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Abstract

A one-dimensional transient quantum Euler-Poisson system for the electron density,
the current density and the electrostatic potential in bounded intervals is considered.
The equations include the Bohm potential accounting for quantum mechanical effects
and are of dispersive type. They are used, for instance, for the modeling of quantum
semiconductor devices.

The existence of local-in-time solutions with small initial velocity is proven for
general pressure-density functions. If a stability condition related to the subsonic con-
dition for the classical Euler equations is imposed, the local solutions are proven to
exist globally in time and tend to the corresponding steady-state solution exponen-
tially fast as the time tends to infinity.

Keywords. Quantum Euler-Poisson system, existence of global-in-time classical solu-

tions, nonlinear fourth-order wave equation, exponential decay rate, long-time behav-
ior of the solutions.
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1.1 The Model Equations

In 1927, Madelung gave a fluid-dynamical description of quantum systems governed by
the Schrodinger equation for the wave function :

2
icdnh = —%Aw—vw in RY x (0, 00),
¥(,0) = o inR7

where d > 1 is the space dimension, € > 0 denotes the scaled Planck constant, and V =
V(z,t) is some (given) potential. Separating the amplitude and phase of 1) = |¢| exp(iS/¢),
the particle density p = |t1|? and the particle current density j = pV S for irrotational flow
satisfy the so-called Madelung equations [21]

Op +divj =0, (1.1)
. . 2 A
B4j + div (”j”) —pVé— %pv (\g) =0 inR?x (0,00), (1.2)

where the i-th component of the convective term div(j ® j/p) equals
d
Z i JiJk
Oxy,

The equations (1.1)-(1.2) can be interpreted as the pressureless Euler equations including

the quantum Bohm potential
e’ A\f (1.3)
2

They have been used for the modeling of superfluids like Helium II [16, 20].

Recently, Madelung-type equations have been derived to model quantum phenom-
ena in semiconductor devices, like resonant tunneling diodes, starting from the Wigner-
Boltzmann equation [6] or from a mixed-state Schrédinger-Poisson system [8, 9]. There are
several advantages of the fluid-dynamical description of quantum semiconductors. First,
kinetic equations, like the Wigner equation, or Schrédinger systems are computationally
very expensive, whereas for Euler-type equations efficient numerical algorithms are avail-
able [5, 25]. Second, the macroscopic description allows for a coupling of classical and
quantum models. Indeed, setting the Planck constant € in (1.2) equal to zero, we obtain
the classical pressureless equations, so in both pictures, the same (macroscopic) variables
can be used. Finally, as semiconductor devices are modeled in bounded domains, it is
easier to find physically relevant boundary conditions for the macroscopic variables than
for the Wigner function or for the wave function.

The Madelung-type equations derived by Gardner [6] and Gasser et al. [8] also include
a pressure term and a momentum relaxation term taking into account interactions of the
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electrons with the semiconductor crystal, and are self-consistently coupled to the Poisson
equation for the electrostatic potential ¢:

dip + divj = 0, (1.4)
() 2 (AP _ ]
MA¢ =p—C(z) in Q x (0, 00), (1.6)

where 2 C R? is a bounded domain, 7 > 0 is the (scaled) momentum relaxation time
constant, A > 0 the (scaled) Debye length, and C(x) is the doping concentration modeling
the semiconductor device under consideration [12, 24]. The pressure is assumed to depend
only on the particle density and, like in classical fluid dynamics, often the expression

T
P(p) = 7%”, p=0, y=>1, (1.7)

with a constant Ty > 0 is employed [6, 11]. Isothermal fluids correspond to v = 1,
isentropic fluids to v > 1. Notice that the particle temperature is T(p) = Top?~!. In
this paper we consider general (smooth) pressure functions. The equations (1.4)-(1.6) are
referred to as the quantum Fuler-Poisson system or as the quantum hydrodynamic model.

In this paper, we investigate the (local and global) existence and long-time behavior
of solutions of the following one-dimensional quantum Euler-Poisson system:

pt +Jz =0, (1.8)
ot (2 P0) = ot geto (W) -1, (19)

with the following initial and boundary conditions

p(x,0) = 01(z) >0, j(x,0)=ji(z) =: o1(zx)v1(z), (1.11)
p(0,t) = p1, p(L,t) =p2, pz(0,t) = pe(1,t) =0, (1.12)
$(0,t) =0, ¢(1,t) = Dy, (1.13)

for (x,t) € (0,1) x (0,00), where p1, p2, @9 > 0, and v; is the initial velocity.

The existence and uniqueness of steady-state (classical) solutions to the quantum Euler-
Poisson system for current density jo = 0 (thermal equilibrium) has been studied in [1, 7).
The stationary equations for jo > 0 have been considered in [4, 11, 27] for general mono-
tone pressure functions, however, with different boundary conditions, assuming Dirichlet
data for the velocity potential S [11] or employing nonlinear boundary conditions [4, 27].
Existence of steady-state solutions to (1.8)—(1.10) subject to the boundary conditions
(1.12)—(1.13) is proven in [10] for the linear pressure function P(p) = p and in [14] for
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general pressure functions P(p) also allowing for non-convex or non-monotone pressure-
density relations. So far, to our knowledge, the only known results on the existence of the
time-dependent system (1.4)-(1.6) have been obtained in [13] for smooth local-in-time so-
lutions on bounded domains and in [17] for “small” irrotational global-in-time solutions in
the whole space assuming strictly convex pressure functions and a constant doping profile.

In the present paper, we consider the initial-boundary-value problem (IBVP) (1.8)—
(1.13) for general pressure and non-constant doping profile, and we focus on the local
and global existence of classical solutions (p, j, ) of the IBVP (1.8)—(1.13) and their time-
asymptotic convergence to the stationary solutions (pg, jo, ¢o) obtained in [14].

First, we show that there exists a classical local-in-time solution for regular initial
data. Second, we prove that if a certain “subsonic” condition (see (1.25)) holds and if
the initial data is a perturbation of a stationary solution (pg, jo, ¢0), a classical solution
(p, 7, ®) exists globally in time and tends to (po, jo, $o) exponentially fast as time tends to
infinity.

In dealing with the IBVP (1.8)—(1.13) we have to overcome the following difficulties.
First, since the general pressure P(p) can be non-convex (even zero or “negative”, see
Remark 1.6), the left part of equations (1.8)—(1.10) may be not hyperbolic any more.
Unlike [17], we cannot apply the local existence theory of quasilinear symmetric hyperbolic
systems [3, 15, 22, 23]. We have to establish a new local existence theory. Second, the
appearance of the nonlinear quantum Bohm potential in (1.9) requires that the density
is strictly positive for regular solutions. This together with the structure of the quantum
term causes problems in the local and global existence proofs.

1.2 Main results

Before stating our main results we introduce some notation. We denote by L? = L?(0,1)
and H* = HF (0,1) the Lebesgue space of square integrable functions and the Sobolev
space of functions with square integrable weak derivatives of order k, respectively. The
norm of L? is denoted by ||-||o = ||-||, and the norm of H* is ||-||;. The space HY = HE(0,1)
is the closure of C5°(0,1) in the norm of H*. Let T' > 0 and let B be a Banach space. Then
C*(0,T;B) (C*(]0,T7]; B), respectively) denotes the space of B-valued k-times continuously
differentiable functions on (0, 7)) ([0, T}, respectively), L?(0,T; B) is the space of B-valued
L?-functions on (0,T), and W*P(0,T; B) the space of B-valued W*»-functions on (0, 7).
Finally, C' always denotes a generic positive constant.

It is convenient to make use of the variable transformation p = w? in (1.8)—(1.10)
which yields the following IBVP for (w, j, ¢):

2wwy + j, =0, (1.14)
. J 2 _ 9 L o o (Wag J
bee = w? —C(2), (1.16)
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with the initial and boundary conditions

(w, 5)(,0) = (w1, j1)(x) = (Ver, o1v1)(), (1.17)
w(0,t) = /p1, w(l,t) =+/p2, wz(0,t) =wy(1,t) =0, (1.18)
#(0,t) =0, ¢(1,t) = Py, (1.19)

for x € (0,1), ¢ > 0. This problem is equivalent to (1.8)—(1.13) for classical solutions with
positive particle density.

We will assume throughout this paper compatibility conditions for the IBVP (1.14)—
(1.19) in the sense that the time derivatives of the boundary values and the spatial deriva-
tives of the initial data are compatible at (z,t) = (0,0) and (z,t) = (1,0) in (1.14)—(1.16).

We will prove the following local existence result for the IBVP (1.14)—(1.19):

Theorem 1.1 Assume that
P e C*0,+00), Ce H?, (1.20)

(w1,51) € H® x H such that wi(x) > 0 for x € [0,1], and for some a € [(1+2v/2¢)71,1)

(1 — a)w,

vl oy <~ 1.21
vl o) N (1.21)

where

wy = min_ wi(z) > 0.
z€[0,1]

Then, there is a number T (determined by (3.69)), such that there exists a unique classical
solution (w, j,¢) of the IBVP (1.14)—(1.19) in the time interval [0,T], with 0 < T < T\,
satisfying w > (1 — a)ws > 0 in [0,1] x [0,T] and

lw@E + I3 + le@)]F < oo fort <T.

