)a<1+ |x|>gH&H3, B

For (6.3) and (6.4), the estimate is a little more complicated due to our reflection bound-
ary condition (4.8) and (4.9). We estimate for j > 1 and j = 1 separately.
When 5 > 1, we have

- 1
(Dr - a?")f - 6AT2a§f|(x,n)7 ne (T - AT‘,’I" + AT)

Therefore we have

<0Ar2 1 ||
a
@mn 3 (L4r)(1+ |z|)°

3 a

"y

~ a Ar?
= 3,a+3,8

(Dr _ar)<;> 6

and _
(D, — 8,)(ra)|] < CAr? |8§(7’2%)‘

()

O] S S—

> - (rr)e(11]z)? ([lall3.at3,6 + [lallzar2s + [lall1ar1,5)
When j =1, we have

Ar?

allia
r’lj=1 (1 + )1+ [z +1,8

ar(_>

r

j=1 1

_ Ar
- 20

az ay
r2+r1

2Ar

In addition, since rq we apply (4.9) to get

Ar? Ar? 1
- ‘0_7“ (% + ﬂ)‘ <=l sllallo.as

r3 \ro rm )| P (T+r)e(1+ |x|)

J=1

D.(%)

and (6.3) follows.
(6.4) can be proved similarly,

~ 3Aras + tAra; 3 1
Dr(ra)jzl =2 2A7‘2 = ZGQ + Zal,

Ar? lay Ar? 1
am| <OC— |=|<C allo.a.3:
ol < O o = O T e ey loes

and , ,
Ar* | as Ar 1

| <C—|—=| < C allo.a.s-

N Y N (e T A

39



Therefore

~ Ar? 1
D, <C a
\ )| < O A ap 1 loes
In addition,
Ar? 1
oo, < (P lo )| +2r|2])  =c . o),
| (Ta/)|j:1 > (T (7,) +ar rl) = = " (1—|—7’1>a(1+ |$|)5(HGHL +1,8 T Ha”(l ﬂ)
and (6.4) follows. O

We now continue with the pointwise estimates for the Jacobi terms 1|.J,(ra, rb)—J(ra, rb)|
and r|Jy, (£,7b) — J (2,rb) |. Since

3n(ra, 1) = Du(2)D,(r6) = Dy(ra)Da(2) + Dy (£D1(rb) — tDr(ra))

T

AN - (6.5)
+1D, (rszxa _ r2anb> ,

8 (2,70) = Da(2)Dy(rb) = Dy(2)Dy(r) + Dy (D1 (rb) — rbDy (%)) .
~ ~ ~ 6.6

4D, (bea — aDmb> ,
it suffices to estimate the terms in (6.5) and (6.6) individually. We summarize them as the

following

Lemma 16 Ifa,b € CX(R x RY) and a1, ay, B1, B2 € R, then

T|5r(%)ﬁx(rb) - ar(%)ax(rb)l + %|ﬁr<rb)5x(7na) - 8T(rb)8m(ra)|

(6.7)
S C(A’ZQ + Arz) (14r)21taz %1+|x‘)B1+B2 ”|am3,a1+%,ﬁ1 |”b”|3,o¢2+g,ﬁ2
rlD:c(%Dr(Tb)) - ax(%ar(rb)” + T|Dx(raDr(g)) - ax(raar(%)” (6.8)
RN p—— N |
r|D,(aDyb) — 8,(adyb)| + 1| D,(r2aD,b) — 8,(r2ad,b)| 69)
6.9
< 082 + Ar) et laly o Dol 7.
Proof:
Since (6.2-6.3) are valid for any «a, 5 € R, we have
~ a a 1
D.(=) = 0,(=) + O(1)Az? N 6.10
()= 0u(8) + 0W)AL el (6.10)
~ 1
D.(ra) = 0,(ra) + O(1)r* Az? (6.11)

(1 + 7’)0‘1+)‘(1 + |QS|)51 |||a|”3,oc1+)\,ﬂg
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~ a a Ar? 1
DT(;) - aT(;) + 0(1) r3 (1 + T‘)al+)‘(1 + |l‘|)ﬁ1 |||a|||3,0t1+>\+3751 (612)