Remark 1.2 (1) It is well-known that for classical hydrodynamic equations, monotone
pressure-density relations are required to guarantee short-time existence of classical solu-
tions [2, 18]. The condition (1.20) means that this condition is not necessary (to a certain
extent) when the quantum effects are taken into account.

(2) Condition (1.21) is needed to prove the positivity of the particle density. A similar
condition has been used to prove the existence of stationary solutions [11]. This condition
allows for arbitrarily large current densities j; = w}vy, for instance, if w; is a sufficiently
large constant.

(3) We are able to show the statements of Theorem 1.1 under the slightly more general
condition

. (1—a) } Wy
v < min q a€, , a€(0,1). 1.22
forlosgony < minfae, S22 2 ae 0, (122

Then (1.21) is a special case for o > (1+2v/2¢)~! which is equivalent to ae > (1—a)/2v/2.
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(4) The local existence of the Cauchy problem in R? or T¢ can be shown in the same
framework, see [19]. 0O

Theorem 1.1 is proven by an iteration method and compactness arguments. More
precisely, we construct a sequence of approximate solutions which is uniformly bounded in
a certain Sobolev space in a fixed (maybe small) time interval. Compactness arguments
then imply that there is a limiting solution which proves to be a local-in-time solution of
(1.14)—(1.19). Unlike [17] we cannot apply the theory of quasilinear symmetric hyperbolic
systems [3, 15, 22, 23] to construct (local) approximate solutions and obtain uniform
bounds in Sobolev spaces because the pressure can be non-convex causing the loss of
entropy and hyperbolicity of (1.14)—(1.15).

The idea of the local existence result is first to linearize the system (1.14)—(1.16) around
its initial state (w1, j1, ¢1), where ¢; solves the Dirichlet problem (1.16) and (1.19) with w
replaced by w1, and to consider the equations for the perturbation (¢, n,e) = (w —w1,j —
Ji,6 — ¢1). The main idea is to write the evolution equation for the perturbed particle
density as a semilinear fourth-order wave equation. Then, we construct approximate
solutions (1, m;,¢e;) (i > 1) from a fixed-point procedure, which are expected to converge
to a solution (1,7, e) of the perturbed problem as i — oo. For this, we derive uniform
bounds in Sobolev spaces on a uniform time interval and apply standard compactness
arguments (see Section 3). A further analysis shows that (w, j, ¢) = (w1 4+, j1 +n, 01 +€)
with w > 0 is the expected local (in time) solution of the original problem (1.14)—(1.19).

To extend the local classical solution globally in time, we need to establish uniform
estimates. We consider the situation when the initial data is close to the stationary
solution (wo, jo, ¢o) of (1.14)—(1.16) with boundary conditions (1.18)—(1.19). The existence
of stationary solutions (wp, jo, ¢o) of the boundary-value problem (1.14)—(1.16) and (1.18)—
(1.19) for general pressure functions P(p) was obtained in [14] (see Theorem 1.3 below).

Assume that there is a function A € H2(0, 1) satisfying

A(z) > 0for z € (0,1), A(0) =p1, A1) =p2, A(0)=A(1)=0 (1.23)

such that for a set £ C [0, 1], it holds

P'(A)

jg{go, z€E, (1.24)

A2 >0, ze0,1\E.

Then we conclude the existence of stationary solutions (wp, jo, ¢o) of (1.14)—(1.16)
satisfying the boundary conditions (1.18)—(1.19):

Theorem 1.3 ([14]) Let (1.20), (1.23)—(1.24) hold. For given r € (0,1), assume that

o2l o o 2
- P . 1.25
xren[éﬁ]A (4&5 +P(A)) > 45 (1.25)
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Then there is a unique solution (wo, jo, ¢o) of the stationary version of the boundary-value
problem (1.14)—(1.16) and (1.18)—(1.19) such that

Aillwo — VVA|? + Aollwoz |13 + Il g0z} < Cdo,

provided 6o := ||A'[|1 + || A — C|| is small enough. Here, A. = mingcp 1) A(x),

1
Ap = min <m52+P’(A) —ng—Q) >0, (1.26)
ze[0,1] \ 4

and C' > 0 is a constant depending on jo, T and A.
Let pg = w%. Then (po, jo, $o) is a solution of the stationary version of the boundary-

value problem (1.8)—(1.10) and (1.12)—(1.13) satisfying
Aillpo = All* + AollposI5 + lldoz T < €', 0
and C" > 0 is a constant depending on jo, T and A.

Remark 1.4 (1) When E = () the assumption (1.24) corresponds exactly to the subsonic
condition for classical fluids [2, 18]. We recall that a classical fluid is in the subsonic state
if the velocity is smaller than the sound speed \/P’(p). Only for subsonic fluids, we can
expect to have existence of classical solutions [2, 18]. Therefore, in order to get existence
of classical solutions of the quantum hydrodynamic equations, we expect that a condition
corresponding to the classical subsonic condition is needed. It turns out that (1.24) is
such a condition. Notice that the condition (1.25) can allow for non-empty sets E when
quantum effects are involved.
(2) The condition (1.24) can be replaced by

L e 4 |E min(/(A) — 2A72) >0, k€ (0,1), (1.27)
4 LA D)
in order to obtain the existence and uniqueness of classical solutions. Here, |E| denotes
the volume of the subset E.

(2) We recall that in the steady state, the current density jo is a constant. If jo = 0,
we obtain the thermal equilibrium state. The condition (1.24) is satisfied if jo > 0 is
sufficiently small. Thus, Theorem 1.3 means that we can show the existence of solutions
“close” to the thermal equilibrium state. 0

In the following, we use the abbreviation
Yo = w1 —wo, Mo =J1— Jo- (1.28)

In view of the uniform a-priori estimates of Section 2, we are able to extend the local
classical solution globally in time and prove its exponential convergence to the stationary
solution (wy, jo, ¢o):
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Theorem 1.5 Assume that (1.20), (1.23)—(1.25) hold. Let (wo, jo,¢o) be the stationary
solution of the boundary-value problem (1.14)—(1.16) and (1.18)—(1.19) given by Theo-
rem 1.8 for sufficiently small 0g. Assume that the initial datum (w1,j1) € H® x H®
satisfies (1.21) and wy > 0 in [0,1]. Then there is a number my > 0 such that if

llvolle + llmolls = llwi — wolle + |l71 — Jolls < ma,

the (classical) solution (w,j, @) of the IBVP (1.14)—(1.19) exists globally in time and sat-
isfies

1w = wo) (I + 1 = Jo) B)IE + 11(¢ = do)(D)IF < C(llwollf + lImollZ)e " (1.29)

for allt > 0. Here, C > 0 and Ay > 0 are constants independent of the time variable t.

Remark 1.6 Theorems 1.1-1.5 also apply for non-monotone or even “negative” pressure
functions. These functions are related to quantum mechanical phenomena in which the
motion of the particles is affected by their attractive interaction [16]. A typical example is
the focusing nonlinear Schrédinger equation. In fact, this equation is formally equivalent
to the quantum Euler-Poisson system with infinite relaxation time and with “negative”
pressure. 0

2 we also obtain the

Using Theorems 1.1-1.5 and the variable transformation p = w
local and global existence of classical solutions of the original IBVP (1.8)-(1.13) and can

establish their large-time behavior:

Theorem 1.7 Let (1.20) hold. Assume that (\/01,j1) € HS x H® such that o1 > 0 in
[0,1] and

ofon e} o
v < min < o€, o ac 1),
o1l o) { 2v2 | 4ol o0

where

= min x).
O z€[0,1] Ql( )

Then there is a number T, > 0 such that there exists a classical solution (p,j,d) of the
IBVP (1.8)~(1.13) in t € [0,T}] satisfying p > 0 in [0,1] x [0,T.] and

lp@OIE + 1515 + le@F < 0o, ¢ < T (1.30)

Furthermore, assume that (1.23)—(1.25) hold and let (po, jo, ¢o) be the stationary so-
lution of the boundary-value problem (1.8)—(1.10) and (1.12)—(1.13) given by Theorem 1.3
with sufficiently small 5o. Then, there is a number ma > 0 such that if ||\/o1 — /polle +
lmolls < ma, the solution (p,j,¢) of the IBVP (1.14)—(1.19) exists globally in time and
satisfies

1o = po)(B)IIE + 1 = Jo) (D13 + [I(& = b)) < ClIwol§ + [Imol3)e ™,

for allt >0, where C > 0 and Ay > 0 are constants independent of t and the pair (1o, no)
is defined in (1.28).
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This paper is arranged as follows. Section 2 is concerned with uniform a-priori es-
timates of local (in time) solutions. We reformulate the original problem in Section 2.1
as a nonlinear fourth-order wave equation and establish the a-priori estimates for local
solutions in Section 2.2. The a-priori estimates and the local existence result of Section
3 imply the global existence. In order to prove the local existence result, we first give a
result on the existence of solutions of an abstract fourth-order wave equation (Section 3.1).
This wave equation allows us to construct a sequence of approximate solutions converging
to a local solution of the problem under consideration (Section 3.2).

2 Proof of Theorem 1.5

In this section, we establish uniform a-priori estimates for local classical solutions of (1.14)—
(1.16). This yields, together with the usual continuity argument, the existence of global-
in-time solutions and proves Theorem 1.5. For notational simplicity, we set 7 = 1.

2.1 Reformulation of the original problem

Let (wo, jo, $0) be the steady-state solution of the boundary-value problem (1.14)—(1.16)
and (1.18)—(1.19). For any 7" > 0, assume that (w, j, ¢) is a solution to the IBVP (1.14)—
(1.19) in [0, T7.
Differentiating (1.14) with respect to ¢ and (1.15) with respect to = and adding the
resulting equations leads to a nonlinear fourth-order wave equation for w:
L oo L o 1 2 j* L 1 w3,
Wy + Wy + Wi + %(w Gz)a — %0 [P(w )+ wQ] N + 1€ Waaow — 7€ F = 0, (2.1)

where we have used the identity

o (%) ], = o 2] e

Similarly, the steady-state solution of (1.14)—(1.15) satisfies

1 2 1 2 Jo L, 1 ywj
— ——|P 20 - — g2z 2.3
2wo (w0¢0x)x 2o |: (wo) + w(% o + 45 Worzrzs 45 Wo ( )
Introduce the perturbations of the steady-state
Y=w-—wy, n=j—Jjo, €=¢— . (2.4)

Then, using (1.14), (2.1)-(2.3), and (1.16), the evolution equations for (¢, 7,e) read as
follows:

ne+ 1= go(x,t), (2.5)
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wtt + wt + ig%ljzxxcc + %(211)(% + Sw(ﬂ/} + QSOx:c + wZ)w
10 9 (2.6)
- {i%n} - [(P’(w(%) - Z%) wx] = gi(x,t) + ga(w, 1),
exz = (2w + V)1, (2.7)
with the following initial-boundary values
n(z,0) =no(z), =€ (0,1), (2.8)
_ _ _.__ moa(r)
1/’(1’70) - ¢0<x)7 wt(x70) - HO(CC) - 2(11)0 + 1/}0)(:1:)7 HS (07 1)7 (29)
¢(07t) = w(lvt) = %(O,t) = wx(lvw =0, t=>0, (210)
e(0,t) =e(1,t) =0, t>0, (2.11)
and the definitions
)2 )
o(o,t) = = | (s~ b Pl -+0) ~ Plud)|
1 xTxT 1 xxr
g (B0 ) —geh ()
+ (2wo + U)o + (wo + 1) eq, (2.12)
_62(211103333 + ¢x:p) _ 62(’11}0 + w)ix _ th
g1(@1) = 4w Vos 4(wo + P)wo (wo + )
- (QSOx + em)wx — WozCx, (213)
_ 1 2y, (Jo+n)? 1 oy, o
gQ(x’ t) _2(w0 + d)) |:P((w0 * d}) ) * (’LUO + 1/})2:| TT B Two |:P(w0) * U}(2]:| Tx
1o 2 ](2) 1 jO
(Pt - 2Y ] - 22 (2.14)
Notice that we can write (1.14) equivalently as
2(wo + )t + 1y = 0, (2.15)

which allows us to estimate the derivatives of 1 in terms of ¢/.

2.2 The a-priori estimates

We assume that for given T' > 0, there is a classical solution (i, 7, e) of the IBVP (2.5)—
(2.11) satisfying the regularity condition

(,m,e) € X(T) := C°([0,T]; H®) x C°([0,T]; H) x C°([0, T]; H*).
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We also use the definition

o 1= e (I6(0) o + 1n(e) ). (216)

It is easy to verify that if 7 is sufficiently small, there are constants w—_, wy, j—, and jt
such that

O0<w- <wo+v¢ <wy, j-<jo+n<j+.

In the following we assume that 7 is sufficiently small such that the above estimates hold.
Lemma 2.1 It holds for (1,n,e) € X(T) and (z,t) € (0,1) x (0,7,

ex(,t)” + le)F < Cllp )5, ext(z, 1) + ez, 1) + e (D7 < Clle (D)5, (2.17)
In@)N1* < Cllnoll* exp{—cot} + C||(vr, ¥, Yrae) |, (2.18)
n(x,t)* < Cllnoll* exp{—cot} + C||(¢bt, ¥, Yaua)|I, (2.19)
I (®)[I” < Clinoll? exp{—cot} + Cl|(¥e, 1, uwa) ||, (2.20)
|(Vrawes Yea) |* < Cll(Wus Uty s Yra, Yy Yut) | (2.21)

provided that 7 + do is small enough (see Theorem 1.3 for the definition of dy). Here,
co, C > 0 are constants independent of time t.

The notation ||(f,g,...)||> means || f|* + l|lg]|> + .

Proof: The estimates (2.17) follow directly from the formula

1
¢= /D G, y) (2wo(y) + ¥y, 1) (y, )y,

and Holder’s inequality. Here, G(z,y) denotes the Green’s function

. ‘/L‘(l_y)v T <Y,
G(x,y)—{y(l_x), ee (2.22)

To prove (2.18)—(2.20), it is sufficient to prove (2.18). In fact, from (2.15) follows

1 1 1 1
n < / n’dx + 2/ |nen|dx < C/ n*dx + C/ Yida,
0 0 0 0

which gives (2.19) if (2.18) is proved. In order to see that also (2.20) follows from (2.18),
we proceed as follows.

We conclude from the boundary condition (2.10) that there exists 0 < z;(¢) < 1 such
that

Ve (z1(t),t) =0,
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and that there are xo(t), x3(t) and x4(t) satisfying 0 < xo(t) < z1(t) < z3(t) < 1 and
0 < x9(t) < z4(t) < 23(t) < 1 such that

wxx(xQ(t)y t) = wmx(xi%(t); t) = wx:m:<x4(t)7 t) =0.

Thus, by Poincaré’s and Hoélder’s inequality, we obtain

/1 Vidr < c/l V2 de, (2.23)

/ W2 dx —/ </ Vawa (Y, t dy) dx </ Y2, dr (2.24)
/01 Y2ppdr = /01 </;t) %mx(y,t)dy> dr < /01 Y2 dr. (2.25)

Then, using (2.5), (2.17), (2.15), and (2.23)-(2.24), we can estimate

o+n j(2) 2 2 2
/0 d:c<0/ {(wow w(g)+P((w0+ﬂ)))—P(wo)>$} da
1
e / 0? + 262, + Elda + C / (20 + )20+ ((2w0n + a)ibx)2)
0 0

1
<c / e S Y SRTE S
0

1
<C / % + 0 +f + Y2, )de
0

Hence, the estimate (2.20) follows as soon as (2.18) is shown.
We now prove (2.18). Multiplying (2.5) by 7, integrating over z € (0, 1) and integrating
by parts gives, in view of the boundary conditions (2.10),

1d 2 12
2dt</ dx>+/077d9:

N [n(JoJrn) }

wo

IN

/ |77 2w + 1) Pdor + (wo + V) 2ex ‘dw

1 ( - 2
jo+n)?*  jg 2 2 )
+ | 75 — + P + - P d
S e (2 = Bt (w4 097) — Pl )
1
+C [ (0004 6)0) sl + It + 50)
S+ L+ I+ Is (2.26)
The integrals Iy, I, Is, and I3 are estimated as follows.
1 : 2_ 22 : : 2 _ 2
Jo+m)"—7 Jo+n Jot+mn)"—)
Iy < / m;(wlo + 211 o 277w0x(w)30 dx
0 0 0 0
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1 1 ) 1 5
< — .
<(Ch+g5) [ atdzec [ vta, (2.27)
1 1 1 1 1 1
I <— [ n’dz+ C/ (? + €2)dx < / n?dx + C’/ Yidz, (2.28)
12 /o 0 12 /o 0
1 1 1 1
O A A o U e (2.29)
0 0 0
1 1 1
h<ys [ tdo+C [ W+ R i), (2.30)
0 0

provided that d7 + dp is small enough. In the above estimates we have used (2.15), (2.17),
(2.23) and (2.24). Substituting (2.27)—(2.30) into (2.26) yields

d 1 1 1
pr (/ 772da:> + co/ nde < C'/ [1/1? + 92 + ¢§xx]d$, (2.31)
0 0 0

where cg € (O,% — Cp] is a constant and dg is chosen so small that Cdy < %. Applying
Gronwall’s inequality to (2.31) gives (2.18).
Finally, we prove (2.21). By (2.6) and (2.18), it holds

1 1
/ Y2y nds <C / (W2 + 07+ 02, + %+ 92 de
0 0
1
+ C(67 + 60) / Y2, dr. (2.32)
0

The combination of (2.32) and (2.25) leads to (2.21) provided that d7 + dp is small enough
such that C'(dr + dp) < 1. 0

We prove now uniform estimates in Sobolev spaces for ¥, ¥; and 9.