~ Ar? 1
DT(TG’) - &(ra) + O<]‘) r (1 + T)a1+)‘(1 + |£L'|)ﬂ1 |||a|||31011+>\+3751 (613)
and
b.(%) = 8.(%) + 0 1 ol (6.14)
T , = Ug , (1—|—r)042+ﬂ(1—|— |I‘|)62 3,2+, 82 :
~ 1
_ 2 2
DI(Tb) - 8$(rb) + 0(1)7“ Al‘ (1 + T)a2+“(1 + |LE|)’B2 ”’b‘||37042+ﬂﬂ2 (615)
~ b b Ar? 1
D.(-) = - 1 1
7“(7,) ar(’l“> + O( ) r3 (1 + T)QZ_HL(l + ‘l’|)f82 ”’b”|37a2+#+3ﬂ2 (6 6)

~ Ar? 1
DT<Tb) - &(rb) + O(l) r (1 + T)a2+”(1 + |.1'|)'82 |||bm3,a2+ll+3,ﬁ2 (617)

for any A\, u € R. We apply (6.12), (6.15) with A = —%, = g to get

P Dy(#)Da(rb) — ,(2)s(rb)|

= 7|Dp(2)Dy(rb) — ,(2) Dy (rb) + 0,(2) Dy (rd) — ,(2)3,(rd)]

T

_ ) Ar? 1 a 3A 2 1
= OB Al oy 3., + OO (B AT bl 0.5,
Moreover, since
10,5 < : al
r\"_ )| = a4+
P T (L) (L4 )

and

~ 1

D, ()| = 10, (rb) (&, 7)) < 12 I

(1+7)22+2 (1 + [z)
it follows that
T‘ﬁr(%)ﬁx(rb) - ar(%)ax(rb)l

< O + M)t (1l a0 1605, 1000 2. 00l g 5.5)

S C(AZEQ + AT2) (14r)e1taz z1+|x|)51+52 |||a|||3,oc1+%,,61 |||b|||37a2+g,ﬂ2
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Similarly, from (6.17) and (6.10), we have
T‘ﬁw(%)ﬁr(rm - ax(%)ar(rb)’

= T‘ﬁx(%)ﬁr(rb) - 51(%)81“(”)) + 51(%)8T<Tb) - ax(%)@@"b)‘

= ODa(ENAP bl 0y 3. + OO (D) A ————lally 0 3,

1 5
(1+r)*27 2 (1+|z])2 (1)1 2 (1)) %1

IN

CA?J (1+r)&1+0‘221+|m|)51+/52 ‘”a”’l,aﬁr%,ﬂl ”’bm&a2+g,ﬁg + CAI‘2 (1+T)a1+a22-1+|z|)/61+/32 |”a|”3,041+%,ﬁ1 ”|bm1,a2+%ﬁ2

S O(AI‘2 + ATQ) (1+T)oq+a2 zl_HxDﬁlJrBz |||a’|||3,041+%,61 |||b|||3,a2+g,ﬂ2

This gives (6.7).
For (6.8), we have

jjx(fjjrg) - am(farg)

= D,(f(D, —,)9) + (Ds — 8,)(f09)
(6.18)

= ax(f(Dr - ar)g)|(§,r) + %Ax2a§(f87“g)|(l’ﬂ7)

= (8f)((Dr = 0)9)e) + F((Dy — 8,)829) () + SAZ203(£0,9) (0.

We proceed with individual terms in (6.18) with f = ¢ and g = rb. From (6.15) with

W= —%, we have

r|(0:2)(D, = 8,)(rb)| - < C10.(%)|Ar?

~0lls0+ 5.,

w\»—A —

(147)*272 (14]x|)?

S CATZ (14-r)e1taz z1+|x|)51+52 |||a|||1,a1+%,,31 H|b|H3,a2+g,ﬂg

Similarly, from (6.17)

r %(57“ - ar)@z(’rb)

IN

S CAT2 (1+T)a1+a2 é1+|x|)51+52 ”aHO,al—%,,@l ||b||4,a2+%,,82
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r|AZ?03(20,(rb)) )|

< CAz?|rd2 (2) 0,(rb) + 1 (&) 030, (rb)|

T

S OA‘(L'Q (1+7.)a1+02%1+‘x|)ﬂ1+ﬂ2 <||a'|‘3,a1+%,ﬂ1 Hle,OQ-i-%,ﬁz + ||a'||0,al—%,ﬁl HbHS,(XQ-i-%,ﬁQ)

<

OA:EQ (1+r)o1taoz zl+‘x|)ﬁ1+ﬁ2 |||a|||37a1+%,ﬁl |||b|||4,a2+%752

Therefore,

1
(1 + T>a1+o‘2(1 + |$|)61+ﬂ2 |||a|||3,a1+g,ﬁ1 ’”b|”4,a2+%,52

r|Ex(ga(rb))—az(%amb))| < C(AT>+Ar?)