Lemma 2.2 [t holds for (¢¥,n,e) € X(T) and 0 <t < T,

i2
IO + 113 + P + lelB+ [ (P - 55 ) w2+ vkoas

< C(l[(WollF + lInoll3) exp{—Bst}, (2.33)

provided that o7 + &g is small enough. Here, C, B33 > 0 are constants independent of t.

Proof: Step 1: differential inequality for ¢ and ©; in L?. We multiply (2.6) by
1), integrate the resulting equation over (0, 1) and integrate by parts, taking into account
the boundary conditions (2.10):

d ' 1 1
dt </0 [21#24—1/1%] dm’) —/0 w%da:—l—2/0 (2wi + 3wot) + Pore + V)2 da
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_ "L, 1009 0 Y (o
——/0 [45 (s <P (wp) — é) 1/’4 d$+/0 wo (10877>m dx
1 1
—i—/o glwdx+/0 gotbdx

Sl 4 I+ I + Ir. (2.34)

We estimate the integrals Iy, ..., I7 term by term. From (2.23) follows

! 2 / 2 ! / / (2) 0 2

I4:—/ [Ew (P(A) A2>¢]dx_/() (P(WO)_P( - 61 A>wxd$
: / / 0 2

/ Vi = xréa[éfll] <P () = > / Yade /(0 D\E <P A) - A2> Y

- /0 (Pta) - Py - 4 28 2

1 D) 1
— (bo + Ao) / Ypda — / (P’(A) — ’02) Yidr + Cdo / Vipde, (2.35)
0 (0,)\E A 0
where Ay is given by (1.26) and
1
bo = 1(1 — K})€2.

Notice that Ag > 0 by assumption (1.25).
Elementary computations, employing (2.15) and (2.16), lead to

<j0277> =- 2%[(100 + )y + (wo + V)24
Tx 0

wy

y (jl;) (wo+- e+ (2 ) (2.36)

Wy

With this identity, Cauchy’s inequality, integration by parts, (2.18) and (2.23), we have

|I5|§C(5T+50)/ (Y2 + 2 +n? daz—f—/ ' 2101;1/175

1 1
<OGr +a0) [ (8 7+ 4,0 + / yide -+ by / Yol
0 0 0

1
+Cexp{—c0t}/ nadz,
0

where

1643
ap = 452/ min wiby = J0

. 2.37
[0,1] (1 — K)e2 ming 4j wg (2.37)

In view of

l91(2, )] < C([Yea| + U]+ [Y] + [Ya] + leal), (2.38)
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Cauchy’s inequality, (2.17) and (2.23), we infer

1
5ol < C(6r +80) | [0, + 0 + vflda.
0
By (2.16), (2.15), (2.18) and (2.23), we obtain, after a tedious calculation, that

|92(@, )] < C(0r + 60)([Yza| + [Va| + W] + |1¢] + [n]). (2.40)

From the above estimate, (2.19) and Cauchy’s inequality follows

1 1
‘17’ SC’(éT + 60) / [¢2 + 1/132;;;: =+ w:?:xx + wtz]dx + Cexp{—cot} / W(Q]dx
0 0

Substituting the estimates for Iy, ..., I7 into (2.34), we conclude

d ([*]1 !
dt(/o |:2¢2+'¢t¢:| dl’)—(l—i-ao)/o Qb?d%

1 1
+ = / (2UJ8 + 3'LUO¢ + ¢Omz + wg)del‘d.%’
0

2
3 b / 36 o
47" Jo (0,)\E A
1 1
<C(d7 + &) / (V% 4+ 2, + 2, + V) de + Cexp{—cot}/ nedz. (2.41)
0 0

Multiply now (2.6) by 1, integrate the resulting equation over (0, 1) and integrate by
parts, noticing ¥(0,t) = ¢ (1,t) = 0:

1 d 1 2 2 3 1 1 2 2
s ([ (b om0 ) ) )
1d L, N R by
Sdi </0 [45 (D <P (wp) — wé) ¢z:| dﬂ“) +/0 Yyde
1 Jo 1 1
:/ wy 1y (217) d:c+/ g1¢tda:+/ g2thrdx
0 wO xx 0 0

éfs + Ig + I1p. (2.42)

Employing (2.36), integration by parts and (2.18), we estimate
' 2jo Lo 2,2
f<— [ s+ COr+60) [ (02 +07 + )i
0 Wy 0

1 1
<C(6r + ) / (W2 + 02 + ¢2,,)dx + C expl—cot) / nidz.
0 0

In view of (2.38), (2.40), (2.17), (2.18), and (2.20), the integrals Iy and I can be bounded
as follows:

1
Io] <C(57 + 6o) /0 (W2, + % + 42)da,
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1 1
o] <C(51 + 60) / (W + 02, + 92, + 02)dz + Cexp{—cot} / wRde.
0 0

Substitution of the above three estimates into (2.42) yields

1d 1 3 1 1
Sdt </0 [7/)? + (wg + iwow + §¢Oazx + 4¢2) ¢2} d$>
1d ! 1 212 / 2 ]g 2 ! 2

1 1
<C(é1 + do) / (1/12 + %2;35 + w%m + wf)dx + Cexp{—cot}/ ngdx. (2.43)
0 0

We add (2.41) and (2.43), multiplied by 2(1 4 ap) (here we recall that ag is denoted
by (2.37)), to obtain

d 1
at (/0 [2¢2 + Yy + (14 a0)¢t2] d:v)

d ! 3 1 1
+£ (/0 (1+ap) [wﬁ + 571101[) + §¢Oazx + 41#2} ¢2d5'3>

d 1 1 ]
I ( [asa [45% n (P’<w3> - j}‘;) wi] dx)

1
+% / [(2w§ + 3woy) + doze + *)? + 2(1 + ag)y] da
0

1 -2
- (Ao + 3b0> / V2 dr + / (P’(A) - 902> Vidx
4 0 (0,)\E A
1 1
<C(b7 + bo) / (62 + 02, + W2+ ¥R)dr + Cexpl—cot) / . (2.44)
0 0

Applying Grownwall Lemma to (2.44), we can estimate the H2-norm of ¥ and L?-norm
of ¢; in terms of the initial data and |[¢,z»|. However, the differential inequality for
and v is enough for the following considerations.

Step 2: differential inequality for vy in L?. The starting point of the following
estimates is (2.6), differentiated with respect to t:

1 1 3
wttt + Q;Z)tt + 1521/}mxxxt + (wg + 311)01,[} + §¢0:px + 2¢2> wt

_ 1 (Z%”t) - [(p’(wg) . Z}%) thL = gre(x,t) + gar(w, ). (2.45)

Wo

This equation holds pointwise almost everywhere in (0, 1) x (0, T') since 1 € C°([0, T]; H)N
H3(0,T; L?) (see the proof of Theorem 1.1). We multiply (2.45) first by 1, integrate
the resulting equation over (0,1) and integrate by parts, using the boundary conditions
wt(ovt) - %(Lt) = wmt(oat) = wzt(lat) =0 and (27)

1 1 )
5 ([ |50t +wwe o) = [ wgao [ |ud+ 3u00 -+ Gones + 307 vt
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"L, o, PN 2 1 Jo
=— ; 1° Vot + P(wo)—wfg Yy | dx + ; Jowt wfgﬁt md$
1 1
+/ 91t¢td33+/ g2t rdx
0 0

Sl + L + L + L. (2.46)

Applying an argument similar to (2.35), it follows

1 2 1
he <= (ottn) [ o= [ (PO ) ide oo [ itids
0 0

(0,1)\E

where we have used
/ Y2 dr < / Y2 dr < / Y2 dr, (2.47)

based on the facts 1;(0,t) = ¥4(1,t) = 0. By (2.15), (2.20), and (2.47), we have, after
integration by parts,

1 .
Ly =— 2/0 %wt(w + wo)Yutt + 2010t + (wo + V) oet)d
0

1 . 1 .
_ 4/0 wo_l <Z}%>wwt(@bf + (wo +w)wtt)d$+/0 fwal <Z}%>xm '¢tntd$

1
<C(6r + 5) /0 (W2 + 02+ + n)da
1 .
5 Jo(wo + )
ez [ |(

1
3 > Yehyy| dx + 2
. 0
1
<C(6r + b0) / (0B + 02+ 20y + 02)de

LO?)(ILUO + V) Yarth | dx
wy Wy
0
1 1 1 1
+ Cexp{—cot}/ ngda: —i—ao/ wt?tdx + 450/ wixtdﬂ
0 0 0

Elementary computations yield the estimate
g1e(z, )] < C(01 + 00) ([Ywat| + || + [¥e] + [Yut| + lea]), (2.48)
which implies, in view of Cauchy’s inequality, (2.21) and (2.47), that
1
1l < CGor+60) [ (W2t 2 +0R)s

After a tedious computation, it follows from (2.16) that

|g2t(, )] SC(61 4 60) (|Vzat| + [10et] 4 [Wae| + |e] + [m2])

+< Jo+m _j()>77 ,
(wo + )% wp o



18 Quantum FEuler-Poisson Systems

<C (07 + 00)(|Vaat] + |Vaa| + |Vet| + |Vat] + [80] + |me])

— 2(wo + 1) (M - i%,) Yt (2.50)

where we have used the equation

4wx:r7,[}t + 2(’(1)0 + w)wztt + 2(w0 + w)x¢tt + Next = 0. (251)

Using (2.50), (2.18), (2.47), (2.24), and the fact ¢,(0,t) = ¢4(1,t) = 0, we can estimate
115, after integration by parts, as follows:

1
Is <(67 + &) / (s + 02+ 07+ 0 2, + 02, )da
0

1 . .
+ 2/0 (wo + ) <(ui?i2)3 - i%) Yapthrde

1 . .
+ 2/0 ((wo + ) {(ui?iZ)d - Z}%]) by da

1
0

Substituting the above estimates for I1s,. .., I5 into (2.46), we conclude

d 1y 1
p (/0 [2¢t2 + wt¢tt:| d:v) —(1+ ao)/o Vidx

1 1 3
+ / |:w(% + 3w0¢ + §¢Ozm + 271)2:| @Z)?dl’
0
+ <A0 + bo) / Y2y da +/ <P/(A) - 02> P2
4 0 0,1\ E A
1
<C (67 + &) / (62 + 0% + 0 + 02, + V20 + 920 )da
0

1
+ Cexp{—cot}/ nedz. (2.52)
0

The next step is to multiply (2.45) by )y, to integrate the resulting equation over
(0,1) and to integrate by parts, using ¢ (0,t) = ¥ (1,t) = 0, which yields

1d 1 1 3
2 d (/0 [@Z}?t + (w% + 3wotp + §¢0:m: + 27112) 7117:2} dfﬂ)

1d "L, v Jo\ e
+§% </0 [45 Yrwt + (P (wo)wg) Tz[)mt:| dx>

3 1 1
-3 [ s wddo+ [ viao

1 . 1 1
- Jo
:/ W o <277t> dl“'i-/ 91t¢ttd$+/ 92t Vsed
0 wO xx 0 0



A. Jiingel & H.-L. Li 19

2 Ie + I17 + I1s. (2.53)

By (2.15), (2.51), (2.20), (2.23), (2.47), and integration by parts, we have

1 . 1 -
fo = =2 [ St + 0pintande =2 [ 25+ (w0 +0)sv)da
0

wp
YL o 5 "o
—4/ — | =) Yu(; +(w0+ﬂ))?/)tt)d$+/ — =5 ) Yundx
0 Wo \Wq/, 0 Wo \Wq/ 4y

1 1
SCv((sT + 50) / (¢t2t + wt2 =+ ¢2 + ¢:?:xt + wzzx)dx + CeXp{—C()t}/ Ugdl’,
0 0

From (2.48), (2.17) and (2.47) it follows

1
L] < C (67 + bo) / W2, + 4 + Y2 de.
0

Finally, in view of (2.50), (2.18), (2.20) and integration by parts, it holds

1
Ls <(57 -+ 60) / (2o + 0%+ 07+ 02 12, )da
0

! Jo+m Jo
- 2/0 (wo + ) <(wo+¢)3 - wS’) Ypapedx

1
<(67 + %) /0 W20+ 0% R 4 92+ 2, .

Substituting the estimates for the integrals I1g, I17 and I1g into (2.53) gives
1d (! 1 3
5ot (] | (a0 + Goums + 502) 02 )

ld L Jo
- - P/ 2 _70 2
+ 2 dt (/0 |:4€ wzxt + ( <w0) wé) th dx

3 1 1
-3 | s vtin+ [ vho

1
<C(6r + 60) / (WP + 02, + 02 + 0%+ 2, + 92 )da
0
1
+ Cexp{—cot}/ nedz. (2.55)
0

Now we add the inequalities (2.52) and (2.55), multiplied by 2(1 + ag), to infer

1
% (/0 Blﬁg + Yethy + (1 + a0)¢152t:| dm)

1
(1 tan) s ( /0 [wé + 3t + 7 fore + ;’wﬂ w?d:c)
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+(1+a )i /1 15%2 + | P'(wd) - Jo 2, | da
0 dt 0 4 xxt 0 w% xt
1 1 1 3
+ (14 ao) / Yrde + / [w% + Bwot + 5 boaa + 2w2] Yidw
0 0
3 1 j2
+ (Ao + b0> / V2 da +/ (P’(A) - 02> V2, da
4 0 0,)\E A
1
<C(67 + b0) / (W2 + %+ 020+ 2+ Ve + )
0

1
—|—exp{—cot}/ nedz. (2.56)
0

Step 3: combination of the estimates for 1, ¢, and ¢y,. We combine the
estimates (2.44) and (2.56) and obtain for some constant 3; > 0, using (2.21),

1
% </0 [;(7/’2 + th) + (Y + ) + (1 + ao)(@bf + q/;ft)} d;p)
1T
+(1+ag) < | [+ o+ u + iwﬂ ¢2dx>

da
dt
i ' 2 1 § 2 2
+(1+ao)dt w0+3w0¢+2¢0xa:+2¢ sz)tdx
0 L

d 1r )
rra g ([ G0t vtn + (P - 2) i+ o as)
1
6 /0 [ 4 07+ 02+ + 0 + Ll
/ J(% 2 2
o[ (PO w2 s
1
<C exp{—cot}/ nedz, (2.57)
0

provided that dr 4 dg is small enough.
There exist constants (2, 33 > 0 such that

1
B2 /0 (0% + 07 + 92, + U + Vo + V2] da
Jo 2 2
Py -2 d
o (P ) 0
1
S/0 [;WQ +47) + (Y + ) + (1 + ao)(¥7 + T/JtQt)] dx
1
b [+ Junw + Gonn + 102 s

! 1 3
+ (1 + aO)/ |:w% + 3w07/} + §¢Oxz + 21/]2] iﬁ?dl’
0
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+(1+ ao)/l [15%/}2 + 2, + (P’(uﬂ) — ‘73) (2 + 2 )] da
0 4 T xxt 0 wé x xt
1
<B3'B /0 [0 + 7 + V2 + U + Yoy + 3,] da

ey (P'(A) - "3) (62 +y2,)da,
0,1\ E A? o

Thus, applying Gronwall’s inequality to (2.57), we obtain finally

1 -2
[0ttt ot ey [ (PO -5 ) 02+ v

<C([[¢oll + lImoll3) exp{—Bst}, (2.58)

provided that d7 + d¢ is small enough.
The combination of (2.58), (2.17), (2.21) and (2.7) gives the assertion (2.33). Thus,
the lemma is proved. 0

We also obtain bounds for higher-order estimates for 1.

Lemma 2.3 It holds for (¢,n,e) € X(T) and 0 <t <T

2
02N + WO + a2 + eI+ [ (P) =~ 28 ) s
(0,1)\FE

<C([I(4olIg + lInoll3) exp{—Bat}, (2.59)

provided that 67 + &g is small enough. Here, C, B4 > 0 are constants independent of t.

Proof: For the proof of the lemma take the time derivative of (2.45) and estimate
similarly as in Lemmas 2.1 and 2.2. As the estimates are analogous to those of the proofs
of Lemmas 2.1-2.2, we omit the details. 0

Proof of Theorem 1.5. By Theorem 1.1, there exists a solution (w,j, ) of the
IBVP (1.14)—(1.19) for t € [0,T%]. With the help of Lemmas 2.1-2.3, we infer that the
local solution (w, 7, ¢) of the IBVP (1.14)-(1.19) satisfies, for ¢ € [0, T%],

(w0 — w0, 5 — or & — G0 ()3 srs < OOl + ol exp{~Aot},  (2:60)

where C, Ag > 0 are constants independent of ¢. Choosing the initial data ||1ol|¢ + ||70]5
so small that

Cllollg + llnol3) < oz,

we conclude first, by the Sobolv embedding theorem and (2.60), that w > 0in [0, 1]x [0, 7],
and second, by the usual continuity argument, that (w, j,¢) exists globally in time and
satisfies (1.29). O
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3 Proof of Theorem 1.1

The idea of the proof of Theorem 1.1 is to linearize the equations (1.14)—(1.16) around the
initial state and to construct a sequence of approximate solutions of the linearized problem
converging to a solution of the original problem. First we need to study the regularity
properties of a certain semilinear fourth-order wave equation.