Similarly, we have

b b . 1
T‘DI(TGDT(;))_aﬂf(ra&”(;))‘ < C<A$ +Ar )(1 + T)a1+a2(1 + ‘LC|>”81+52 ”|a“|3,a1+g,51 ”’b|||4,a2+%,ﬁ2

This gives (6.8).
We continue with (6.9). For the first term, we write

Er(aﬁwb) - ar<aazb) = Br(a(ﬁx - ax)b) + (57“ - ar)(a'axb)

Since a,b € CH(R x RT), by extending a, b to an odd function across r = 0, we see that the
extended aD,b is in C4(R?), therefore

Dy(a(D, — 9,)b) = 8,(a(Dy — 9.)b)|(wm)
_ (&a(ﬁx — 9+ a(D, — 8x)(8rb)> o)
= A2 (9,a02b| (¢, ) + a020,b| (6.0

and

1
(1 + T)Oé1+042(1 i |$|)/Bl+ﬁ2 |||a’|||1,a1+%,,81 |||b|||4,o¢2+%ﬂg‘

r|Dy(a(Dy — 0,)b)| < CAz?

Similarly, the extended ad,b is in C?(R?), we have

r|(Dr = 0,)(a0,b)| = rA=02(a0sb)|(z.n)

S CATQ (1+r)&1+042 z1+|x|)51+52 ‘”amg,a1+%,ﬁ1 |”b‘”4,a2+%,52
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The second term in (6.9) can be treated similarly,

%zi(ﬁaf)mb) - %ar(ﬁaamb) _ %5r(r2a(5x _ 0 + %(Br _0)(%adb)  (6.19)

Again, the extensions of r2a(D, — 8,)b and r2ad,b are in C*(R?) and C*(R?) respectively,

we can directly estimate these two terms by

%5r(r2a(5m —0,)b) = 18 (r? G( — 02)0) (2.
_1 ((ar(rza)(f)x - ax)b) . (rZa(f?x - 6&)(%)) (M)) (6.20)

= 22 (10,0 + 20)980) ¢, ) + (1a03(0,D)) g, )

and

1~ Ar? Ar? b
~(D, = 8,)(rad;b) = =0 (r*ad,b) e = —ra3 ( r(-)) (6.21)
T T T (z,n)

From (6.19), (6.20) and (6.21), we easily have

|+ D, (r?a(D, — 0,)b)|

IN

A st (1o s o Wl 3+ 1olloa—3 s WPliass1n)  (6:22)

CA'CCQ (1+T)041+042 z1+|x|)ﬁ1+52 |||a’|||1,041+%,ﬁ1 |||b|||4,a2+%,ﬁ2
and

1
(1 + ’I“)O‘H'O‘Q(l + |JZ|)61+/62 |||a|||3,a1+g,ﬁ1 ’”b|||4,a2+%,52

! (57« - aT)(Tzaﬁxb)‘ < CAr?

r

(6.23)

From (6.22) and (6.23), we conclude that

%11 (TQaﬁxb) — 10,(r?ad,b)

S C(A$‘2 + ATQ) (14r)o1taz 21+|m|)51+52 |||a|||3,oc1+g,ﬁl |||b|||4,a2+g,,82

This gives (6.9) and completes the proof of Lemma 16. O

As a direct consequence of Lemma 16, we have the pointwise estimate for the Jacobians
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Lemma 17 Ifa,b € CX(R x RY), then

1
(1 + r>a1+a2<1 + |I|)’61+62 |||a|||4,a1+%,61 ”|b|||4,a2+%,ﬁ2

1|Jh(7"a, rb) — J(ra,rb)| < C(Az* + Ar?)
r

a a 2 2
i (o) =7 (Gorb) 1 < 02+ ) s s Wl
for any ay, g, b1, B2 € R.

From (5.3), Lemma 14 and Lemma 17, we can easily derive (5.28-5.30). This completes
the proof of Lemma 13. O
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