3.1 A semilinear fourth-order wave equation

Consider the two Hilbert spaces Hg and L? on (0,1), endowed with the scalar products
(,+) and (-, -) and corresponding norms | - |z = [ - |2 and || - ||, respectively. Furthermore,
we consider the following initial-value problem on L?:

W'+ v+ vAutu+ Lu' = F(t), t>0, (3.1)
uw(0) = ug, ' (0) = uy, (3.2)

where the primes denote derivatives with respect to time, 7, > 0 are constants, A = 92
is an operator defined on

D(A) = Hg n H4 = {’LL € H4;u‘x=0,1 = Uz |z=0,1 = O}, (3.3)

and the operators £ and F' are given by
1
(Lu,v) = /0 b(z,t)uzvdr, wu,v € Hg,
1
(F)) = [ fotuds, ver?,
0

where b, f : [0,1] x [0,7] — R are measurable functions.
Related to the operator A, we introduce the coercive, continuous, symmetric bilinear
form a(u,v)

1
a(u,v) = 1// UppVpedr Y u,v € Hg.
0

There exist a complete orthonormal family of eigenvectors {r;};en of L? and a family of
eigenvalues {u;}ieny such that 0 < pg < po < -+ and p; — oo as ¢ — oo. The family
{r;}ien is also orthogonal for a(u,v) on HE, i.e.

(ri,rj) = 52‘]‘, CL(T‘i,Tj) = I/<AT‘,‘,TJ‘> = I/(sz‘j V Z,j

Using the Faedo-Galerkin method [26, 28], it is possible to prove the existence of
solutions of (3.1)-(3.2). The result is summarized in the following theorem.
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Theorem 3.1 Let Ty > 0 and assume that

F e HY0,Ty; L?), be CH[0,Ty]; H*) N W°°(0,To; HY). (3.4)
Then, if up € H* N H and uy € HE, there exists a solution of (3.1)~(3.2) satisfying

u € C([0,To); H* N H3) N C*([0, To); Hy) N C*([0, To; L?). (3.5)

Moreover, assume additionally that
F e H*(0,Ty; L*) N C([0, Ty]; H?).

Then, if up € HS N H and uy € H* N HY satisfy vAug + L(u1) — F(0) € HE, it holds

u € C([0,Tp); H2 n H2) N C3([0, To]; L), i=0,1,2. (3.6)

Proof: The existence of solutions of (3.1)—(3.2) and the regularity property (3.5) can be
shown by applying the Faedo-Galerkin method as in [19]. The regularity property (3.6)
follows from (3.5) by considering the problem for the new variable v = u/. As the proof is
standard, we omit the details. 0

3.2 Local existence

In this section we prove Theorem 1.1. For simplicity, we set 7 = 1. We linearize the
equations (1.14)—(1.16) around the initial state (w1, j1,¢$1) where ¢1 solves the Poisson
equation (1.16) and (1.19) with w replaced by wi, and prove the local-in-time existence
for the perturbation (¢, n,e) = (w—w1,j—ji,¢—¢1). For this, we reformulate the original
initial-boundary value problem (1.14)—(1.19). It is sufficient to carry out the reformulation
for the equations (1.14), (1.16) and (2.1) because of (2.15). For given UP? = (¢, 0y, €p)
we obtain the following linearized problems for UP™ = (11, mp11, €p41), p € N, writing
“0,” for the spatial derivative and “’” for the time derivative:

{771/9+1 + Npr1 = g3(x, UP), (37)
Tp+1 (xv 0) =0,
%’H + %H + Va;clwp+1 + ¢P+1 + k(gj’ Up)aw ]/J-i-l = 94(337 Up)a
0z
Upir(,0) = 0, ) (2,0) = O1(x) = — 5" (3.8)
wy
wp-‘rl(()?t) = wp-‘rl(l)t) = 890wp+1(07t) = 890¢p+1(17t) =0,
8§€p+1 = (2w1 + ¥p) iy, (3.9)
ep+1(07t) = €p+1(17t) = 07
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where v = %52 and
AGrt+mp) o o 2 1 o
93(«T,Up) w1+¢z wp (]1+77p) |:(wl+1/}p)2:|x—P((w1+wp) )a:_jl
_ 201 +mp)
k(x,UP) =lwr +0,)7
= — 2 bt 2
94(:6’ Up) N Q(wl + T;Z)p) ((wl + wp) ((;51 + ep)x)a: + 2(71)1 + d}p) P((wl + QJZ)p) )CC:E
2 1 2 (wl + ¢ )xa: 3(¢/ )2
_16 wlmmxw“‘i Tzz—wp‘f‘m
(J1 +mp)? [ 1 ] 3 [1] , ,
2(w1 + wp) (w1 + wp)Q Tz ’ (wl + %)2 z Gt Up)¢p- (3.10)

We apply an induction argument to prove the existence of solutions of (3.7)—(3.9).

Lemma 3.2 Under the assumptions of Theorem 1.1, i.e., P € C*(0,00), C € H?, (w1, j1)
€ HS x H5 with wy > 0 in (0,1) and, for some o € [(1 +2v/2¢)71, 1),

(1 — )wy
|1l < (3.11)
O 83
with
w, = min_ wi(x), (3.12)

z€[0,1]

there exists a sequence {U'}2; of solutions of (3.7)~(3.9) in the time interval t € [0,T}]
for some Ty > 0 which is independent of i, satisfying the regularity properties

{m € CH 0, TL H)NCH(0, T HY), e € CH([0, T H' 1 H), (3.13)

@Z}i € Cl([O’T*];Hﬁ_% N Hg) N 03([07T*]7L2)7 l = Oa 1727 { S N7
and the uniform bounds

5 E)IIE + 19 OIT + [l (es, e (D17 < Mo,
i i, 07 ") O o e pras a2 < Mo, @21, t €10, T, (3.14)
(I3 <1, [Zus(t)I* < a®uwk,

where Mo > 0 is a constant independent of U* (i > 1) and T..

Proof: Step 1: solution of (3.7)—(3.9) for p > 1. Obviously, U! = (0,0,0) satisfies
(3.13)—(3.14). Starting with U' = (0,0,0), we prove the existence of a solution U? =
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(2, m2, €2) of (3.7)—(3.9) satisfying (3.13)—(3.14). The functions g3(z,U?'), gs(z,U') and
k(z,U") only depend on the initial state (w1, 51, 1) and satisfy

g3(z,UY) =: g3(x) € H3, gu(z,UY) =: gu(z) € H?, k(z,UY) =: l?:(a:) e 03,
Oigs = Orga = Ok =0, ||gall3 + [1all5 + 13 < ao(To + 1), (3.15)
where ag > 0 is some constant and
Io = [|(w1 = VOII? + l[wiall3 + [l 13- (3.16)

The existence of a solution U? = (12,72, e2) of the linear system (3.7)-(3.9) follows from
the theory of ordinary differential equations, applied to (3.7), Theorem 3.1 with f(x,t) =
g4(z) and b(z,t) = l%(:n), applied to (3.8), and elliptic theory, applied to (3.9). The solution
U? exists on any time interval [0, 7], T > 0, and satisfies (3.13) with T, = T and the first
two inequalities of (3.14) with ¢ = 2.

We show in the following that U? satisfies the last two inequalities of (3.14) for t €
[0,T1], where T7 > 0 is given by

2,,2 2 2
In 2 vatw; — 4o [[wn 1
T} = min { - o - . (3.17)

2+ag(lo+1)’ 2a0(lo + 1) " ap(lo+1)

We recall that ag > 0 is a constant and Iy and w, are given by (3.16) and (3.12), respec-

tively. It holds
2

votw? = 4l|vi[[Ea o uplwr | > 0, (3.18)
since (3.11) implies

(1- a)2w2 2.2

From (3.7) we obtain by integrating

t
ma(t) = Ga() / exp{—(t — s)}ds, ¢ € [0,T],
0
and hence, in view of (3.17),
I3 < T2alZ <1, te (0,7, (3.19)

Multiplying the differential equation in (3.8) by 1%, integrating the resulting equation
over (0,1) x (0,t) for t € [0,71] and integrating by parts gives

1
”7/)2:1::1:(t)||2 S; (H01H2 +a0T1(Io + 1)) 6T1(2+ao(10+1))
2
= Villci(oap Wil + doL1l4o
<= (2]onl? lwi|lf + aoTi(fo + 1)
<a’w?, (3.20)
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where we have used

2
< 202 go. e 13- (3.21)

1
J6a? = wnevr + urons

This proves the last two bounds in (3.14). Moreover, by the Sobolev embedding theorem,
it follows from (3.20) that

la(t)2 < 20202, ¢ € [0,T3). (3.22)

Now, assume that there exist solutions {U‘}Y_, (p > 2) of (3.7)—(3.9) on the time
interval [0, T3] where T} is given by (3.17), satisfying (3.13)—(3.14). As above we obtain,
for given UP, the existence of a solution UPT! = (411, mp41, €ps1) of (3.7)—(3.9) in the
interval [0, 71], satisfying

p+1 € CH[0,Th); H*) N C*([0,Th); HY),  epyr € CH([0,Th]; H' N Hy),
Ypi1 € CH[0,T1]; H2 n HZ) N C3([0,T1]; L?), 1=0,1,2.

We prove that there exist constants T € (0,71 and K; > ag (i = 1,2,3,5,6,7) indepen-
dent of {U}Y_,, such that if UP satisfies on [0, 7}]

1074p(1)]1* < oPw?, (3.23)

(W, ) O3 + 9 ()] < Ko, (3.24)

1050,(OF < K1, 1050 < K2, [024p()]7 < K3, (3.25)
I3 <1, @I < K5, 0en,(0)II3 < Ko, |y (H)I1F < K7, (3.26)

then UPT! also satisfies on [0, T]

102p1 (D3 < 0w, (
(W1, Up ) (O3 + lepy (D] < Ko, (
10300 (N1 < K1, [|030p1 (0] < Ko, [|020p41 (1)1} < K, (3.29
I 3 < 10 a1 < Ks, 91 (O3 < Koo a0 < K. (

Notice that it follows from (3.23) and (3.27), employing the boundary conditions in (3.8)
and Poincaré’s inequality,

eI < 202wy, [[Ypra (DT < 20°0, ¢ € [0,T3]. (3.31)

Step 2: estimates for g3, g4, and k. Let UP satisfy (3.23)-(3.26). Then a direct
computation shows the following estimates for gs(x, UP) and g4(z, UP), for ¢t € [0, T%],

lga(, UP)(@®)IIF <N (Io + 14 Ko + K2)°, (3.32)
g3z (- UP) ()15 <N(Io + 1 + Ko + K1 + Ko + K3)", (3.33)
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lg5( UP) )T <N(Lo + 1+ Ko + K1 + Ky + K3 + K5 + Kg)°, (3.34)
lga(- UPYO)* <N (o + 1+ [[¢p(t) |15 + 105 (0)117)°

+ 1602 a1 (|07 (1) ||| 07 ¢ (1) || (335)
<N(Ip+ 1+ Ko+ K2)?, (3.36)
1942(- UP) ()T <N(Io + 1 + Ko + K)®, (3.37)
g4, UPY()|? <N(Ip + 1 + Ko + Ko + K5)*, (3.38)
gL (- UP) B2 <N(Io + 1+ Ko + K1 + Ko + K5 + K7)®, (3.39)
where
a1 = max (w; + Up) 2= (1—a)?w,?, (3.40)

and the estimates for k(z, UP) and ey(z,t), for ¢t € [0,T,],

k(- UP) (0[5 <N (Lo +1)?, (3.41)
1K' (-, UP)(@0)]15 <N (Io + 1+ Ko + K5 + Ke)?, (3.42)
|K" (-, UP)Y()|)3 <N(Ip+ 1+ Ko + K5 + Ke + K7)?, (3.43)
lepll + [I(ep, ep)lI3 <N (Io + 1+ Ko + Ko), (3.44)

where N > 1 is a constant independent of K; (i = 1,2,3,5,6,7).

Step 3: estimates for 7, 1. Integration of (3.7) yields

Npt1(z,t) = /Ot exp{—(t — 8)}g3(z,U")(s)ds, 0<t<T.<Ty, xz€[0,1], (3.45)

and
Npr1 € CH([0,T1]; H?) N C%([0,To]; HY). (3.46)

From (3.32)—(3.34) we obtain the estimates

7511 (0> <T2|lg3(-, UP)||? < TZN(Ip + 1 + Ko + Ka)®,
102mp 1 (1) 13 <TZ (g (- UP)|I5 < TIN (I + 1+ Ko + K1 + Ky + K3)',
71 (DI <2(TE + 1)lgs(-, UP)|IP < 2N (TF + 1)(Io + 1+ Ko + K2)®,
1021 ()13 <2(TF + 1)l g32(-, U3
<ON(TE+1)(Io + 1+ Ko + K1 + Ko + K3)",
Iy ()]l1 SAN(TT 4+ 1)(Io + 1+ Ko + K1 + Ky + K3)"

+2N(Ig+ 1+ Ko+ K1 + Ky + K3 + K5 + Kg)°.
Thus, 7,41 satisfies (3.30) if

K5 =2N(T% +1)(Ip + 1+ Ko + K»)®, (3.47)
Ko =2N(T2 +1)(Ig + 1+ Ko + K1 + Ky + K3)7, (3.48)
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K; =2N(T2 +1)(Ig + 1+ Ko + K1 + Ky + K3)7,

+2N(Ig+1+ Ko+ K1 + Ky + K3 + K5 + Kg)® (3.49)
and if T, satisfies
T, < \/1?1 (3.50)
where
Ly =min {2N(Ip + 1 + Ko + K2)®, 2N(Iy + 1 + Ko + K1 + Ky + K3)"} . (3.51)

Step 4: estimates for ¢,,1. We multiply the differential equation in (3.8) by w,’!lﬂ-l’

o1 and ¥, respectively, integrate the sum of the resulting equations over (0, 1) x (0, T%)

and integrate by parts. In view of (3.35)-(3.36), (3.38)-(3.39), (3.41)-(3.43), we obtain after
tedious computations

1
10Z¢p1(D* < ” <2||v1||2cl([o,u>llw1||? + T*Lza) eT+@HNUoF1)) (3.52)
and
[ 1 + 1[5 01 + w1021 (DI + w1050 1 (D17 + ¢ |1

<N (I + Ty Ls) et (3.53)

where
Ly = N(Ip+ 1+ Ko+ K»)3, (3.54)
Ly =8+4+6N(Io+1+ Ko+ K5+ Kg+ K7)®> >2+ N(Iy +1)% (3.55)
Ls =2N(Ip+ 1+ Ko + Ky + Ko + K5 + K7)°. (3.56)

Define

Ko =20NIy- ———— = 20N - Lyt .

0 = 20N min (1] ONIy-max {1,v7'} (3.57)

Using (3.18) (which is a consequence of (3.11)), we see that 1,11 satisfies

103 prr (DI < o®w2,

(15 Yy (OIS + [p41 (O < 20N T - max {1,07'} = Ko (3.58)
i 1 B In2 In2 In2 I
. 1 n n n 0
T, < min , , , y Ty T (s 3.59
- {\/Ll 4L3" 24+ N(Ip+1)2" 2+ N(Ip+1)" Ly L5} ( )
where

By = vatw? - 4"711‘%1([0,1})”“’1”%-

This proves (3.27) and (3.28).
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To verify (3.29) we employ the differential equation in (3.8) again. We use (3.58),
(3.35), (3.21), and (3.59) to estimate

1858p+1 (B)] < (\|¢p+1( 12 + [ O + [Eps1 (O + (kD41 ()]])
+ ﬁ\l,cm(wUp)(t)ll2
N
<=5 (To+1)°(1 + Ko) + 64a1(2||v1Hél([ojmﬂwl”% + T, L3)Ky.  (3.60)

Here, we used the fact that (3.52) is also valid for 4, in [0, T%].
From (3.11) and (3.40) we infer

128@1HU1||201([0,1])”wl”% = 128””1”%1([0,1})(1 —a) 2w w|]f < 1

which implies
198 s o g
(1—a)w;

Thus, choosing
8(1 = a)2w?N (I + 1)*(1 + Ko)
P[0~ a2 — 128]or[2a gy a2

Ky = (3.61)

where K is defined by (3.57), we obtain from (3.60) and the Sobolev embedding theorem

102041 (O + [10zp1 (D]* < Ko

so long as we choose

T, =

By In2 In2 Io} (3.63)

min 77 77 —7 777
{\/L1 L3’ 2+ N(Io+1) Ly Ls

We recall that Ly, L3, L4, L5, and Iy are given by (3.51), (3.54)-(3.56), and (3.16),
respectively, N > 0 is a generic constant, and

(1 — a)?w? — 128]v1 [|¢ lunllf  @Pwie® = 16[|vi][Zn o1 llwn?
By min{ ¢ {o.1) ! (0.1) ! >0

64 ’ 8

due to (3.11). Notice that (3.63) implies (3.50) and (3.59).
Differentiating the differential equation in (3.8) with respect to ¢, integrating over
(0,1), and using (3.58), (3.41) and (3.37), we can estimate 8;11%“ as

1041 (D7 < (H Ui (O + 1 O + 105 O + [ (ka1 1) ()]1%)

2N
+ ﬁ”gfl(‘aUp)(t)HQ <7 (Io + 1+ Ko + Ka + K5)*.

Thus, choosing
4N
Ki=—5(lo+1+ Ko+ Ko+ Ks)4, (3.64)
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and using Sobolev embedding theorem, we have
10251 (DI + 105051 (D] < Kq (3.65)

Differentiating the differential equation in (3.8) once and twice with respect to x, inte-
grating over (0,1), and employing (3.58), (3.41), and (3.37), we can estimate 93¢, and
Ohpi1 as

10291 (D17 + 105¢p41 ()12

N
<=5 (101 (DI + 11001 (DT + 100t8p 42 (]IT)

N 2 1
10 (k0 VIR + 5 10ega U OE < s,
where we choose 6N
K= —5(lo+1+ Ko+ K1+ K»). (3.66)

Now we choose the constants K; as follows. Let K\ be given by (3.57), K2 by (3.61), K3
by (3.47), K1 by (3.64), K3 by (3.66), K¢ by (3.48), and K7 by (3.49) (with v = £2/4). The
constant T, is determined by (3.63). This shows that (1p+1,7,+1) satisfies (3.27)—(3.30)
for t € [0, T%].

Step 5: end of the proof. The uniform bounds for e,11 € C*([0,T%]; H*) of (3.9)
follow from similar computations as those needed to derive (3.44), where the index p is
replaced by p + 1.

By induction, we conclude that {U* oo exists uniformly in [0, 7] with T given by
(3.63) and satisfies (3.13)—(3.14) uniformly for

My = max {Ky, K1, Ko, K3, K5, K¢, K7} .

The proof of Lemma 3.2 is complete. 0

Remark 3.3 It follows from the last two inequalities of (3.14) that
Vi(z,t) +wi(z) > (1 —a)we >0, i>1. (3.67)

For the proof of Theorem 1.1, we observe that after a tedious computation similarly
as in the proof of Lemma 3.2, we can obtain the the following estimates

2 2
[7p+1 — 77p||201(o,T**;H1) + 1vp+1 — ¢p‘|0i(o,T**;H4f2i) + llept1 — ep”cl(o,T**;H?)

<Twec(N, M) (an = Mp-1llen .1ty + 1900 — wp_luéi(o,TMH4_m)) ,1=0,1,2, (3.68)
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for any Ty« < T. Here a(N, M) is a function of N, M. Taking T, such that
. b
Tor < mln{m, T*}, by € (0,1), (3.69)
then it follows from (3.68):

o

2 2
Z <||77p+1 - anCl(O,T**;Hl) + [lep+1 — ep”cl(o,T**;m))
p=1

o0

+ > pr1 = pllE o maay <C, i=0,1,2, (3.70)

p=1

with C > 0 a constant.

Proof of Theorem 1.1. By Lemma 3.2 and (3.70), the sequence {U?}72 ; satisfies (3.13)-
(3.14), (3.67), and (3.70) uniformly in [0,7] with T" < T}.. Applying the Ascoli-Arzela
theorem and the Aubin-Lions lemma to {UP}72,, it follows that there exists U = (¢,7, ¢)
satisfying

neCY0,T);H?), eeC'([0,T);HY,
Y e C'(10, T H " N HF) n C*([0,T); L%), i=0,1,2,

and there is a subsequence {UPi, UPiT! 52ywith pj +1 < pj41 such that

Up i1, by, ——— ¢ strongly in C*([0,T); H-%79), i =0,1,2,
Moy 41y T, o strongly in C([0, T); H°),
€p;+15 €p; I strongly in C*([0,T]; H*~9),

for any o > 0.
It is not difficult to verify that U is a solution of (3.7)-(3.9) and satisfies (3.67) where
UP is replaced by U. Setting

w:w1+w>07 .7:.71+777 ¢:¢1+67

we see that j € C([0,T]; H?) and (w, j, ¢) is a local-in-time solution of the IBVP (1.14)-
(1.19). The uniqueness can be proven similarly as the estimates (3.70). The proof of
Theorem 1.1 is complete. 0

Acknowledgments: A.J. acknowledges partial support from the TMR project “Asymp-
totic Methods in Kinetic Theory”, grant ERB-FMBX-CT97-0157, from the Gerhard-Hess
Award of the Deutsche Forschungsgemeinschaft (DFG), grant JU359/3-2, from the Pri-
ority Program “Multi-scale Problems” of the DFG, grant JU359/5-1, and from the AFF
Project of the University of Konstanz, grant 4/00. H.L. acknowledges partial support from
the Austrian—Chinese Scientific-Technical Collaboration Agreement, from CTS of Taiwan,
and from the Wittgenstein Award 2000 of P. A. Markowich, funded by the Austrian FWF.



32

Quantum FEuler-Poisson Systems

References

[1]

F. Brezzi, I. Gasser, P. Markowich, and C. Schmeiser, Thermal equilibrium state of the
quantum hydrodynamic model for semiconductors in one dimension, Appl. Math. Lett. 8
(1995), 47-52.

P. Degond and P. A. Markowich, On a one-dimensional steady-state hydrodynamic model,
Appl. Math. Lett. 3 (1990), 25-29.

K. O. Friedrichs, Symmetric positive linear differential equations, Comm. Pure Appl. Math.
11 (1958), 333-418.

I. Gamba and A. Jiingel, Positive solutions to singular second and third order differential
equations for quantum fluids, Arch. Rational Mech. Anal. 156 (2001), 183-203.

C. Gardner, Numerical simulation of a steady-state electron shock wave in a submicron semi-
conductor device, IEEE Trans. El. Dev. 38 (1991), 392-398.

C. Gardner, The quantum hydrodynamic model for semiconductors devices, SIAM J. Appl.
Math. 54 (1994), 409-427.

I. Gasser and A. Jiingel, The quantum hydrodynamic model for semiconductors in thermal
equilibrium, Z. Angew. Math. Phys. 48 (1997), 45-59.

I. Gasser and P. Markowich, Quantum hydrodynamics, Wigner transforms and the classical
limit, Asymptotic Anal. 14 (1997), 97-116.

I. Gasser, P. A. Markowich, and C. Ringhofer, Closure conditions for classical and quantum
moment hierarchies in the small temperature limit, Transp. Theory Stat. Phys. 25 (1996),
409-423.

M. T. Gyi and A. Jiingel, A quantum regularization of the one-dimensional hydrodynamic
model for semiconductors, Adv. Diff. Egs. 5 (2000), 773-800.

A. Jingel, A steady-state potential flow FEuler-Poisson system for charged quantum fluids,
Comm. Math. Phys. 194 (1998), 463-479.

A. Jingel, Quasi-hydrodynamic semiconductor equations, Progress in Nonlinear Differential
Equations, Birkh&user, Basel (2001).

A. Jingel, M. C. Mariani, and D. Rial, Local existence of solutions to the transient quantum
hydrodynamic equations, Math. Models Meth. Appl. Sci. 12 (2002), 485-495.

A. Jiingel and H.-L. Li, Quantum Euler-Poisson systems: existence of stationary states, to
appear in Arch. Math. (2003).

T. Kato, The Cauchy problem for quasi-linear symmetric hyperbolic systems, Arch. Rational
Mech. Anal. 58 (1975), 181-205.

L.D. Landau and E.M. Lifshitz, Quantum Mechanics: Non-relativistic Theory, New York,
Pergamon Press (1977).

H.-L. Li and C.-K. Lin, Semiclassical limit and well-posedness of nonlinear Schrodinger-
Poisson, preprint, Universitdt Wien (2001).

H.-L. Li and P. Marcati, Existence and asymptotic behavior of multi-dimensional quantum
hydrodynamic model for semiconductors, preprint (2002).

H.-L. Li, M. Mei, and P. A. Markowich, Asymptotic behavior of solutions of the hydrodynamic
model of semiconductors, Proc. Roy. Soc. Edinburgh, Sect. A 132 (2002), no. 2, 359-378.

M. Loffredo and L. Morato, On the creation of quantum vortex lines in rotating Hell, Il nouvo
cimento 108B (1993), 205-215.



A. Jiingel & H.-L. Li 33

[21]
22]

[23]

E. Madelung, Quantentheorie in hydrodynamischer Form, Z. Physik 40 (1927), 322.

A. Majda, Compressible Fluid Flow and Systems of Conservation Laws in Several Space
Variables, Appl. Math. Sci. 53, Springer (1984).

T. Makino and S. Ukai, Sur I'existence des solutions locales de 1’équation d’Euler-Poisson
pour Iévolution d’étoiles gazeuses, J. Math. Kyoto Univ. 27 (1987), 387-399.

P. A. Markowich, C. Ringhofer, and C. Schmeiser, Semiconductor Equations, Springer, Wien
(1990).

C.-W. Shu, Essentially non-oscillatory and weighted essentially non-oscillatory schemes for
hyperbolic conservation laws, ICASE Report No. 97-65, NASA Langley Research Center,
Hampton, USA (1997).

R. Temam, Infinite-dimensional Dynamical Systems in Mechanics and Physics, Appl. Math.
Sci. 68, Springer (1988).

B. Zhang and J. Jerome, On a steady-state quantum hydrodynamic model for semiconductors,
Nonlinear Anal., TMA 26 (1996), 845-856.

E. Zeidler, Nonlinear functional analysis and its applications. Vol. II: Nonlinear monotone
operators, Springer (1990).



